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Positron  emission  tomography  (PET)  is  a  nuclear  imaging  modality  that provides  in vivo  quantitative
measurements  of the  spatial  and  temporal  distribution  of  compounds  labeled  with  a  positron  emitting
radionuclide.  In  the  last  decades,  a tremendous  effort  has  been  put  into  the  field  of  mathematical  tomo-
graphic  image  reconstruction  algorithms  that  transform  the  data  registered  by  a  PET  camera  into  an image
that represents  slices  through  the  scanned  object.  Iterative  image  reconstruction  methods  often  provide
higher  quality  images  than conventional  direct  analytical  methods.  Aside  from  taking  into  account  the
statistical  nature  of  the data,  the  key  advantage  of iterative  reconstruction  techniques  is  their  ability  to
incorporate  detailed  models  of  the  data  acquisition  process.  This  is mainly  realized  through  the  use  of
the  so-called  system  matrix,  that  defines  the  mapping  from  the object  space  to the  measurement  space.
The  quality  of  the reconstructed  images  relies  to a great  extent  on  the  accuracy  with  which  the  system
ystem response model matrix  is estimated.  Unfortunately,  an  accurate  system  matrix  is  often  associated  with  high  reconstruc-
tion  times  and  huge  storage  requirements.  Many  attempts  have  been  made  to  achieve  realistic  models
without  incurring  excessive  computational  costs.  As  a result,  a wide  range  of  alternatives  to the  calcula-
tion  of  the system  matrix  exists.  In this  article  we  present  a  review  of the different  approaches  used  to
address  the  problem  of how  to  model,  calculate  and  store  the  system  matrix.
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. Nuclear medicine computed imaging

Nuclear medicine imaging techniques, whose two  major
ubbranches are single-photon emission computed tomography
SPECT), and positron emission tomography (PET), provide images
eflecting physiologic functions unlike other traditional techniques,
uch as X-ray computed tomography or ultrasound, which yield
natomical structures. In order to image properties of the body’s
hysiology, both the PET and SPECT techniques begin with the

njection of a radiopharmaceutical into the subject under study. A
adiopharmaceutical consists of a tracer compound that interacts
ith the body and a radioactive label that, by way  of the emission

f gamma rays, is used to track the flow and distribution of the
racer compound. A wide range of radioactive-labeled compounds
ave been synthesized as tracers that target biologically interesting
arkers or pathways thus permitting the measurement of quanti-

ies that go from glucose metabolism [1] to gene expression [2].
SPECT uses radionuclides that emit single gamma  rays. Such

adionuclides require the use of a collimator between the patient
nd the detectors in order to define the direction from which the
amma  rays are coming, thereby providing spatial information.
PECT collimation does an inefficient use of the emitted radiation,
s the collimation strongly limits the number of detected gamma
ays. On the other hand, PET studies do not require a physical
ollimation, but use a scheme of detection called “electronic colli-
ation” (shown in Fig. 1), allowed by detection of collinear photon

airs generated by positron emitting radioisotopes.

. PET imaging applications and challenges

The first PET scanners were introduced in the mid  70s. Since
hen, they have been used for a broad range of applications, which
re covered in Section 2.1. The requirements that these applica-
ions have been imposing have translated into several challenges,
s described in Section 2.2. In order to overcome these challenges,
he PET technology has evolved and improved in a variety of ways.
hese include the mathematical procedures for image reconstruc-
ion, and the statistical models on which these are often based,
hich constitute the topic addressed by this article.

.1. Applications

Nowadays, the majority of applications of PET in clinical (i.e.,
uman patient) medicine are found in oncology imaging, either for
ancer diagnosis or for cancer treatment planning and guidance
3–6]. However, there are other uses of clinical PET that do not

Although initially conceived for whole-body clinical purposes,
the earlier clinical systems were also used for brain and animal
(predominantly in the larger laboratory animals such as nonhuman
primates) imaging [10]. These two areas have steadily gained
importance in the clinical and research environments, the former
(brain imaging) due to the explosive interest in the early diagno-
sis of neurodegenerative disorders and in the study of cognitive
and affective processes, the latter (animal imaging) due to the
increased use of small-animal models for studying disease and for
designing and evaluating new drugs in the pharmaceutical research
and development pipeline. As technological advances have allowed
whole-body PET scanners to settle in the clinical practice, there has
been significant motivation to design dedicated units that maxi-
mize the PET performance in brain and small animal studies. Given
the characteristics of the objects being imaged in these fields, the
resolution and sensitivity of whole-body human PET are often
insufficient for a broad range of applications, and specific devices
for brain and small-animal PET have been developed. The improved
ability of brain-dedicated PET scanners to provide reliable quanti-
tative assessment of the activity in small cerebral regions involved
in specific functional pathways has been already demonstrated
[11–13]. Similarly, the development of small animal PET scanners
has allowed the clear visualization and precise quantification of the
biodistribution of PET tracers in small structures within rodents
(see [14–16] and the references therein).

2.2. Challenges for PET technology

Despite the major advances mentioned above, the use of PET in
a wider range of applications will be dictated, along with other
limitations (cost-effectiveness, availability of PET tracers, user
friendliness, etc.) by the requirements these applications impose
on the intrinsic performance of the PET tomographs. The challenges
that should be confronted depend on the final target.

Improving the typical spatial resolution of around 5 mm  of the
human images is not a main goal in the current routine clinical PET
applications. However, there is a need to improve the signal-to-
noise ratio of whole-body studies. The mean photon path distance
from emission to detection is greater than in other modalities,
which increases the probability of attenuation and/or Compton
scattering inside the patient’s body, especially in larger persons.
This increases the amount of noise, produces quantization error
and reduces contrast in the reconstructed images.

On the other hand, animal PET scanners are designed to per-
form studies on small subjects (typically mice and rats), which
often demand to assess concentrations of radioactive nuclide in
structures with dimensions of a millimeter or less. The param-
nvolve oncology [7,8]. Some of them have been around for a long
ime such as cardiac imaging with PET [9], others are relatively new
nd provide new insights into how to make diagnosis of diseases
here other techniques fail to provide sufficient information.
eter getting the most attention is thus spatial resolution, with
the objective of achieving sub-millimeter isotropic volume res-
olution. Whether this range is able to be reached is not clear
since there are several complex factors interacting to limit spatial
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Fig. 1. (a) After the radiopharmaceutical injection, positrons are emitted within the subject’s body, combine with nearby electrons and become annihilated. The result of the
annihilation is a pair of 511-keV gamma  photons being released in opposite directions. PET scanners use pairs of radiation detectors to measure the nearly simultaneous,
coincident interaction of the 511-keV photons. The line that connects any two detectors in the PET scanner is called a line of response (LOR). The data recorded by the scanner
is  a collection of coincidence detections. In the reconstruction step, a mathematical procedure has to be implemented to convert the acquired data into tomographic images.
(b)  In two-dimensional scanners (left), multiple planes of detectors surround the patient with dense material, or septa, so that coincidence events are collected only between
pairs  of detectors that are either in a single plane or in a pair of adjoining planes. In contrast, the three-dimensional scanners (right) have no septa so that coincidence photons
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bution from the recorded data (Section 3.1). Then, we  focus on the
an  be detected between any two planes.

esolution during data formation and collection (positron range,
air non-collinearity, crystal penetration, inter-crystal scatter,
etector decoding errors, etc.). [17] performs a quantitative analysis
f these effects and estimates that the ultimately achievable spatial
esolution for pre-clinical PET cameras with appropriate detector
esigns is 0.83 mm.

Furthermore, since the amount of injected dose is rather limited
or small animals (in order to not perturb their biological systems), a
igh level of sensitivity is required to achieve an acceptable number
f coincidences.

For neuro-imaging, the desired spatial resolution is slightly
igher compared to the whole-body imaging (around 3 mm3 is
ormally sufficient). However, in applications in which the struc-
ure of distribution of tracer within the organ is important for
iagnosis, higher resolution might be needed. Furthermore, brain
pplications constitute an area of wide use of kinetic modeling
ethods in PET [18]. The kinetic studies are based on dynamic

ET data where short frames, with low signal-to-noise ratio, are
cquired in order to capture the temporal distribution of the activ-
ty concentration after the radiotracer injection. This makes high
ensitivity a particularly important requirement in most brain
pplications.

In all the modalities, the requirements are first addressed at the
tage of design and development of instrumentation. For example,
n body systems, the introduction of the time-of-flight (TOF) sys-
ems, that are able to approximately locate the annihilation event
long the path of the two photons, has led to remarkable improve-

ents in the final SNR in the images. In small animal devices, the
easurement of the depth of interaction (DOI) of photons within

etectors reduces the magnitude of the parallax effect, which is
nown to significantly degrade the resolution of the images [19].
These advanced technologies greatly alleviate some of the PET
issues, but there is a point at which the instrumentation encoun-
ters some limitations. For example, the requirements of sensitivity
of the small animal applications can be satisfied using detector
modules with long crystals, placed in a gantry with the smallest
possible diameter [20]. However, both long pixelated crystals and
small gantries lead to a significant resolution loss due to the paral-
lax effect. Moreover, the increase of the gantry diameter to reduce
the penetration effect (at the cost of reducing the sensitivity) would
lead to another form of spatial resolution degradation due to the
non-collinearity of the pairs [21].

Under these paradoxical circumstances, other means to meet
the demanding requirements the PET studies impose have been
explored. A particularly important area is the reconstruction step,
in which the events collected are converted to three-dimensional
images. Certain algorithms are capable of preserving and even
enhancing (as shown in [22] for the parallax error correction) the
hardware advantages.

3. PET reconstruction overview

As pointed out in the previous section, the achievement of the
ultimate PET performance will require the help of advanced recon-
struction techniques [23]. In this section, we introduce the different
approaches to estimate the three-dimensional radiotracer distri-
successful type of reconstruction methods known as iterative algo-
rithms, specifically on the statistical model these methods make
use of (Section 3.2) and on the effects of the PET acquisition process
they should take into account and compensate (Section 3.3).
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ig. 2. Flow diagram of an iterative reconstruction algorithm. Starting with an initial
mage guess, the algorithms iteratively compute new image estimations based on
he comparison of the estimated and measured data.

.1. Algorithms

The early techniques of PET image reconstruction were analyt-
cal approaches based on the method of Filtered Back Projection
FBP) [24]. FBP is a mathematical technique based on an ideal-
zed model of PET, which ignores many significant physical factors.
pecifically, FBP assumes that the number of events measured in
ach LOR (line of response, see Fig. 1) is equal to the line-integral
f the radio-isotope distribution along the line connecting the cen-
ers of the two corresponding crystals, from which the image can
e reconstructed using analytical inversion formulas. In spite of

ts approximate essence, FBP has enjoyed widespread use due to
ts computational simplicity. Regrettably, FBP amplifies the noise

hen it is applied to the low-count data of PET imaging (it is still
 good method for applications where the number of measured
ounts is high, as computed tomography, and/or where linearity
f the reconstruction is needed). Consequently, there has been a
reat interest in the development of reconstruction alternatives
hat provide better resolution and noise characteristics [25–28].

The introduction of the iterative reconstruction methods
llowed for the explicit inclusion of the physical factors ignored
y analytical schemes. These algorithms achieve improved spa-
ial resolution and signal-to-noise ratio, while maintaining the
uantitative nature of the data [29,30]. The price of this added
efinement is that the resulting set of equations describing the
roblem becomes very large, and solving for the tracer distribu-
ion by direct inversion of the problem becomes unworkable. In
his case, the equations must be solved using iterative methods. All
terative reconstruction methods share a number of common traits.
he general model, shown in Fig. 2, involves repeating the process
f projecting an image estimate (the so-called forward projection
peration), comparing the estimated projections to the measured
ata to compute some form of error, backprojecting the error (back-
ard projection operation) and using the error to update the image

stimate.
Two wide classes of iterative algorithm exist, namely algebraic

nd statistical. Classical algebraic iterative algorithms, such as ART
nd MART [31] are based on the Kaczmarz method of solving sys-

ems of linear equations [32]. Although not widely used in nuclear

edicine, they form an important basis for understanding the sta-
istical algorithms that were developed later and for which iterative

ethods are mainly used. Statistical algorithms have two basic
ging and Graphics 48 (2016) 30–48 33

parts: a statistical criterion (the basis for determining which image
among the many possible is to be the solution) and a numer-
ical algorithm (the method for finding the solution prescribed
by the criterion). The most successful early statistical algorithm,
MLEM [33] uses a Poisson model of the produced data, related to
the maximum likelihood (ML) statistical criterion, along with the
expectation maximization (EM) algorithm as numerical method.
A serious disadvantage of MLEM is its slow convergence, which
can lead to prohibitive reconstruction times on standard com-
puter platforms [27]. Several acceleration techniques have been
proposed for the MLEM algorithm. Lewitt and Muehllehner [34]
improve convergence speed by incorporating an over-relaxation
parameter. Tanaka [35] uses a frequency amplification method to
accelerate the estimation of the higher-frequency components in
the image. The ordered subsets expectation maximization (OSEM)
method [36] divides the data into subsets, giving a speed-increase
factor proportional to the number of subsets chosen. Browne
and DePierro [37] proposed the row-action maximum-likelihood
algorithm (RAMLA), which uses as many subsets as there are projec-
tions. However, these block methods do not necessarily converge,
as reported empirically by Byrne [38]. The space-alternating gen-
eralized EM (SAGE) [39] improves the convergence rate. Rebinning
methods such as single slice rebinning (SSRB) [40] or Fourier rebin-
ning (FORE) [41] can reduce the dimensionality of 3D acquisitions
by performing a set of 2D reconstructions to obtain volumetric data,
although there is a loss of image quality with respect to the more
time consuming fully 3D implementation.

In addition to the slow convergence issue, there is another
important drawback related to the MLEM derived methods: at high
iteration numbers, images exhibit high-variance behavior [42]. This
is usually attributed to either the fact that there is no explicit stop-
ping rule in this kind of iterative reconstruction or to the statistical
(noisy) nature of the detection process and reconstruction method
[43]. A usual approach to overcome this drawback is either design
some kind of practical stopping rule [44–46] or to smooth the
images with kernels [47,48] filters [49] or wavelet based methods
[50]. As for solutions integrated in the reconstruction algorithm, the
maximum a posteriori (MAP) methods [51–54] offer a very conve-
nient way of reinforcing desirable properties in the reconstructed
image by incorporating a priori information (priors) that models the
distribution of activity and noise in the data. The regularizing influ-
ence of the prior controls the variance of the reconstruction, and
hence the MAP  methods do not exhibit the instabilities at higher
iterations encountered using MLEM [55]. On another note, dynamic
RAMLA (DRAMA) is an iterative algorithm similar to RAMLA, which
optimizes noise propagation from each subset to the reconstructed
image by introducing and optimizing subset dependent relaxation
parameters [56,57].

There exist also statistical algorithms based on a Gaussian model
of the produced data, related to the weighted least squares (WLS)
criteria, which result in quadratic objective functions. These can
efficiently use many established numerical algorithms, such as
coordinate gradient [58,59] or coordinate descent [60], and result
in faster reconstruction algorithms.

Conventional PET reconstruction algorithms involve a prepro-
cessing step where the data is binned as a function of the LOR spatial
orientations, through structures called sinograms. The sinograms
are a representation of the detections measured at a given plane
through two-dimensional matrices, with the vertical columns rep-
resenting evenly spaced projection angles and the horizontal rows
representing spatial positions within the projections. Alternatively,
LOR-based algorithms enable reconstruction of raw histograms

(also known as LOR histograms), which use the native projec-
tion space as discretized by crystal pair indices, eliminating the
interpolation step required to form the uniform sinograms [61,62].
Another option is the storage mode known as list-mode. List-mode
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ig. 3. The system matrix relates each basis function (bj , j = 1, 2 . . . N, being bj cubic
pace.  Specifically, each p(bj , di) term of the system matrix stands for the probabilit

cquisition is achieved by storing information regarding the
cquired events as they are detected one-by-one in the form of a list.
he list-mode data is not amenable to sinogram-based reconstruc-
ion methods without first histogramming the data. However, there
xist several versions of the MLEM and OSEM algorithms [63–65]
or this type of data.

.2. System matrix for iterative reconstruction

In order to perform the forward and backward projection opera-
ions, the iterative reconstruction algorithms require the use of the
o-called system matrix (also known as system response matrix
r system model). The system matrix describes the relationship
etween sources and data, taking into account the physical proper-
ies of the data acquisition process. Specifically, in a reconstruction
n which the continuous radiotracer distribution is approximated
s a sum of discrete basis functions bj (j = 1, 2 . . . N) (normally
ubic voxels, although blob basis functions have shown better
oise properties [66]) and in which the scanner contains di (i = 1,

 . . . M)  possible LORs each p(bj, di) term of the N × M system matrix
tands for the probability that an event generated in the region
efined by the basis function bj is detected in a detector pair di (see
ig. 3).

Besides the system matrix, iterative algorithms usually make
se of a second matrix, whose N terms p(bj) stand for the proba-
ility of detecting a pair of photons arbitrarily emitted from within
unction bj (considering all possible detectors). Since this matrix
ccounts for the discrepancies in the sensitivities of the differ-
nt basis functions, it is usually referred to as sensitivity matrix.
lthough alternative direct approaches exist [63,67–69], the terms
f the sensitivity matrix are typically computed as the summation
ver the probabilities of detection of bj in each LOR di given by the

ystem matrix terms (i.e. p(bj) = ∑M
i=1p(bj, di)).

The quality of the images obtained by the iterative algorithms
epends strongly on how faithfully the theoretical model incor-
orated through the system and sensitivity matrices depicts the
eal PET process. On the other hand, the price of the enhance-
ents achieved by an accurate modeling is that the reconstructions

equire greater execution times and/or storage resources. This is
ecause iterative algorithms perform repeatedly the forward and
ackward projection operations that require the knowledge of the
hole system matrix, whose size is large and its computation is

ostly in high resolution 3D PET systems. Reaching a good compro-
ise between image quality and efficiency is thus a key challenge

n iterative reconstruction. This is the reason why much effort has

een devoted to find alternative implementations of the system
atrix that provide high quality images along with feasible recon-

truction time and storage conditions. A review and classification
f the numerous works on this topic is provided in this article.
Fig. 4. Positron physics-related effects. For illustration purposes, the non-
collinearity is drawn much larger than it really is (the angle of deviation from 180◦

is a sample from a Gaussian distribution having FWHM of about half a degree).

3.3. Image-degrading effects to be modeled in iterative
reconstruction

There are a variety of factors, inherent to the PET data acquisition
process, that can contribute to the degradation of the reconstructed
images:

• The geometry of the specific scanner.
• The positron physics (see Fig. 4), including the distance the

positron travels before annihilating, which is termed positron
range and the angular deviation from the ideal antiparallel
directions of the emitted gamma  rays, which is termed non-
collinearity.

• The unwanted coincidences (see Fig. 5), including the coin-
cidences in which the photons detected come from different
annihilation pairs, termed random coincidences, and those in
which one or both of the photons of the pair scatter in the object
being scanned, termed scattered coincidences.

• The attenuation of photons prior to detection due to the absorp-
tion within the object being imaged (see Fig. 5).

• The intrinsic detector resolution. This is mainly conditioned by
the geometric resolution of the detectors, which is roughly half
the detector pixel width, and by two  important physical effects:

the crystal penetration and the inter-crystal scatter (depicted in
Fig. 6). The crystal penetration occurs when a photon enters the
crystal at an oblique angle and travels with no interaction through
this crystal, before being absorbed in a different crystal. In this



A. Iriarte et al. / Computerized Medical Ima

•

t
p
b
i
s
c
a

c
s
t
m

Fig. 5. Unwanted and attenuated events.

case, the oblique event is assigned a wrong LOR, and this source
of error is known as parallax error (similar to the well-known
parallax error when making a distance measurement using a
thick ruler and viewing from an oblique angle). The inter-crystal
scatter occurs when a photon undergoes several interactions in
the scintillator and the event is assigned a wrong LOR. Inter-
crystal scatter can arise for any angle of photon entry (oblique
or non-oblique) into the crystal.
The variations in the detection efficiency between detector pairs,
due to physical constraints, like crystal imperfections, or to effects
that take time during the data acquisition, such as misalignments
in the timing windows, or the dead time the counting system is
occupied processing previously detected events.

In order to compensate these effects during the image genera-
ion process it is necessary to develop models that describe them
roperly. The integration of all the models in the system matrix can
e a challenging task if the matrix is too large and/or its calculation

s too complex. Moreover, the amount of randoms increases at the
quare of the activity in the subject. In consequence, random coin-
idences do not fit in the linear formulation that relates the source
nd data vectors through the system matrix.

An approximate alternative procedure consists of considering
ertain effects (typically randoms and scatter coincidences on one

ide and attenuation and differences in detector efficiencies on
he other) as errors in the data and treat them in the measure-

ent space. Several methods exist to estimate or measure these

Fig. 6. Detection-related physical effects.
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nuisance components, with a high level of accuracy. The most com-
monly implemented methods for estimating the randoms are the
delayed coincidence method, that measures the random coinci-
dences directly and the singles-based method, that estimates them
from independent (singles) measurements [70]. Photon scatter cor-
rection is a slightly more complicated problem, that has generated a
number of advanced approaches and still remains an area of active
research. A discussion of existing ideas is beyond the scope of this
paper, but several works provide an extensive account of methods
to estimate the scatter [71,19,72,73].

Concerning the attenuation correction, one approach involves
using a radioactive source of single photons (or photon pairs) that
moves in a circular path just inside the detector ring. The proba-
bility of survival for each LOR of the scanner can be computed as
the ratio of the number of photons (or photon pairs) detected with
the patient present (the transmission scan) to the number detected
in the absence of the patient (blank scan) [19]. Alternatively, the
transmission scan can be used to reconstruct an image of the atten-
uation values via statistical methods [74–76]. With the advent
of multimodality PET/Computed Tomography scanners, attenua-
tion correction using separately acquired anatomical images has
become a popular alternative [77,78].

Normalization weights to compensate the varying sensitivities
among the different LORs include direct [79] and component-based
methods [80–83]. In direct methods a source of activity that illu-
minates all LORs is scanned. Then, the normalization factors are
estimated as the ratio between the ideal number of coincidences
and those actually measured. The problem of these direct methods
is that they require long scans for sufficient statistical accuracy. The
component-based methods represent the normalization weights
as a product of factors representing the different effects affecting
detection efficiency. These approaches reduce the number of counts
required by reducing the degrees of freedom in the normalization
model so that the correction factors are computed by averaging
over multiple detector pairs.

Once the values for correcting the different degradation factors
have been estimated using one of the above mentioned meth-
ods, the corrections can be applied in two different ways. A first
option is to apply the corrections before the reconstruction step,
subtracting or multiplying the estimated values to the raw data.
However, precorrected scans are no longer Poisson, which could
bias the reconstruction in iterative algorithms. Alternatively, the
corrections can be incorporated to the iterative reconstruction pro-
cess itself, minimizing their impact on signal-to-noise ratio (SNR).
In order to account for scatter and randoms in the reconstruction,
their respective corrections are commonly added to the forward
projection [84]. Rehfeld and Alber [85] prove the robustness of
this approach for the scatter correction by comparison to a recon-
struction that incorporates the model to the system matrix. An
alternative scatter and randoms multiplicative scheme is proposed
in [86]. The attenuation and normalization corrections are always
multiplicative and can be easily incorporated to the algorithm. Sev-
eral iterative reconstruction schemes incorporating one or both of
these corrections in the forward, backward projection and/or the
sensitivity term have been proposed [87–89]. In the following, the
modeling of these effects will just be considered in the cases in
which it is explicitly part of the system matrix, which, as will be
shown later, includes the option of multiplying the elements of
the system matrix by the normalization and attenuation correction
factors.
4. Approaches for calculating the system matrix

The three following subsections deal with the three basic
methodologies that, in descending order of accuracy, can be used
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Fig. 7. Two of the three fundamental methodologies available for the system matrix
estimation. Empirical methodologies (a) place a source at each basis function posi-
tion  in the FOV of the scanner and record the coincidences registered at each
LOR. Alternatively, this process can be simulated in a computer, using Monte Carlo
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gies have been proposed in order to save space, which are not
strictly restricted to the MC  methodologies but are inherent to
tochastic methods (b).

o accomplish the computation of the system matrix. The fourth
ubsection describes how these methodologies can be combined
o form practical hybrid approaches.

.1. Empirical methodologies

The most accurate way of determining the system matrix would
e, under ideal experimental conditions, its direct measurement
rom the scanner for which data are going to be reconstructed. The
lements of the system matrix could be obtained by positioning and
canning a source at every basis function location, and recording the
esponse (see Fig. 7a). Unfortunately, this is also the most challeng-
ng approach. On the one hand, for a full 3D matrix, the huge number
f scans required makes this approach burdensome. For example,
90] make a temporal estimation of 2.6 years to complete the sys-
em matrix acquisition of a clinical scanner, even after assuming
canner symmetries. On the other hand, the experimental setup
an be tedious due to the need to precisely position the source,

 task that requires complex and expensive equipment (usually
ophisticated robots that can only place one source at a time).
hese obstacles still make a pure empirical methodology presently
mpractical. However, as will be discussed in detail below, several
ractical approaches have been proposed that estimate the whole

ystem matrix from a representative set of point or line source
easurements.
ging and Graphics 48 (2016) 30–48

4.2. Monte Carlo (MC) methodologies

A variety of software packages offer the possibility of simulat-
ing the physics of a PET scanner very precisely. These tools rely on
Monte Carlo algorithms based on the repeated random sampling
of probability models of the transport of radiation through matter.
A number of different PET simulators have been developed (PET-
SIM [91], SIMSET: Simulation System for Emission Tomography
[92], Eidolon [93], GATE, the GEANT4 Application for Tomographic
Emission [94], that encapsulates the accurate GEANT libraries for
the simulation of the passage of particles through matter [95],
GRAY [96], PENELOPET [97], SORTEO, Simulation Of  Realistic Tridi-
mensional Emitting Objects, [98]), each of them with different
advantages, disadvantages and levels of accuracy. Overviews of
these packages can be found in [99,100], and an experimental
comparison between two  popular PET MC  simulators, SIMSET and
GEANT, is performed in [101].

An alternative to the direct measurement of the system matrix is
the MC  simulation of the above mentioned source scanning process
(see Fig. 7b). The feasibility and benefits of this approach have been
shown by a number of authors [102–107,101,108,109,21,110,22].
Nevertheless, the simulated acquisition of the system matrix has
some issues, for which a variety of different solutions have been
proposed:

4.2.1. Accuracy
Although current Monte Carlo simulators provide very accurate

modeling of the photon transport in the object being imaged and
in the detector crystals, there are still effects in the data acquisi-
tion process (light propagation effects, electronic noise, etc.) and
features of the devices (light guides, magnetic shields, etc.) that are
difficult or impossible to reproduce by the simulators and hence a
MC approach will be always less precise than an empirical method-
ology.

4.2.2. Time
MC  simulators are fairly slow and a substantial number of sim-

ulations (i.e. decays per simulated source) are required to reduce
the statistical noise of the estimated system matrix. If the number
of elements of the matrix is too high or not enough computational
power is available, the MC  based computation of the whole sys-
tem matrix can be unworkable. Several investigators have dealt
with the compromise between time and statistical accuracy in the
MC calculation of the system matrix. On the one hand, several
authors [111,101,110]) have studied the effect of the number of
simulated decays on the noise propagation from the matrix to the
images. Other works try to accelerate the MC  simulation without
jeopardizing the accuracy of the system model by considering sym-
metries [111] or alternative radioactivity distribution models [112].
In [113], different denoising filters are applied to the elements of a
short-time simulated system matrix.

4.2.3. Storage
The computational time demand that the statistical accuracy

imposes on the simulation of the system matrix often forces
MC approaches to precompute the system matrix and store it
to be used during reconstruction. The size of the system matrix
increases proportionally with the number of basis elements and
the number of LORs. In high resolution 3D PET scanners, these
numbers can lead to matrix sizes of the order of 1012 elements.
Under these circumstances, the computation of the system matrix
poses a challenge from the storage viewpoint. Several strate-
any approach in which the system matrix values are precalculated
offline and stored. These works share two common tactics to reduce
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Fig. 8. The most basic analytical methodologies (top) approximate the relationship
between sources and data with LOR or TOR intersections. More elaborate approaches
(middle) calculate the solid angle subtended by the source at the detectors that
make up a LOR or use improved projectors. As an example of the latter, the figure
illustrates, for the 2D case, a LOR-driven trilinear interpolation projection technique,
in which each LOR contributes (in backward projections) and gets contributions (in
forward projections) from its four nearest voxels. The basic geometric models can be
enhanced with the use of detector responses (bottom). In this example, the simple
(red) intersection model would assign identical probabilities of detection in the
dotted LOR to the two  voxels. This can be solved if the intersections are weighted
with the (blue) depth-dependent detector responses. These spread functions can be
further exploited, for example, by averaging the weighted intersections of an array
of  subLORs (black rays joining the detectors). (For interpretation of the references
A. Iriarte et al. / Computerized Medic

he storage requirements, mainly exploiting the sparsity and the
ymmetries of the system matrix. Additional compression can be
btained resorting to quasi-symmetries [43] and shift invariances
114].

On the other hand, alternatives to the explicit computation of
he matrix that keep the accuracy provided by the simulation tools
xist. These works use fast voxel-driven [115] or LOR-driven [116]
tochastic sampling protocols to implement the projection opera-
ions on-the-fly. But in addition to the pure storage problem, the
recomputation once and for all of the system matrix entails other
omplications:

It is a rather rigid approach. On the one hand, the configura-
tion of the scanner and the grid of basis functions cannot be
modified without running a new set of simulations. From a devel-
opment perspective (e.g. when various crystal dimensions are to
be investigated or when a multiresolution scheme needs to be
evaluated) a more flexible approach is desirable. Furthermore,
a precalculated system matrix cannot account properly for the
medium-related effects (basically positron range and scatter and
attenuation in the source), which may  vary significantly from one
study to another. The estimation of these effects has to be based
on general assumptions of the imaged object or alternatively be
considered apart, and applied in the form of corrections. In order
to overcome this drawback, [110] proposed MC  simulations that
make use of realistic anatomical maps obtained from computed
tomography (CT) images, which allow to include the scatter and
attenuation effects in the simulated matrix in a very accurate
way.
Even if the size of the system matrix can be reduced enough to
store it as a file, the access to disk for every forward and backward
projection operation can considerably slow down the reconstruc-
tion. In [21] the elements of the system matrix were stored in an
efficient way that allows fast sequential access during the recon-
struction.
The sorting of the simulated data into the matrix is a
computation-expensive procedure hindered by the huge size of
the matrix. Rafecas et al. [105] employed a database management
system to overcome this problem.
In the case of continuous detectors devices [117–120], the pos-
itions d assigned to the detected photons do not correspond to
the centers of discrete crystals, but to continuous locations within
scintillator blocks. The resulting p(b, d) terms are, therefore, con-
tinuous functions of d which should be discretized in order to be
stored. The data under reconstruction would have to be rebinned
to fit the discretized system matrix terms, losing part of its origi-
nal precision, which is precisely the key benefit of the continuous
scintillators technology.

.3. Analytical methodologies

Finally, there exist analytical implementations of the system
atrix. Unlike the MC  approaches, the analytical approaches are

oise-free and usually very fast. This normally allows the com-
utation of the elements of the system matrix on-the-fly at
econstruction time, thus avoiding the storage problems men-
ioned above. However, in its quest to speed up the reconstruction
rocess, these methods overlook important physical effects of the
ET acquisition process and use simple geometric system mod-
ls based on the intersection of the lines [121], or the tubes of
esponse (volumes centered around the LOR, referred to as TORs)
122–125] with voxels or blob basis functions [62,126] (see Fig. 8,

op). Certain improved projectors allow to include more basis
unctions than those strictly involved in the intersections, mak-
ng use of bilinear and trilinear interpolations [63,127] or the

u-antialiased line-tracing algorithm [128,129]. An example of
to color in this figure legend, the reader is referred to the web version of this article.)

trilinear interpolation is shown in Fig. 8 (middle) to illustrate
this kind of procedures. [130,131] propose more sophisticated
ray-tracers incorporating a linear attenuation model to a basic LOR-
basis intersection scheme. The approaches based on the calculation
of the solid angles subtended at the detectors by each basis function
(Fig. 8, middle) [132,133,29,55,134,135] can take into account the
depth dependence (i.e. the distance of the positron annihilation

point from the detectors). However, the complexity of the on-
the-fly solid angle calculations can compromise the reconstruction
time and some authors choose the precomputation of the matrix
[135].
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.4. Hybrid approaches

A variety of articles [136,137,87,138–140,114] show how the
nhancement of simple analytical models with detector response
eights (accounting for the detection-associated effects, mainly

ntercrystal penetration and scatter) may  improve the quality of
he results without significantly compromising the efficiency of
he calculations. Fig. 8 (bottom) illustrates the principles in which
hese procedures are based on. All these approaches start with a
imple geometrical calculation (line-voxel intersection or distance)
o which a spread function approximating the additional effects
s imposed. Although all these works propose analytical detector
esponses, [137] includes as well a MC  estimation and [87] states
hat their kernels should ultimately be based on measured line
pread functions. These two authors point to an interesting direc-
ion: the benefits that can be obtained exploiting synergies between
he basic methodologies for the system matrix computation. A large
umber of hybrid approaches have been proposed following this
hilosophy, always seeking for higher precision models at afford-
ble storage and/or time requirements.

For example, a number of works exist in which the system
atrix is calculated through a combination of parametrized func-

ions representing the scanner response and the interpolation or
xtrapolation of a limited number of source acquisitions. Fig. 9
llustrates the main procedures to which these works restort. In
ome cases, the acquisitions are identified directly with the model
141–143], and the parametrization is performed only in the pro-
ection or image space variables, allowing for an efficient size
eduction, for example, by grouping LORs by their incident angles.
n other cases, the models are parametrized as well, and the acqui-
itions serve to extract the parameters that define preestablished
nalytical responses. A great variety of such models has been
sed, including circular [144] and elliptical [145,146] Gaussians,
ombination of half Gaussians [147,144,90,148], superposition of
ymmetrical Gaussian functions [147,90] or convolution of Gauss-
ans with rectangular pulses [149], which sometimes are different
or the transaxial and axial components [147,90,144] or for opposite
r adjacent detector blocks [149].

The source acquisitions can be simulated [145,149,146,142] or
easured [141,147,90,144,148,143]. MC  simulations provide the

rigin of positron emission exactly, whereas in experimental mea-
urements, this information is only available when using point
ources. This has the advantage of allowing to perform the whole
ata collection through a single uniform source simulation study.
owever, only [142] takes advantage of this issue, and only simu-

ates one cylindrical source. In the rest of the cases, either simulated
r measured point sources (or lines in the case of [141]), with rep-
esentative locations strategically chosen to minimize the number
f acquisitions, are used. Furthermore, due to the lack of certain
omponents of the detection process in the simulators, several dis-
repancies of the simulated responses have been observed with
espect to the, always more accurate, measured approaches [150].

Alternatively, the use of parameterized responses can be used to
educe the storage requirements rather than the number of mea-
urements (which in MC  estimations are not such a critical factor).
n this spirit, the works of [43,151] perform a preliminary MC  calcu-
ation once, and then approximate the results are by spline profiles

hose coefficients fit in RAM memory. Fig. 10 shows the operating
rinciples of these methods. The coefficients can be retrieved dur-

ng reconstruction for a fast calculation of the system matrix terms
sing interpolation techniques.

Finally, the combination of empirical measurements and MC

imulations is exploited in [152], where a MC  obtained system
atrix is updated toward an ideal system matrix by training the

esulting forward projector with an artificial neural network. The
nputs are digital images of a phantom and the desired outputs
ging and Graphics 48 (2016) 30–48

are the corresponding projections obtained in a PET scanner, from
which the neural network can learn physical effects that might not
be described correctly using MC  simulations.

5. Modeling of individual effects and their combination
into the system model

The most general of the hybrid models introduced in the pre-
vious section are those models whose calculation involves each of
the three basic methodologies (empirical, Monte Carlo and ana-
lytical). This is commonly achieved by modeling each effect that
occurs in the data stream of a PET scanner separately. In the fol-
lowing, we  introduce the common principles of the great variety
of approaches that rely on the separation of effects to compute the
system matrix (Section 5.1). Then, as shown in Fig. 11, we classify
these approaches in two  groups, according to the way  they group
the separated models for the different effects. On the one hand,
there are schemes based on the factorization of matrices (Section
5.2). These well-established schemes can in turn be classified in
three subgroups (see Sections 5.2.1, 5.2.2 and 5.2.3) according to
the emphasis they put in the matrices that account for the reso-
lution “blurring” factors. In Section 5.2.4, we  point out how such
matrices can be used in reconstruction frameworks different from
the factorization of effects. On the other hand, there are approaches
that combine the effects through multi integral schemes. As pointed
out in Section 5.3, the development of these methods is hindered
by the high computational times such integrals impose.

5.1. Effects separation

The benefits of the effects separation rely on explicitly consid-
ering the diversity of the phenomena occurring during the
PET acquisition process, for which an homogeneous treatment
may result in non-optimal calculations. By modeling each effect
using the methodology that best fits to its requirements, these
approaches achieve the best synergy between methodologies. For
example, it is not worth to perform extensive experimental mea-
surements or simulations to model the response of effects for which
accepted analytical fast noise-free models are available. This is
clearly the case of the geometrical factors, but also of other phys-
ical effects, such as the photon non-collinearity deviation angle,
which is known to have a Gaussian distribution [153,154]. How-
ever, for those effects for which a model can hardly be expressed
using finite analytical calculations an experimental estimation can
be used instead. This can be the case for phenomena such as the
photon interaction physics within the scintillator. While in this case
an empirical model should provide more accurate results, the com-
plexity of the measurement process can lead to the preference for
a MC  estimation.

For certain phenomena, the choice of methodology to estimate
a model still remains an open problem. This is the case for the
positron range, for which, as stated by [155] a considerable vari-
ation has been found among the analytical [156,157], simulated
[158,159,155] and measured [160,161] models accounting for the
complicated path that positrons follow in tissues.

The degree of separation between the different effects present
during the acquisition process may  vary as well among the dif-
ferent proposals. For example, certain works merge the effects of
crystal penetration and inter-crystal scatter in a single detector
model, while others account for them through two  different models
obtained through two  different methodologies. In any case, since

the model used to describe each effect, or collection of effects, may
be changed from one reconstruction to another without altering the
rest of the models, the separated-effects approaches enjoy a great
flexibility in terms of scanner configurations (geometry, material,
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Fig. 9. Summary of the strategies used by the class of hybrid approaches that combine parameterized response functions with limited source acquisitions. Measurements
are  obtained for a collection of representative sources. This information can be stored as the model itself, along with the parameters defining the sources and LOR locations
(t  and �, r in this case), or fitted to a preestablished analytical model, from which extra parameters (˛1 . . . ˛N) are extracted. The responses for the non-measured cases can
be  obtained by means of extrapolation (for example, to a symmetric case, as shown in the figure) or by interpolation, either between points within the responses or between
responses themselves. The figure shows interpolations between source positions, but responses can also be interpolated between LORs.

 
 

Fig. 10. Use of parameterized responses for storage purposes. The MC  estimates of probability at points along and/or across (although just the longitudinal case is shown)
the  region defined by a LOR are approximated by spline profiles, whose coefficients can be stored in RAM.

Fig. 11. The hybrid approaches that make use of the three available methodologies (empirical, Monte Carlo and analytical) obtain separated models for the different effects,
making use in each case of the best suited approach. Once the separated models have been estimated, they are combined to form the system matrix, either as a product of
matrices or through a multi integral scheme.
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tc.), experimental conditions (isotope, subject under study) or
econstruction features (type and size of the basis function).

Furthermore, the individual estimation of the different effects
llows putting the emphasis of the model on the more degrading
actors, according to the PET modality or scanner for which the
econstruction is going to be performed. For example, in a small
nimal scanner, a greater effort is typically done in the detec-
or response model responsible for the intercrystal penetration
nd scatter, whereas the human studies are usually more con-
erned with the attenuation and the scatter in the object. Many
uthors focus their work on calculating just one or several parts of a
ell-established scheme of separated effects, while using standard
odels for the others.
Independently of the effects considered and the methodology

sed to model each part of the process, a different problem arises
hen the individually modeled effects have to be combined to form

he whole system matrix. Two important different approaches exist
o address this issue, namely the factorization and the integral for-

ulation, which are described in the following.

.2. System matrix factorization for resolution modeling

The most popular way of combining models is to express the
ystem matrix as a product of independent matrices, each one
tanding for one or a collection of effects. This scheme achieves sub-
tantial savings in storage, since each matrix component is highly
tructured and sparse. It is advantageous as well in terms of recon-
truction time, since the forward and backward projection can be
erformed efficiently with a sparse-matrix multiplication opera-
ion, although some authors precompute certain matrix products
o reduce the computational load, when memory is not a constraint
162].

Although earlier versions of the factorization of effects had
een proposed [163,164], and implicit factorizations in the form
f the previously mentioned attenuation and normalization mul-
iplicative corrections had been previously applied, nowadays, all
he factorized schemes are based on the scheme proposed in the
eminal works of [165,55], for 2D and 3D acquisitions respec-
ively:

 = pdet .senspblur.projpattpgeopblur.im (1)

In a reconstruction in which the continuous radiotracer dis-
ribution is approximated as a sum of bj (j = 1, 2 . . . N) discrete
asis functions and in which the scanner contains di (i = 1, 2 . . . M)
ossible detector pairs, pdet.sens and patt are the M × M diagonal
ttenuation and Detector Sensitivity matrices. The diagonal ele-
ents (i, i) of these matrices contain, respectively, the factors that

ccount for the attenuation and detector efficiency in each LOR
i. These factors match the attenuation and normalization coeffi-
ients used for data correction that have been introduced in Section
.3 and can be thus calculated using one of the cited methodolo-
ies.

pgeo is the N × M geometric projection matrix with each element
i, j) equal to the probability that a photon pair emitted in a basis
unction bj reaches the front faces of the detector pair di in the
bsence of attenuation and assuming perfect photon-pair collinea-
ity. In principle, the non-collinearity should be a geometrical effect
s it concerns the direction of the gamma  rays. However, all the
pproaches assume this factor is depth-independent and lump it
ith the blurring matrices that will be described next, based on the

act that it is a phenomenon affecting the resolution of the images.
he computation of the geometric projection matrix is normally

ased on basic intersection or solid angle approaches, with some
uthors averaging several points within the voxels [55,166] or mul-
iple rays within the LORs [167–169] to improve the accuracy of the

odel. Other works focus as well on compacting the storage of the
ging and Graphics 48 (2016) 30–48

geometric projection matrix [55,166,170] or accelerate its calcula-
tion [171], since it can still be large in high-resolution applications.

Although different implementations of the three above
described matrices exist, their physical meaning is always the same
in all factored schemes. However, for the two remaining matri-
ces, namely the Projection Blurring matrix pblur.proj and the image
blurring matrix pblur.im, the different implementations may  imply
remarkable conceptual differences. These matrices are intended to
account for the factors that limit the spatial resolution, typically the
positron range, non-collinearity, crystal size and mispositioning of
photons caused mainly by crystal penetration and multiple photon
interactions, etc. Each element (i, i′) in pblur.proj represents the prob-
ability that an event which should have been detected along LOR
di is actually detected in LOR di′ (as shown in Fig. 12, left) whereas
each element (j, j′) in pblur.im stands for the probability that a decay
originated within a basis function bj is placed in another basis func-
tion bj′ (as shown in Fig. 12, right). According to their definitions, the
pblur.proj and pblur.im matrices account, respectively, for the overall
detection (i.e data-space) and emission (i.e image-space) blurring.
Three categories of approaches (differentiated by the use of these
matrices) exist, as described in the following subsections.

5.2.1. Factorization for resolution modeling using both projection
and image blurring

Surprisingly, just a small number of recent works apply strictly
the definition of the matrices putting the effects in the pblur.proj or
pblur.im matrices, according to the level (data or image) to which
they belong. For example, the positron range is best described act-
ing on the image since the detector actually sees the true image
as blurred by its effect. In contrast, the non-collinearity, crystal
size, penetration and intercrystal scatter are best described as act-
ing on the localization of the LORs. Following these guidelines, the
approach of [172] consists of estimating separated analytical mod-
els for the non-collinearity, penetration and positron range and a
measured model for the inter-crystal scatter, and then placing each
of these models in its corresponding Projection or image blurring
matrix. The method developed by Zhou and Qi [170] is more gen-
eral in terms of the effects modeled, as it estimates the two blurring
matrices using a limited number of point-source scans. This allows
to account not just for certain predefined mentioned effects, but for
any other resolution degradation factor that takes place during the
source acquisitions.

5.2.2. Factorization for resolution modeling with emphasis on
projection blurring matrix

A number of authors ignore the image blurring matrix and
assume that the resolution spread happens only in the space of
the acquired data. The main argument for this approach is related
to physics. In applications with 18F the positron range is sub-
millimeter and the majority of blurring effects (mainly parallax and
intercrystal scatter) are related to the detection events. Therefore,
it seems a priori more logical to spend more effort in modeling
the distortion of the data. Many successful system matrix imple-
mentations are based on this claim, differing just in the way
the projection blurring is estimated. In some cases this matrix is
estimated from source measurements obtained from MC  simula-
tions [165,55,173–176,169] whereas in other cases it is estimated
empirically [173,177], which allows to account for all the classical
detection blurring effects, and even the emission associated effect
of the positron range [162].

The projection-based factorization is a well-established
approach that has led to high quality efficient reconstructions,

but it has two weak points. First, the correct measurement of
the projection blurring would require a collimated source, but
this is impractical and uncollimated sources are used instead
[177]. Alessio et al. [162] demonstrate with MC  simulations that
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ig. 12. Definition of the projection (left) and image (right) blurring matrices. The
OR  di to LOR di′ . The projection blurring can be classified into radial, azimuthal and
f  the image blurring matrix contains the blurring contribution from basis function

 non-collimated source is acceptable for modeling the radial
lurring (i.e. blurring among LORs in different radial positions),
ut that it ignores the azimuthal blurring (i.e. blurring among
ORs with different angular orientations), since all angles are
imultaneously collected during acquisition. Second, and more
nconvenient, even if the size saving from factoring the effects is
emarkable, the Projection Blurring matrix is still a non-stationary
D matrix, whose large size makes its storage challenging unless
implifications are introduced. For example, the sparsity of the
atrix is increased by ignoring the axial component of the blurring

165,55,173,177], or truncating the kernels (i.e. considering that a
OR di blurs just into a few neighboring elements di′ ) [165,169].

The dimensionality of the sinogram blurring matrix is reduced
s well by assuming certain spatial invariances. Specifically, some
pproaches assume that the blurring remains the same for all
zimuthal angles and only obtain the matrix terms for a single pro-
ection angle of di [165,55,173,174,174]. Other approaches assume
s well that the blurring terms are identical for all the ring differ-
nces (the axial difference between the two crystals that define the
OR di) and ring planes (i.e. the relative position of the transaxial
lane containing the detectors in the scanner). Such approaches
pply the projection blurring obtained for the LORs di at the central
ransaxial plane (i.e. at 0 mm from the axial center of the scanner)
o all other rings [165,55,174].

.2.3. Factorization for resolution modeling with emphasis on
mage blurring matrix

A third alternative arises in response to the inconveniences
f the projection-based approaches. The so-called image-space
pproaches attempt to incorporate all the blurring effects in the
mage blurring matrix, based on the idea that the reconstructed
mage may  be seen as the blurring of the true image by a point
pread function (PSF) [178]. As stated by [168], resolution model-
ng in image space is more than only incorporating the effect of
he positron range, because the procedures used to estimate the
SFs usually account automatically for the detector resolution and
ther blurring factors. The image-based approaches have not been
xtensively explored prior to the recent years, but have consider-
bly evolved in their relatively short life. The simplest approaches
epresent the PSF as a set of shift-invariant Gaussian kernels, with
eviations heuristically estimated [179,180,178,181–184]. Added
efinements have been subsequently introduced to these basic
ernels, like shift variances [185,186,168,187,188], anisotropy

185,186,168,187,188], the use of more complex functions, like

ixtures of Gaussians and exponential [186,189] or Pearson dis-
ributions [168], and sophisticated procedures for the estimation
f the corresponding spread parameters based on measurements
element of the projection blurring matrix contains the blurring contribution from
 blurring, according the relative position of di′ with respect to di . The (j, j′) element
asis function bj′ .

of points [189] or arrays of point sources [188]. In [171] the image
blurring matrix is obtained empirically, it is compatible for Time of
Flight PET devices and it can correct the sampling artifacts of the
geometrical projector. Kotasidis et al. [190] adds the dependency
on progressively increasing count rate statistics to the PSF model
introduced in [188].

The main benefit of the image approaches is that they are com-
putationally more efficient. Even if the image blurring matrices
have been proven to be also non-stationary and asymmetrical, the
image space is three dimensional, in contrast to the four dimen-
sional projection domain. Furthermore, the image-space approach
is attractive because it can easily be applied to list-mode MLEM
reconstruction.

Since the major factors affecting the spatial resolution occur in
the projection space, and with the image-based approaches only
approximating these effects, the price for the gained efficiency
and versatility could be expected to be the outperformance of
projection-based approaches over image-based approaches. Sur-
prisingly, the preliminary comparisons [189,188] between both
approaches demonstrate very similar performance. As pointed out
by Kotasidis et al. [188] the outcome of such comparisons might be
strongly dependent on the specific implementations characteristics
of the reconstruction. Therefore, it remains to be demonstrated if
the image-based approach is a valid alternative to the projection-
based approach until a reliable method to compare these two
approaches is well established.

5.2.4. Alternative uses of the blurring matrices
At this point, and although the topic is out of the scope of

this paper, it is interesting to note that the projection and image-
based matrices that characterize the blurring processes in the
factored approaches can be used in a variety of ways different
from their incorporation to the system matrix. Several works illus-
trate their use to rebin the sinograms [104], deblur the registered
data [191,80,192–194], or to deconvolve the images reconstructed
without resolution modeling [186,195–197,168]. In other cases, the
kernels are applied between iterations, blurring the forward pro-
jection with the projection kernel [198,199] or deconvolving the
updated images with the image kernel [200,184]. These approaches
are not restricted to the iterative algorithms but can be applied as
well to FBP [192] or ART [198] to compensate for the blurring pro-
cesses. In other cases, novel iterative schemes are developed, in
which the image updates are alternated with deblurring update

steps [201,202].

Although the results in terms of resolution have been shown
to be close, in shorter times, to those obtained when the models
are included in the system matrix, several authors have observed
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mplified levels of the statistical noise in the emission data [192]
nd the background noise in the images [168]. Among the possi-
le reasons for this issue, Rahmim et al. [127] prove the fact that
hile system matrix modeling is able to improve both resolution

nd noise characteristics of the reconstructed images, the decon-
olution schemes have their tradeoffs. Spinelli et al. [203] propose
he use of an anatomical prior in order to reduce the amount of
oise introduced when the forward projection is blurred with a
rojection space kernel.

.3. Alternative to factorization: multivariate integral
ormulation

As an alternative to the matrix factorization, several works exist
n which the independent models are combined in a scheme of mul-
ivariate integrals [204–208,88,69,209]. In these types of schemes,
he models for the different effects are approximated by probabil-
ty distributions. A uniform distribution is normally used for the
ngular orientation of the emitted photon pairs, which determines
he geometrical factor. The crystal penetration is approximated
y an exponential distribution representing the probability of

nteraction of 511 keV photons with the crystals, although [208]
emonstrates that an uniform distribution works with certain scin-
illator materials. For the inter-crystal scatter, some authors use
aussian distributions [208,69] whereas others perform MC  simu-

ations to estimate ad hoc distributions [88,172]. A good agreement
ith fully MC  based calculations using less computation has been

hown [206–208,88,69] by these approaches.
However, in the integral schemes the separation of effects loses

he sparsity of their factored counterparts, which makes the storage
f the system matrix an impractical task. Furthermore, the resulting
ntegrals are too complex to give place to closed expressions and
ave to be solved numerically, which makes the on-the-fly calcula-
ion of the matrix a computational challenge. In order to speed up
he computation, these schemes typically ignore important effects.
n several cases [205–207,209] the effect of inter-crystal scatter is
gnored, and none of the integral proposals explicitly accounts for
he positron range, non-collinearity, detector sensitivity and object
ttenuation, although [88,207] include the last two in the form of
ultiplicative corrections. Furthermore, even after these simpli-

cations, only [207,88,209] get to incorporate their models in a
econstruction algorithm, and their implementations are based on
everal assumptions and approximations of the formulas, that go
eyond the unavoidable numerical integration approximations.

. Topics of current research

As stated for the above-mentioned integral approaches, a point
as been reached where there exist such complex schemes for the
ystem matrix computation, that they are not yet ready to be imple-
ented for reconstruction (although can be excellent development

ools for new system designs). In these circumstances, the focus of
he PET system matrix literature is broadening its scope from the
evelopment of new sophisticated calculation methods to other

mportant related issues. In this regard, two recurrent themes can
e found nowadays in the field of system models for iterative recon-
truction, which are addressed in the following subsections.

.1. Efficient implementations of iterative reconstruction with
ystem modeling

The first current research topic deals with the efficiency of the

terative reconstructions with accurate system models. Concern-
ng the reduction of the long reconstruction times, these works
ely mainly on the technological advances that provide increas-
ngly greater computational power. The hardware acceleration of
ging and Graphics 48 (2016) 30–48

the iterative reconstruction is not new, and dates back to 1987,
when [210] implemented the MLEM algorithm in a Cray-I super-
computer. Afterward, implementations of the reconstructions that
can run on several CPUs with lower cost using protocols like
the message passing interface (MPI) or OpenMP were preferred
[132,211,130,212–215], given that the iterative schemes are natu-
rally suited for parallelization and can benefit from the advantages
of distributed computing. But nowadays the most appealing solu-
tion to speed up the iterative reconstructions is the graphics
processing unit (GPU)-based implementation of the algorithms.
Although GPUs were initially developed to provide high-definition
graphics for video games in real time (at a very low cost due to their
sheer commercial volume), recent improvements in the computing
power and programability have favored their use as cost effective
high performance coprocessors in time-consuming scientific appli-
cations. This includes the acceleration of iterative reconstruction
with accurate system matrix for PET.

In the earlier GPU-implementations the representations of the
system responses were not the most sophisticated. In ascending
order of complexity, these representations include intersections
enhanced with linear interpolation [216], voxel-line distances
weighted with Gaussian detector responses [217] and shift invari-
ant [218] or variant [219] Gaussian kernels. However, it has
been sufficient to demonstrate the GPU possibilities and has
encouraged several groups to perform GPU-reconstructions with
system models previously exploited in conventional CPUs, showing
remarkable speed-ups. For example, [220–222] propose GPU-
accelerated implementations of the MOLAR, FIRST and DIRECT
reconstruction packages (and the system models therein) proposed
respectively in [87,43,223]. [170,224] implement MLEM and MAP
with factorized system matrices and [225] does likewise with the
integral model of [204] and the OSEM algorithm.

The success in the acceleration of well-established schemes has
led to the development of new forms of iterative reconstruction
specially suited to GPU implementations, in order to achieve fur-
ther speed-up. In [226], the MLEM algorithm is reformulated so
that it can scale up to many GPU nodes with less frequent inter-
node communication, which demonstrates a greater effectiveness
when executed on a multi-GPU cluster. In [227], a new system
model specially suited for GPU implementation is developed. In
this work, detector response functions for each LOR are precalcu-
lated in CPUs and modeled by polynomials whose coefficients are
stored in the GPU and used to calculate the elements of the matrix
on-the-fly. This approximation reduces the number of conditional
statements and the required memory size, which matches GPU
implementation better. Although the results do not show remark-
able speedup with respect with a non-GPU-matched (Gaussian)
model, the extent to which the efficiency of acceleration depends
on the manner of implementation remains an open question, which
will likely give scope for future research.

In addition to being an excellent tool for the reduction of the
reconstruction times, the hardware acceleration has been exploited
to improve the performance of the MC  packages [228,229]. This
allows not only to improve the tradeoff between time and statistical
noise of the simulated models but has even enabled the develop-
ment of new MC-based methodologies for the scatter correction
[230,231].

The storage reduction is the second battlefront of the system
modeling for iterative reconstruction in the context of the effi-
ciency. The high resolution applications impose an increasingly
fine discretization of the image and projection spaces, which trans-
lates into an enormous number of basis functions and LORs. These

numbers lead to prohibitive dimensions of the system matrix,
incompatible with its RAM allocation. As has been mentioned, the
use of symmetries is a valuable technique to reduce the mem-
ory for storing the system matrix, and has been well studied for
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ubic voxels in a Cartesian grid, for which the maximum obtain-
ble symmetry is 4-fold in the transaxial plane and 2-fold in the
xial dimension. The new strategies to reduce storage require-
ents point to the exploitation of further symmetries, based on

he use of alternatives either to the conventional voxels or to the
ectangular assemblies. Concerning the former strategy, the use of
olar basis functions is not a new approach [210], but has been
ecently taken up again by several authors [232–235] in order to
xplore their potential advantages for fully exploiting the rota-
ional symmetry of cylindrical scanners. As for the latter, in [236],
he object grids are rotated by a Gaussian rotator in order to have
he same cylindrical symmetry as the scanner, which reduces the
ystem matrix storage by a factor proportional to the number of
canner blocks. Alternatively, [124] propose a new organization of
rojection data combined with highly rotation-symmetric voxel
ssemblies, reporting factors of reduction even higher than the
ransaxial block symmetry of the system.

The system matrix dimensions are even larger for scanners with
epth of interaction (DOI) measurement, in which the number of
rystal pairs increases in proportion to the square of the number of
OI layers. For this kind of scanners, [237] present a methodology

or achieving very high rates of system matrix compression, using
he concept of virtual detector ring (which permits to represent

ultiple layers of detector elements in the radial dimension as a
ingle detector volume).

.2. Performance characteristics of iterative reconstruction with
ystem modeling

The second current research topic is concerned with assess-
ent of the advantages and limitations of the system modeling,

nd with how they depend on the different metrics and image con-
exts. In principle, a proper system modeling is assumed to visually
mprove the images, providing higher resolution for small or nar-
ow structures, as corroborated by the traditional quality metrics.
t is questionable, however, if this will make a real difference in the
aily performance of PET-based studies, which will be worth the
ost of replacing a operating model by a likely more complex alter-
ative. Indeed, some authors argue that these enhancements are
eceptive and that they lead to degradation elsewhere. Excellent
iscussions on the importance of analyzing the statistical proper-
ies of the various quantitative metrics, and of properly assessing
n which conditions the use of system modeling is beneficial can be
ound in [238,239]. There are three recurrent topics that these and
ther studies within this framework address.

First, some papers address the features that are affected by
he resolution modeling in a less straightforward way than the
mproved image resolution. For example, [240] evaluates the
mpact of resolution modeling on the contrast recovery, an issue
f the reconstructions which has been less studied than resolu-
ion. And above all, the effect on the noise structure, which has
een observed to diminish voxel variance while increasing inter-
oxel covariance [189,127]. [241] provides formulations for how
hanges in variance and covariance are expected to impact various
easures, and evaluates the noise properties in different combina-

ions of reconstruction methods and parameters. [238,242] propose
ore thorough noise propagation models in order to accurately

haracterize the noise texture of reconstructed images in the pres-
nce of resolution modeling.

Second, it is also very important to notice that there are unre-
olved aspects of the iterative reconstruction with system modeling
hich remain to be fully understood. A collection of authors have
ecently investigated the causes and possible corrections of an
ld problem [47] that becomes much more severe with system
odeling, that is, the edge artifacts, reminiscent of the Gibbs ring-

ng overshoot at the edges [243–245,238,242]. Along with the
ging and Graphics 48 (2016) 30–48 43

edge-overshoot, [246] considers other artifacts, like hyper-
resolution and reduced resolving power.

Finally, there is a collection of works that focus on evaluating
the impact of the model on the measurement of specific fea-
tures involved in real-application reconstructions. These include,
for example the quantification of several biological parameters in
a clinical study of the dopamine transporter [247], the standard-
ized uptake value of lump node metastasis in FDG-PET/CT [248]
or the glucose metabolic rate, perfusion and cardiac output in
dynamic mouse studies [249]. More generally, [238,242] analyze
the limitations that system modeling encounters in the context of
quantitative images, where increased intervoxel correlations can
lead to significant loss of precision in small regions of interest.

7. Discussion

The success of iterative reconstruction methods in PET relies to
a great extent on the quality of the system matrix that characterizes
the data acquisition process. A big effort has been made to improve
the accuracy and efficiency with which the statistical relationship
between images and data is estimated, arranged in the matrix and
used during the reconstructions. Such an effort translates into a
great number of works that make the computation of the system
matrix an important subgenre of the PET reconstruction research.
This article reviews many of these works. Our guiding thread is
the methodology employed to compute the system matrix, but the
cited articles could have been arranged chronologically, according
to their relevance or to any other criteria. For example, an inter-
esting classification of various approaches in terms of how they
approximate the factored formulation and how they estimate the
individual resolution degrading terms is proposed in [238]. In either
case, there are several conclusions that can be drawn from the
inspection of the system matrix literature, that are described next.
The computation of the system matrix entails two main challenges,
which to a greater or lesser extent, are addressed by all cited arti-
cles. First, the accuracy with which the superposition of a rather
heterogeneous collection of physical effects can be modeled. Sec-
ond, the efficacy with which the model can be used to carry on the
forward and backward projections, in terms either of the mem-
ory storage resources needed or of the speed with which these
operations are performed during the reconstruction.

The attention that has been paid to each of these two  issues
has fluctuated throughout the years. The earliest works on the
topic were founded on simple but efficient LOR-voxel intersection
models, which can be seen now as basic proofs of concept that
aimed to show the benefits of the iterative algorithms over the
analytical approaches. Once the better performance of the iterative
reconstruction was  demonstrated, the next generation of works
focused on improving the accuracy of the models, with efficiency
receiving less attention. The finding that small improvements of
the geometrical models, like solid angle calculations or the addi-
tion of simple invariant detector responses, translated into greatly
improved images, probably encouraged the PET community to pur-
sue increasingly complex models by resorting to the capabilities of
the Monte Carlo simulators and measurement mechanisms. But as
the quality of the models was  improved, the extension of calcula-
tion time and storage resources started to be significant.

Even if multiple strategies (that have been mentioned through-
out the text) have been developed to achieve a balance between
performance and practicality, the requirements for computer hard-
ware have certainly imposed a limit in the quest for the exactness

of the system response models. Such limit could be in what we
have classified as “Multivariate Integral formulation” approaches
in Section 5.3. The philosophy of such schemes is to be extremely
rigorous in its mathematical formulation. However, as has been
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lready mentioned, the resulting formulas turn out to be unwork-
ble and their implementations are based on assumptions that
n the end distort the rigorous principles. In this regard, the

idespread use of other schemes, like the factored approach, which
chieve a better compromise between effort and quality, are the
roof of what can be considered a golden principle in the sys-
em modeling for iterative reconstruction: more benefits can be
chieved with fast and straightforward implementations of fairly
ccurate schemes than with more advanced modeling that cannot
e faithfully implemented due to the restrictive cost of computing,
nd possibly storing, the system matrix. Therefore, the point has
een reached where the computational constraints are hindering
he progress toward more accurate system matrices.

From this point, the evolution of the statistical modeling for iter-
tive reconstruction cannot be predicted. However, it should be no
urprise that the ideal system response model is yet to be developed
nd that this problem will still be an area of very active research.
he direction of this research will likely be conditioned by the out-
ome of the two issues addressed in Section 6. They will determine
he degree of complexity of the models that is compatible with
he feasibility of the implementations and has real significance in
he performance of the PET studies, which is the ultimate goal of
econstructions. Along with the capacity of accommodation to the
ew features of the novel devices (e.g. higher resolution inserts that
ive place to irregular geometries [250,251]), these constraints will
ikely dictate the future development of the statistical modeling for
terative reconstruction.

. Summary

One of the strengths of iterative algorithms is their ability
o model the physical phenomena underlying the data acquisi-
ion process (positron range, noncollinearity, attenuation, crystal
enetration, inter-crystal scatter, etc.) in the so-called system
atrix. The system matrix is a probability matrix that describes

he relationship between the object and detection spaces. The
umber of probability coefficients is large in high resolution PET
canners and their computation is complicated, due to the vari-
ty and complexity of the phenomena involved (a description of
hese phenomena has been provided in Section 5). As a result,
he accurate calculation of the system matrix elements without
ncurring excessive computational cost is a very active subject of
esearch.

In this article we have presented a review of the different
pproaches used to estimate the system matrix. In declining order
f accuracy (and, correspondingly, of complexity) there are three
vailable methodologies to obtain the system matrix: empirical
easurements, Monte Carlo simulations and analytical calcula-

ions. Section 4 has dealt with the benefits and drawbacks of each
f these methodologies.

Many investigators have proposed combinations of the basic
ethodologies in order to achieve different levels of compromise

etween the quality of the models and the computational cost of
heir estimation. The hybrid strategies, which have been described
n Section 4.4, include geometrical models weighted with detector
esponse functions, parametrized models estimated from a limited
umber of source measurements, MC  models that use sophisticated
nalytical strategies of storage or MC  models enhanced with neural
etworks that can learn physical effects from empirical measure-
ents.
Within the group of hybrid approaches, those schemes in which
ach physical effect is individually modeled with the most suited
f the three available methodologies are particularly appealing,
s has been discussed in Section 5.1. There are two  families of
orks following this philosophy, namely factorized and integral
ging and Graphics 48 (2016) 30–48

formulation schemes, which differ in the way they merge the sep-
arately obtained models.

Section 5.2 has dealt with the factorized approaches, in which
the system matrix is expressed as an efficient product of matrices,
each one containing the model for one or a collection of related
effects. The numerous approaches that rely on the factorization of
the system matrix can be, in turn, classified into three different
categories, according to the way  they model the “blurring” (i.e. res-
olution degrading) effects. Although traditionally the weight of the
blurring has been put in the projection domain, in the last decade
several authors have claimed the benefits of modeling the blur-
ring in the image-space domain. More recently, authors have tried
to distribute the blurring factors between both domains, accord-
ing to their image or projection-degrading nature. In addition to
the importance they are given in the system matrix calculation,
the matrices modeling the blurring effects have alternative uses
in the sinogram rebinning, data deblurring or image deconvolving
processes.

The alternative to the factorization of the models is their combi-
nation through schemes of, in principle more rigorous, multivariate
integrals, which have been introduced in Section 5.3. However, the
costly numerical implementation of the integrals has limited the
practical application of these schemes. In a sense, this is represen-
tative of the current situation in the field of statistical modeling for
iterative reconstruction, i.e. the benefits obtained by improving the
accuracy of the current system models may  not compensate for the
additional computation cost.

Under these circumstances, two topics of research (which have
been discussed in Section 6) are becoming increasingly important:
improving the efficiency of the reconstructions and properly eval-
uating the real benefits obtained by using accurate system models.
As pointed out in our discussion, the outcome of these two  issues
will probably determine the evolution of system modeling for PET
reconstruction.
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