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A B S T R A C T

The analysis of structure factors in 3D cryo-EM Coulomb potential maps and their “enhancement” at the end of
the reconstruction process is a well-established practice, normally referred to as sharpening. The aim is to in-
crease contrast and, in this way, to help tracing the atomic model. The most common way to accomplish this
enhancement is by means of the so-called B-factor correction, which applies a global filter to boost high fre-
quencies with some dampening considerations related to noise amplification. The results are maps with a better
visual aspect and a quasiflat spectrum at medium and high frequencies. This practice is so widespread that most
map depositions in the Electron Microscopy Data Base (EMDB) only contain sharpened maps. Here, the use in
cryoEM of global B-factor corrections is theoretically and experimentally analyzed. Results clearly illustrate that
protein spectra present a falloff. Thus, spectral quasi-flattening may produce protein spectra with distortions
when compared with experimental ones, this fact, combined with the practice of reporting only sharpened maps,
generates a sub-optimal situation in terms of data preservation, reuse and reproducibility. Now that the field is
more advanced, we put forward two suggestions: (1) to use methods which keep more faithfully the original
experimental signal properties of macromolecules when “enhancing” the map, and (2) to further stress the need
to deposit the original experimental maps without any postprocessing or sharpening, not only the enhanced
maps. In the absence of access to these original maps data is lost, preventing their future analysis with new
methods.

The use of Single Particle Analysis (SPA) techniques aims at eluci-
dating the 3D structure of macromolecular complexes with the ultimate
goal of helping to infer its biological function (Henderson, 2015; Frank,
2018). Macromolecules scatter the incoming electrons and produce
images from which the three-dimensional structure is estimated. Once
the Coulomb potential map has been reconstructed, it has become
customary to correct/enhance the scattering amplitudes in Fourier
space using sharpening techniques, the most widely used being the so-
called B-factor correction (Rosenthal and Henderson, 2003; Fernandez
et al., 2008). This enhancement normally consists in applying a filter
that boosts high frequency components. The filter is an exponentially
growing filter weighted by the signal to noise ratio whose parameter is
estimated using the Guinier plot (logarithm of the squared amplitudes

radially averaged of the Fourier transform of the macromolecule vs
frequency squared). The result in most implementations is a quasi-flat
spectrum over a large frequency range. The boost of medium and high
frequency components increases the contrast of many structural fea-
tures of the map and helps to model the atomic structure. In this sense,
B-factor correction is a tremendously effective method to increase the
interpretability of the reconstructed map. Other sharpening methods
based on B-factor also exist, these perform a boosting of medium and
high frequencies exhibiting very good results but with certain con-
straints, for instance the Phenix-AutoSharpen maximizes the map con-
nectivity and minimizes the map isosurface (Terwilliger et al., 2018).

Note that while spectral flattening may be a very useful tool for map
analysis, especially oriented to model refinement, it produces maps that
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do not conform with our a priori knowledge of the spectrum of a
macromolecule, since a spectral decay is expected, larger for electrons
than for photons, as we will demonstrate in this work. If it is correctly
used as an “inspection tool”, the latter inconsistency would not be a
problem. However, the reality is that the majority of depositions at the
Electron Microscopy Data Base (EMDB) (Lawson et al., 2016) since
2013 only contain these spectral flattened maps, which in practice
prevents the access to the experimentally derived information. It is an
example of how a “visualization tool” has substituted the experimental
data. It is important to understand how we have reached the current
situation of the widespread deposition of maps with quasi flats spectra,
and we approached this issue by analyzing the fundamental basis un-
derlying B-factor correction. The arguments vary from: 1) a stated
theoretical result based on Guinier approximation and Wilson statistics,
2) compensation of excessive amplitude dampening caused by the 3D
reconstruction process in general (a combination of inaccuracies in the
estimation of the contrast transfer function, CTF of the microscope,
inaccuracies in the angular assignment, the high noise level of the
original images or numerical approximations of some of the algorithms
involved, among others), or 3) the fact that higher frequency content
helps to better trace the atomic model and map visualization. With
regards to this last point, macromolecule visualization is indeed con-
siderably improved (although noise is also boosted), this is probably the
most important reason why it is used, producing good results, as an aid
for model tracing.

In this letter, the spectral behavior of macromolecules was studied.
The starting point will be the atomic models deposited in the Protein
Data Bank (PDB) (Berman et al., 2000), that hypothetically define the
ideal protein structure; from them, cryo-EM maps will be calculated
using the electron atomic scattering factors and their spectral properties
will be analyzed (a number of limitations apply, that will be considered
along the manuscript). Additionally, and just for illustrative reasons, we
performed some experiments modifying the protein structure of a
protein and checking the effects within its spectrum, such as: random
displacement of atoms and substitution of carbon by iron atoms, among
others.

Based on the studies referred to above, we analyzed the limits of our
very common quasi-B factor practice, since scattering theory predicts a
certain decay of the protein structure factors (power spectra). In fact,
structure factor decay with resolution is an intrinsic property and it is
well known in the literature (Shmueli and Weiss, 1995; Feigin and
Svergun, 1987; Drenth, 2006). In this way, the starting point will be to
rigorously revisit the fundamentals of the scattering theory, in parti-
cular, the Guinier approximation (at very low frequencies) and the
Wilson statistics (at higher frequencies) (see Appendix), to understand
the fundamentals of B-factor correction. This analysis will not show
anything new from the point of view of electron scattering theory, but it
will provide the context to understand how sharpening is normally
performed in cryoEM. Essentially, 1) Guinier approximation is only
valid at very low frequencies, and 2) Wilson statistics supports that
proteins spectra present a falloff, in contrast, with the widespread idea
that it justifies the spectra flattening.

The B-factor quasi-flattening correction has produced very good
results aiding in the understanding and interpretation of biological
macromolecules, its working mechanism is simple: a boosting of high
frequencies weighted by a merit function to avoid noise amplification in
some way. Nevertheless, there are certain issues which must be con-
sidered: first, once a structure has been reconstructed there is no well
accepted criteria about which is the best B-factor to be applied, al-
though some papers have already made some suggestions (Terwilliger
et al., 2018; Ramírez-Aportela et al., in press); second, the B-factor
correction is a global transformation while the signal to noise ratio is
spatially dependent (we remind the reader of the clear success of local
resolution analysis in cryoEM) and therefore, a global B-factor choice
might enhance some parts of the protein more than required, or pro-
duce the reverse. Despite these two issues, the B-factor correction only

affects the amplitudes of the Fourier transform of the protein, so the
global structure of the macromolecule would not be affected. Taking
into account all the above considerations, the B-factor quasi-flattening
correction is clearly not the best solution, although it provides good
visual results. In this context, we think that its application might be
revisited with the aim of developing new algorithms that not only
provide nice visual results, but that also produce data that can be more
faithfully used in subsequent steps of the processing. Indeed, a clear
current trend in the cryoEM field is advancing toward local analysis,
and in this context the use of new tools like LocScale (Jakobi et al.,
2017) (that searches for the similarity between the structure factor of a
model and the structure factor of the map by local scaling of the am-
plitudes) or LocalDeBlur (Ramírez-Aportela et al., in press) (that applies
a local deblurring based on local resolution values of the reconstructed
map) seem to be good candidates as alternative methods that overcome
this problem. In this regard, we would like to encourage the cryo-EM
community to deposit in EMDB the sharpened map, the original re-
construction, as well as other relevant data (Henderson et al., 2012),
such as: half-maps, used masks, or FSC curves, among others. Note that
undoing a sharpening transformation might be practically impossible
and, consequently, the original data are no longer accessible. In addi-
tion, to have the original reconstruction opens new horizons to the
community, as it allows for the possibility of applying future sharpening
algorithms that could enhance the deposited data and, consequently,
the biological understanding of the complex.

1. Dependence of the structure factors on macromolecular
features

The goal of this section is to analyze the behavior of structure fac-
tors at different frequency ranges in a practical manner, and we will
approach this issue using simulations. The atomic structure of a mac-
romolecule defines its structure factors (its frequency behavior); a
simple way to proceed is by converting the atomic model into a
Coulomb potential map (Sorzano et al., 2015) and then determining its
spectrum, that will be given by the structure factors. Thus, the loga-
rithm of the structure factor, Ln F q| ( )|2, in terms of the frequency
square, q2, was represented for several proteins (see Fig. 1 black line),
this is the named Guinier plot. Note that, for simplicity reasons, it is
convenient to work with the normalized structure factor
Ln F q F q( (| ( )| /| (0)| )2 2 2. In all cases, the profile decays with fre-
quency, in particular, there is a steep decay at very low frequencies that
allows distinguishing two regimes: the low and the medium–high fre-
quencies.

The folding of proteins is related to medium-resolution details of the
macromolecule. In contrast, Guinier frequencies range describe only the
shape of the macromolecule (as we will show in the following section).
Thus, we wanted to study how resilient the spectral decay previously
indicated was under harsh modifications of the structure, i.e. if the
secondary structure was modified or even destroyed, how did it affect
the structure factors? In Fig. 1 we present, in continuous black, the
spectra of beta-galactosidase (PDB-3j7h), TRPV1 (PDB-3j9j), a triple
mutant of the NHAA dimer (PDB-4atv) and the Yeast 20S proteasome in
complex with Ac-PAE-ep (PDB-4y6v) up to high resolution, showing a
clear spectral decay, far from being flat. In fact, macromolecular spectra
behave, in a general way, similar to the ones of typical natural scenes,
with a decay in the order of q1/ 2, where q is the frequency, (van der
Schaaf and van Hateren, 1996). We then proceeded to check if this
decay was resilient to relatively harsh (and completely artificial)
modifications on the macromolecule itself. In order to do so, we arti-
ficially changed a number of key characteristics of the maps themselves
to verify the effect of these modifications upon the spectra. Thus, the
following experiments were carried out:

1. Experiment 1. Relationship to the atom description: the atomic de-
scription used in the experiment above was performed with very
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accurate atomic scattering factors (Sorzano et al., 2015). We used a
far simpler atomic description consisting in a Gaussian function
whose variance is proportional to the atomic number. In Fig. 1,
Green-continuous-dotted line shows that this modification had al-
most no impact on the structure factor profile.

2. Experiment 2. Relationship to the atom nature: we changed all carbon
atoms in the atomic model to iron atoms. In Fig. 1, Blue dashed line,
can be observed that the structure factor profile was simply shifted
up (iron scatters more than carbon), but the overall shape did not
significantly change.

3. Experiment 3. Relationship to the overall macromolecule shape: we bi-
narized the Coulomb potential map and computed its structure
factor profile. This was a major change of the macromolecule re-
presentation which kept its overall shape but completely destroyed
its internal information. However, as can be seen in Fig. 1, Red
triangles line, aside from a global shift of the profile and small dif-
ferences at high resolution, the structure factor profile did not sig-
nificantly change.

4. Experiment 4. Relationship to the relative atomic positions. The atoms
were randomly displaced from their original position with a

maximum shift of 6Å (the random shifts were uniformly distributed
between −6 and 6Å in all directions, note that the radius of an
-helix is 6Å, and the sideways distance between carbons in a
sheet is approximately 5Å). Again, the overall shape of the mac-
romolecule was kept, but the transformation destroyed the in-
formation about the secondary structure information. In Fig. 1, Cyan
dots, the shape of the structure factor displayed a similar curve to
that of the previous experiment, but with a slight shift. The decay
was preserved however, the features of the secondary structure were
altered completely.

The conclusion from these experiments was clear: structure factors
coming from cryoEM maps never present a quasi-flat profile, in spite of
some “brutal” modifications introduced in the macromolecular struc-
ture. The radial structure factor profile of a macromolecule is an in-
trinsic feature of its overall shape and one that does not greatly depend
upon the type of atoms used for its representation, their shape or their
exact position in space (within limits). In all experiments the structure
factor presented a non-flat profile exhibiting a decay with the fre-
quency. This fact occurs at all frequency ranges.

Fig. 1. Normalized structure factors up to high resolution for (upper-left) PDBPDB3j7j7h, (upper-right) 3j9j, (lower-left) PDBPDB4atatv and (lower-right) PDB4
4y6v. a) (Continuous-black) original converted Coulomb potential map, b) (Blue-dashed) Substituted C atoms by Fe atoms. c) (Red-triangles) Binarized Coulomb
potential map, d) (Green-continuous-dotted) Map converted from PDB substituting atoms by Gaussian functions, e) (Cyan-dotted) Random displacement of atoms.
The vertical lines determine resolutions of 10 and 5Å.
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Finally, it must be commented that the secondary structure will
present certain characteristic frequencies as an -helix pitch, and in-
teratomic distances. The structure factor curve reflects these structural
features as peaks at specific frequencies. Note that they are identified as
deviations from an ideal falloff (Morris et al., 2004).

2. On the Guinier law

After the first, practical, global analysis presented in the previous
section, we now turn to an analytic understanding of both the low and
the medium–high frequency regimes; we used scattering theory (Feigin
and Svergun, 1987; Guinier and Fournet, 1955; Shmueli and Weiss,
1995; Drenth, 2006), see Appendix. The structure factor is a general
expression that depends on the structure geometry and on the nature of
the atoms. However, under the small angle scattering approximation,
an explicit expression can be obtained, the so-called Guinier law or
Guinier approximation (Guinier and Fournet, 1955), as stated more
than half a century ago. For completeness, the proof can be found in
Section below On the Guinier law of Appendix. We were interested in
obtaining the quantitative limits of the Guinier law. There exist some
validity criteria (Feigin and Svergun, 1987), but to our knowledge, this
is the first time that those limits have been analytically determined. The
most important reason for performing this analysis is that the B-factor
correction is often considered to be connected to Guinier modelling,
however there is no connection whatsoever. Indeed, Guinier law applies
only at very low frequencies, while spectral quasi-flattening is an op-
eration performed at the medium–high resolution range. In general,
Guinier approximation is valid for resolutions lower than the gyration
radius of a macromolecule. Furthermore, it is not about flattening the
spectrum, but instead it states that at very low frequencies (in the order
of the radius of gyration of the macromolecule) the structure factors
decay as an exponential function.

3. On Wilson statistics

Wilson statistics is also usually employed to support B-factor

correction. Consequently, we analyzed the fundamentals behind the
quasi-flattening spectra based on Wilson statistics. Again, the starting
point of our analysis was the scattering theory (Feigin and Svergun,
1987; Guinier and Fournet, 1955; Shmueli and Weiss, 1995; Drenth,
2006) (see Appendix) and the general expression for the structure
factor, see Eq. (A.17) in the Appendix. The basic hypothesis underlying
Wilson statistics is that atoms are randomly distributed on the “unit
cell” of the protein (Wilson, 1949). Following this principle, and as
presented in Section On the Wilson statistics of Appendix, the expected
value for the structure factors under this hypothetical distribution re-
sults in the sum of the form factor of all atoms, that is, the protein
atomistic nature. However, this result must be further analyzed. First,
macromolecules largely violate the hypothesis that atoms are randomly
distributed on the “unit cell”. Second, the expected value as sum of
atomic form factor fails at low frequencies (Guinier approximation) and
when the atoms are very close to each other. Third, the expected value
of the structure factor is not a constant, the form factor of atoms pre-
sents a falloff with the frequency that implies a decay of the structure
factor. To analyze macromolecular spectral features and Wilson statis-
tics, the following experiment was carried out. A model was created
consisting of 32,824 atoms randomly distributed inside a box with di-
mensions × ×200 200 200 Å. The number of atoms was chosen in order
to establish a comparison with the - galactosidase that has the same
number of atoms. For the sake of simplicity, all atoms were considered
to be the same as carbon atoms. Then, the radial average of the struc-
ture factor for such configuration was calculated. To do that, the form
factor of atoms were simulated as sum of Gaussians according to
(Sorzano et al., 2015; Prince, 2006), and neglecting thermal vibrations.
Since all atoms are equal, the expected value of the structure factor
must be proportional to the form factor of a single atom (see Eq. (B.8)),
this is exactly what Fig. 2 shows. Note that the structure factor of the
randomly placed atoms (Blue-circles) presents a decay with the fre-
quency confirming our assessment of non-flat spectra and following the
curve of a single atom (red curve) at medium and high frequencies but
exhibiting differences at low frequencies. In addition, we also wanted to
compare this curve with the one obtained for the - galactosidase,
obtaining a structure factor curve close to the one obtained for the
randomly placed atoms except at low frequencies. Interestingly, the
results from this experiment would suggest that although some basic
assumptions required by Wilson statistics are largely violated in mac-
romolecules, the effect of this violation is still only significant at low
frequencies, a regime for which Guinier law provides already a very
good model.

Finally, we wanted to check if the flat structure factor of protein
could be obtained when considering atomic form factor of atoms for X-
rays. Hence, we decided to estimate again the atomic form factor of a
single carbon atom, and compare it with the one derived from the
scattering form factor for electrons. This comparison can be observed in
Fig. 3. The atomic from factors for X-rays were taken from (Prince,
2006). Note that the structure factor plot for X-rays is always higher
than the one obtained for electrons. However, both show a similar
behavior with a non-negligible decay with the frequency. It should be
noted, however, that the electron form factors values used in these
experiments, come from the classical Crystallography Tables (Prince,
2006). These do not capture changes due to interatomic interactions
and consequently, changes to these graphs should be expected in the
future, but currently is all that can be done. In fact, some works have
been published in this regard (Yonekura et al., 2017).

However, the results with non-flat profiles pose the question as to
why the quasi-flattening spectra based on B-factor enhances the vi-
sualization so much? Intuitively, this question can be answered from
the uncertainty principle that establishes that when an object is well
localized in space then, it is not well localized in frequency terms (the
opposite implication is also true). Thus, what flattening is doing is
delocalizing the protein in frequency, and as a consequence, its shape
becomes sharper in the real space.

Fig. 2. Structure factor curves in terms of frequency for: (Red-curve) a single
carbon atom, (Blue circles) a configuration of 32824 carbon atoms randomly
distributed inside a box of × ×200 200 200 Å considering the atomic form
factor for electrons, (Black crosses) the structure factor of the beta-galactosi-
dase.
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A more complex but accurate explanation comes again from the
scattering theory, and it is explained in depth in Appendix B. This ex-
planation starts considering ideal atoms that lack any structure and are,
therefore, just points in the space (dimensionless points). Note that in
the absence of structure, the form factor of atoms is constant, this is
because if the atoms represent a single point all scattered electrons have
the same origin (the point) and there is no phase difference among
them. This fact implies that the expected value of the structure factor in
Wilson statistics should result in a constant. As a consequence, for the B-
factor correction that makes flat spectra, what it is trying to achieve is
to make comparable the measured structure factors with the structure
factors of point atoms. Due to the duality between positions and fre-
quencies, the larger variance in frequency and the lesser uncertainty in
position, this transformation makes the map sharper. Unfortunately,
atoms do present structure and thus this model is not representative.

4. B-factor correction to compensate overdampened spectra

Another argument for performing B-factor quasi-flattening correc-
tion could be to compensate for over-dampened map spectra associated
to the accumulation of errors in image processing steps. Indeed, it might
be the case that the reconstruction process has over-dampened the
spectrum of the macromolecular map, and that we need to boost high
frequencies to recover the original spectral fall-off. However, it has not
been proven that reconstruction algorithms necessarily over-dampen
high frequency components or, expressed in a more general manner,
that they have not already incorporated features to compensate for this
sort of over-dampening. In Fig. 4 we show the structure factor profile
for -galactosidase obtained in the Map Challenge (Heynmann, 2018)
together with the structure factor profile of the map calculated from the
corresponding PDB entry 3j7h. As shown in Fig. 4, the structure factor
of the PDB falls faster (implying a larger B-factor) than the processed
reconstruction. Although this behavior is not necessarily the case for all
reconstructions, in general we have not appreciated any obvious spec-
tral over-dampening in experimental cryo-EM maps with respect to
their corresponding models, implying that the algorithms used in the
reconstruction process have carefully avoided spectral attenuation and
that, therefore, the use of B-factor quasi flattening is not justified on the
basis of a posterior compensation of potential defects of the

reconstruction algorithms.

5. Conclusions

Based on these considerations, and witnessing how quickly cryo-EM
is advancing to produce quantitative estimations of the Coulomb po-
tential of a macromolecule, we consider it is the appropriate time to
raise the important issue that spectral quasi-flattening, currently the
most widely used post-processing enhancement operation applied to a
cryoEM map, should be used with great care, although it certainly
produces visually appealing maps, these maps have the wrong spectral
characteristics. It might be argued that spectral quasi-flattening is only
an “aid”, a tool, for tracing; however, the hard fact is that the majority
of all cryoEM entries deposited in EMDB since 2013 only contain these
flattened maps, not the experimentally derived one. It is the case of how
an otherwise useful inspection tool has led to the substitution of the
experimental data themselves, completely removing the capacity to
access any more detailed quantitative cryo-EM information from a large
set of EMDB entries.

Obviously, there are several ways to improve current practices. The
most obvious and immediate change would be the deposition of both,
the unsharpened and sharpened maps, as well as any other experi-
mental data, chiefly the usual “two half maps” that are part of virtually
any Single Particle Analysis workflow. Currently this practice is re-
commended in EMDB, but given the evidence of possible errors, as
presented in this paper, it provides additional grounds to propose
making this practice compulsory, rather than merely recommended.

Other suggestions go in the direction of developing more careful
sharpening techniques that do not enforce a quasi spectral flattening,
but that tend to provide results that follows more closely the spectra of
experimentally solved macromolecules. It is worth noting that some
recent proposals of new post-processing (sharpening) methods have
more or less explicitly started to deviate from global B-factor quasi
flattening, going from localized B-factor flattening (Jakobi et al., 2017)
to local map re-scaling (Hryc et al., 2017) or the recent one based on
local resolution information LocalDeBlur (Ramírez-Aportela et al., in
press).

In short, in this communication we have presented a framework in

Fig. 3. Atomic form factor curves in terms of frequency for a single carbon atom
looking at for X-ray (Red curve) and electron scattering (Blue curve).

Fig. 4. Normalized structure factor from (Blue) unfiltered map, (Red) B-factor
corrected map and (Continuous-black) atomic model (PDB entry 3j7h) con-
verted into Coulomb potential map.
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which the limitations of B-factor quasi-flattening have been system-
atically explored, clarifying a number of misconceptions in the field and
trying to contribute to the establishment of better deposition schema
and to the development of a new generation of sharpening algorithms.
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Appendix A. On the Guinier approximation

A.1. Scattering theory

Consider a scatterer element located in position rk and an incident electron beam in the direction defined by the unitary vector s0. Electron
interaction with the charge density of the scatterer element will cause the scattering of the incident electron beam. The direction of the scattered
beam will be determined by the unitary vector s, which forms an angle 2 with respect to the direction of the incident beam, s0. A scheme of the
system is shown in Fig. A.5. The goal will be to calculate the intensity of the output beam.

If the macromolecule is composed by N atoms, then, the problem is equivalent to obtaining the output intensity of a set of N small scatterers.
Scattering is the consequence of the electron-matter interaction. Assuming a thin sample and taking into account that energies in TEM are high
enough ( keV MeV100 1 ), as it is the most common case in TEM for the imaging of biological samples, there are two possible scenarios: the incident
electron can interact once with the matter, or it can be transmitted through the sample without any interaction. In both cases the energy of the
transmitted beam is conserved, being in the first one an elastic interaction. The reason for the scattering will be the electrostatic interactions being
macromolecule described by its Coulomb potential r( ).

In a far point, P, from the macromolecule, a set of N elastic scattered plane waves will interfere. This interference will depend on the optical path
difference. Without loss of generality, the reference system can be fixed in the mass center of the macromolecule. Thus, the phase difference in a far
point P between a reference ray through the mass center and a scatterer element at the location rk will be proportional to =s r s r s s r· · ( )·k k k0 0 ,
see Fig. A.5 (here we assume that the observer is far from the scatterer and that the phase difference is independent of the observer position,
Fraunhofer regime). For the sake of clarity the notation, we define the scattering vector q as:

=q s s2 ( ).0 (A.1)

and its absolute module will be:

=q 4 sin , (A.2)

being the wavelength of the electron beam. Note that q has frequency units (1/Å).
The incident wave at the position rk, , will be given by the wave function of the incident beam with amplitude A and frequency, 2 / , as
= Aein

i s r· k2 0 . Defining an arbitrary point, P, by the position vector l, measured from rk along the scattering direction s; the path difference allows
us to establish a linear relation between the input and scattered wave functions, q( )k , as follows:

=

=

+

+

f e

Ae f e

s( )k in k
i

i
k

i

s r l

s r s r l

,
·( )

·
,

·( )

k

k k

2

2 0 2
(A.3)

where fk, is the electron atomic scattering factor at wavelength . Equivalently, we could have used the q variable instead of s:

= Af q e eq( ) ( ) ,k k
i iq r sl· 2

k (A.4)

Fig. A.5. Scheme of the scattering system. An incident beam lights a scatterer element and the beam is scattered forming an angle 2 respect to the original incident
direction.
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Note that there is a direct relationship between f q( )k and fk, since the only change is the conversion from wavelength to frequency variables.
The output beam is determined by the contribution of many scattered waves, therefore, by applying the superposition principle, the scattered

wave at the point P can be written by means of:

= =
= =

Ae f q eq q( ) ( ) ( ) ,
k

N

k
i

k

N

k
isl q r

1

2

1

· k

(A.5)

where N represents the number of scatterers, i.e. atoms in the macromolecule. Let us now relate this equation to the Coulomb potential of the
macromolecule, r( ). By definition, this Coulomb potential, from the electron scattering point of view can be seen as the superposition of the electron
scattering form factors:

= =
= =

b br r r r r r( ) ( ) ( ) ( ),
k

N

k k
k

N

k k
1 1 (A.6)

where b r( )k is the function resulting from the inverse Fourier transform of the f q( )k coefficients:

=b f e dr q q( ) ( )k k
iq r·

(A.7)

If we now do the Fourier transform of this equation, we obtain:

= =
=

F e d f eq r r q( ) ( ) ( )i

k

N

k
iqr q r

1

· k

(A.8)

By comparing Eq. (A.5) with Eq. (A.8) we clearly see that:

= Ae Fq q( ) ( )i sl2
(A.9)

Nevertheless, detectors record intensity instead of wave functions:

= = =I A F A e e d dq q q r r r r( ) | ( )| | ( )| ( ) ( ) .i iq r q r2 2 2 2 · ·
(A.10)

The value F q( ) is called the structure factor and it is analyzed in the next section.

A.2. Structure factor

The structure factor given by Eq. (A.10) can rarely ever be integrated in terms of elemental functions, and usually requires numerical integration.
The Coulomb potential, r( ), determines the shape of the macromolecule. Therefore, the structure factor of only a few geometries can be calculated
analytically. The goal of this section is to provide a general expression for integrating the structure factor under specific conditions.

The first step is to simplify Eq. (A.10) by means of the variable change =r r r,:

= +F e d dq r r r r r| ( )| ( ) ( ) .iq r2 ·
(A.11)

Note that the expression of F q| ( )|2 must be an even function. Indeed, = =F F Fq q q| ( )| | ( )| | ( )|2 2 2.
Let us define the autocorrelation function as:

= + dr r r r r( ) ( ) ( ) . (A.12)

Note that if the scatterer element is effectively limited to a maximum radius R, then the autocorrelation function is limited to R2 . With this function,
the integral Eq. (A.11) gets even simpler:

=F e dq r r| ( )| ( ) .iq r2 ·
(A.13)

That is, the structure factor is the Fourier transform of the autocorrelation function.
Let us consider the structure factor integral in spherical coordinates with the angle between r and q being :

=F r r r e r dr d dq| ( )| ( sin cos , sin sin , cos ) sin .iqr2 cos 2
(A.14)

For simplicity, let us assume that autocorrelation function has radial symmetry, then the structure factor also has radial symmetry (another way
of reasoning and reaching the same point would be by calculating the radial average along a given frequency):

=
=
F q r e r dr d d

r r qr dr
| ( )| ( ) sin

4 ( )sinc( )

iqr2 cos 2

2 (A.15)

Note that:

=F r r dr| (0)| 4 ( )2 2
(A.16)

and we can write the structure factor as a function of its value at zero frequency:

=F q F| ( )| | (0)| ,r r qr dr
r r dr

2 2 ( )sinc( )
( )

2

2 (A.17)

where qrsinc( ) function is defined as qr qrsin( )/ .
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A.3. Validity of the Guinier law

Virtually all works about sharpening start talking about the Guinier law. The essentials are simple, in the sense that Guinier (Guinier and Fournet,
1955), based on certain approximations, could predict the shape of the spectrum of a macromolecule up to a given (relatively low) resolution.
However, the rest of the spectrum has nothing to do with Guinier explanation. So, in this work we wanted to analyze the extend of Guinier
approximations so that we could trace a clearer boundary between what is Guinier-based and what is not.

In this section we discuss about the Guinier law and its applicability to sharpening by B-factor correction. We show that the Guinier law is derived
after two critical approximations that restrict its validity to a very small frequency region. In particular, the two approximations are: 1) the Taylor
expansion of the sinc function, and 2) the Guinier approximation of a second order polynomial by an exponential.

A.3.1. Approximation 1: Taylor approximation of the sinc.
Guinier’s approximation (Guinier and Fournet, 1955) considers small angle scattering, justifying a Taylor approximation up to second order of

the sinc function to integrate Eq. (A.17) resulting in

F q F
R

q| ( )| | (0)| 1
3

,g2 2
2

2

(A.18)

where =Rg
r r dr
r r dr

2 1
2

( )
( )

4

2 , is the so called gyration radius. Note that this Taylor expansion is of 3rd order because the sinc is an even function and it lacks
odd power terms in its Taylor expansion. To check the validity of this approximation, we have calculated the relative error between the sinc function
and its polynomial approximation:

=
qr qr

qr
sinc( ) (1 ( ) )

sinc( )

1
3 !

2

(A.19)

The error committed in making this approximation is always less than 10% for the range qr 5/3. Since this approximation is performed within
an integral (see Eq. A.17), r takes the value R (particle radius) in the worse case, implying that qR 5/3. This is only achieved for resolutions, q1/ ,
larger than R3 /5. That is, for a macromolecule of radius =R 100 Å, the frequencies for which the sinc approximation is valid (the relative error is
smaller than 10%) are lower than 60Å.

A.3.2. Approximation 2: Approximation of a second order polynomial by an exponential
The second Guinier step is to approximate the polynomial in Eq. A.18 by an exponential function

F q F e| ( )| | (0)|
R

q2 2 3
g
2

2
(A.20)

The product =B Rg
1
3

2 is called the B-factor. This is the parameter being estimated in electron microscopy and being corrected for. As we did in the
previous section, we analyze the relative error of this approximation

=
( )R q e

R q

1

1
g

R q

g

1
3

2 2

1
3

2 2

g
1
3

2 2

(A.21)

This equation can be easily solved with the help of the W-lambert function (Corless et al., 1996). In our case

= +
+

R q W
e

1
3

1 1
(1 )g

2 2
(A.22)

For = 10%, we have =R q 0.3755g
1
3

2 2 , the error is smaller than 10% for those frequencies such that

qR 1.06g (A.23)

This is only achieved for resolutions, q1/ , larger than R /1.06g . That is, for a macromolecule of radius of gyration =R 100g Å, the frequencies for which
the polynomial by exponential approximation is valid (the relative error is smaller than 10%) are those lower than 94Å, or 100Å for the sake of
roundness. Eq. (A.23) establishes a criterion by which the Guinier approximation is valid. It is noteworthy that the gyration radius is related to the
macromolecular radius. As a consequence, the Guinier approximation is only valid at very low frequencies. Even if higher errors are considered, the
limits of Guinier approximation only remain valid at low frequencies; in fact, if an error higher than 20% is accepted for a macromolecule of

=R 100g Å, then the Guinier range will be valid for frequencies lower than 77Å only.

A.4. Experimental verification of the Guinier law

In this section, we verify that the statements presented above are experimentally observed. With this aim, the atomic model of a structure of
-galactosidase (Bartesaghi et al., 2015) (PDB-3j7h), TRPV1 (Liao et al., 2013) (PDB-3j9j), a triple mutant of the NHAA dimer (Lee et al., 2014)
(PDB-4atv) and the Yeast 20S proteasome in complex with Ac-PAE-ep (Huber et al., 2015) (PDB-4y6v) were used. The PDB provides the atomic
structure of the macromolecule. As a consequence, the corresponding structure factor can be derived from it without any ambiguity. We converted
the atomic models into Coulomb potential maps at a sampling rate of 1Å/pixel using xmipp_volume_from_PDB (Sorzano et al., 2015) in Scipion
v.1.1 (de la Rosa-Trevin et al., 2016). The Guinier plot maps the structure factor in terms of the frequency square, F qlog(| ( )| )2 vs. q2. For simplicity, it
is convenient to work with the normalized structure factor F q Flog(| ( )| /| (0)| )2 2 .

As can be seen in Fig. A.6, the spectrum follows a straight line up to about 100Å (marked with a vertical line in Fig. A.6); this is exactly what
would be expected in a proper use of scattering theory. However, beyond this point, the theory is not applicable and any additional processing steps
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are proposed must be based on other principles. In particular, it is clear that past 100Å the spectrum profile is not flat, so the theory cannot be used
to justify a quasi B-factor flattening of the spectrum, in agreement with the results obtained by the scattering theory.

Appendix B. On Wilson statistics

This appendix is divided in two parts: The form factor of atoms and Wilson statistics respectively. The first part covers part of the scattering
theory that was not explained in Appendix A, the scattering of electrons by single atoms, and how to model this interaction. It will introduce the basic
concepts that are required to fully understand the second part, in which the expression of the structure factor at medium and high frequencies are
obtained and the Wilson statistics are discussed.

B.1. Form factor of atoms

Let us consider an individual atom that is lighted by an electron beam along the direction s0. The electromagnetic interaction between the
radiation and the electrostatic potential of the atom results in the electron scattering. To understand this scattering is necessary to model the form
factor of the atom. First, atoms presents a given structure that can be considered as rotational symmetric (despite the orbital shapes make false this
assumption it is a good approximation, orbital s approximation). Second, it is also known that atoms position are modulated by a distribution as a
consequence of thermal vibrations. Hence, under all these hypothesis the form factor of the atom is modelled as (Rupp, 2010)

=f q f q f q( ) ( )· ( ),at st th (B.1)

where the terms fst and fth represent the form factor for the structural component of the atom and thermal vibrations respectively (normally modelled
as a Gaussian with a temperature factor). The structural component, is usually modelled as sum of Gaussians (Peng et al., 1996; Sorzano et al., 2015)

=
=

f q a e( ) ,st
i

i
b q

1

5
i 2

(B.2)

with ai and bi constants that depends on the atom nature. Note that if the atom is idealized as a point, lacking of structure, then, whatever two
scattered directions will present the same phase difference. In other words, the phase difference is a consequence of the structure, see Fig. A.5,
because the phase difference appears when there is a difference of optical path length between two rays and in this case all rays have the same optical
path.

B.2. Wilson statistics

It has been proved that Guinier law can only be applied at very low resolutions. It is yet to be known what happens in the medium and high
resolution range. The starting point is the most general expression of the structure factor (Eq. A.8), thus, assuming that the protein is defined by a
finite number of atoms, N,

=
=

F f eq( ) ,
k

N

k
iq r

1

· k

(B.3)

where the dependence of atom form factor fk on the scattering vector q was omitted for simplicity, and it is considered as product of the position,

Fig. A.6. Guinier plot for the atomic model PDB 3j7h converted into Coulomb potential map, on the low frequency range up to 30Å. Note that the Guinier
approximation is shown as a straight line for resolutions lower than 100Å.
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structure and thermal factors, Eq. (B.1). The exact expression of the square of the structure factor will be calculated as

= +
= =

F f q f qq q r q r| ( )| ( )cos( · ) ( )sin( · ) .
k

N

k k
k

N

k k
2

1

2

1

2

(B.4)

which can be expanded as

= + +
=

F f q
k j

k j

f q f qq q r q r q r q r| ( )| ( )
,

( ) ( )[cos( · )cos( · ) sin( · )sin( · )],
k

N

k

N

k j k j k j
2

1

2

(B.5)

and rewritten

= +
=

F f q
k j

k j

f q f qq q r r| ( )| ( )
,

( ) ( )cos( ·( )).
k

N

k

N

k j k j
2

1

2

(B.6)

Up to this point, the structure factor expression is absolutely general. What Wilson statistics assumes is that atoms are randomly distributed inside
the protein, it means, that the position distributions rk is uniform (this hypothesis will be discussed latter). Thus, the expected value of the structure
factor in is calculated

= +
=

F f q
k j

k j

f q f qq q r r[| (( )| ] ( )
,

( ) ( )cos( ·( )) ,
k

N

k

N

k j k j
2

1

2

(B.7)

and therefore

=
=

F f qq[| (( )| ] | ( )| .
k

N

k
2

1

2

(B.8)

However, Wilson assumption must be discussed. Note, that the interference terms (cosine terms) are neglected as a consequence of the oscillating
character of the cosine function. However, there exist two scenarios in which it cannot be neglected: first, at very low frequency, the cosines poorly
oscillate, this behaviour supports that Wilson statistics only apply at high frequency and that low ones are governed by the Guinier approximation;
second, when the atoms are very close to each other, the vector r rk j will be very small casting again slow cosine oscillations (this is exactly the
case of biological macromolecules); third, it is not necessary that atoms are randomly distributed, in fact, reality is different and proteins exhibit
atoms at specific positions. Fortunately, the same result can be obtained if the radial average of the structure factor is calculated, thus, the inter-
ference term is neglected.

=
=

F q f q| ( )| | ( )| .
k

N

k
2

1

2

(B.9)

Finally, it must be highlighted that the expected value or radial average of the structure factor still presents a dependence on the frequency, q, in the
form factor of the atoms, Eq. (B.9). This means, that the expected value is not constant and will present a falloff with the frequency. This decay can be
even more pronounced if thermal vibrations are considered. Note that, the B-factor correction quasi-flattening is justified in many cases considering
that this expected value is constant. However, as our arguments have just shown, this idea should be rejected. This is an important issue because it
still uncertain as to whether any reason in Physics exist to cast flat spectra. The answer is affirmative, but in the unrealistic scenario that considers
atoms randomly distributed, occupying the whole space available, and without structure (dimensionless/point atoms and in absence of thermal
vibrations). Under these conditions the form factor of atoms are just simple constants that depends on the kind of atom, and therefore Eq. (B.9) or Eq.
(B.8) turns into

= =
=

F q f constant( ) | | .
k

N

k
1

2

(B.10)

The result of the flattening transformations is a sharpened protein that enhances in visualization and helps the model tracing. However, we insist in
that this scenario is unreallistic. In addition, it also must be noted that in Eq. (B.9) the distribution of structure factor was obtained and its mean
value was obtained without knowledge about the structure, taking only into account the nature of the atoms (scattering factors fk) that constitute
them. The expected value is, therefore, the best approximation for the structure factor in absence of knowledge about the macromolecular shape, and
for that reason the B-factor correction becomes flat, or quasi-flat spectra enhances the macromolecular visualization. But the corrected structures do
not represent a macromolecular object, because the structure factor must decay as Wilson statistics show. Hence, sharpening methods that in-
corporate knowledge a priori about the structure will be good alternative candidates to the current practice based on B-factor quasi flattening.
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