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Motivation for this course
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This is a collection of about 800 time series drawn from many different fields. To find a series, browse the subjects
on the right or try the site search below.
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Course outline: Session 1
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Figure 1.1 Part of the Beveridge wheat price index series. Z*WWWW?TTTTTTTTTW .
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 Kinds of time series

 Continuous time series sampling

 Data models x[n]=trend[n]+ periodic[n]+ random[n]
* Descriptive analysis: time plots and data preprocessing

« Distributional properties: statisitcal distribution, stationarity and autocorrelation
e Outlier detection and rejection
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Course outline: Session 2
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Figure 1.1 Part of the Beveridge wheat price index scries.

Trend analysis:

o Linear and non-linear regression

 Polynomial fitting

e Cubic spline fitting

Seasonal component analysis:

 Spectral representation of stationary processes
Spectral signal processing:

e Detrending and filtering

» Non-stationary signal processing
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Course outline: Session 3
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Model definition:

» Moving Average processes (MA)

 Autoregressive processes (AR)

 Autoregressive, Moving Average (ARMA)

» Autoregressive, Integrated, Moving Average (ARIMA, FARIMA)
 Seasonal, Autoregressive, Integrated, Moving Average (SARIMA)
« Known external inputs: System identification

* A family of models

* Nonlinear models

Parameter estimation

Order selection

Model checking

Self-similarity, fractal dimension and chaos theory
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Course outline: Session 4
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» Forecasting - e
 Univariate forecasting
e Intervention modelling 7
» State-space modelling L B VN W A
e Time series data mining
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Course QOutline: Session 5
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Suggested readings

It Is suggested to read (before coming):

» Geo4990: Time series analysis

» Adler1998: Analysing stable time series

e Leonard: Mining Transactional and Time Series Data

 Chattarjee2006: Simple Linear Regression

& ceu

niversi
San Pablo




Resources

Data sets
http://www.york.ac.uk/depts/maths/data/ts
http://www-personal.buseco.monash.edu.au/~hyndman/TSDL

Competition
http://www.neural-forecasting-competition.com

Links to organizations, events, software, datasets
http://www.buseco.monash.edu.au/units/forecasting/links.php

http://www.secondmoment.org/time_series.php

Lecture notes
http://www.econphd.net/notes.htm#Econometrics
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Session outline

Features and objectives of the time series
Sampling

Components of time series: data models
Descriptive analysis

Distributional properties

Detection and removal of outliers

N o ok~ wbdheE

Time series methods
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1. Features and objectives of the time series
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Figure 1.1  Part of the Beveridge wheat price index series.

Goal: Explain history

Features:

1. Samples (discrete) x|n]

2. Bounded .

3. Finite support x[n]el, = {s[n] >'Is[n] < oo}
x[n]=0 vne{n,n,+1,.,n.} "
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1. Features and objectives of the time series
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Figure 1.3 Sales of a certain engineering company in successive months.
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1. Features and objectives of the time series

Pendulum angle with different controllers

Sketch : Inverted Pendulum

Goal:
| | | | | , Control=Forecast(+correct)

Zii j \ | Features:
°§_ \u . 1. Continuous signal —

Amplitud

04k

Regular sampling
X[n]= X(nTs)
T, =Sampling period
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1. Features and objectives of the time series

Other kind of times series not covered 1n this course
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Time —

Figure 1.5 A realization of a binary process.
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Figure 1.6 A realization of a point process ( x denotes an event).
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1. Features and objectives of the time series

Other kind of times series not covered 1n this course
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2. Sampling
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X[n]= X(nTs)
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2. Sampling

Continuous signal

X(t) = 2sin(27 -1

100

)_%gn@ﬂ>Lt—%}+Q2$n@ﬂiit+%)

100 100

5F \ \ \ \ \ \ \ \ \ =
oF = .=
— T A Ty=10
5 ! ! ! ! ! ! ! ! !
0 10 20 30 40 50 60 70 80 90 100
t
Oversampling
57

0000000202 P PPPPPP000,

o szin

5 |

CAURCACRCNGRGNO)

SIS LI L555eT%0 s T g

J
100

0 10 20 30 40 50 60 70 80 90
t . . .
Critical sampling NquISt/ Shanl’lon CI‘IteI'IOIl
5 —
o @ 9 i ? ? ? o —o o3 e T = Tm_m
| | | | | | A\) JD J\) JD | | s 2
-50 10 20 30 40 50 60 70 80 90 100
t
Undersampling
5 —
-50 10 20 30 40 50 60 70 80 90 1(‘)0

&= ceu

Universidead
San Pablo




2. Sampling

= CEU

Universidead
San Pablo

BG Glucose (mg/dL)

B = N [N
UZAVERVEER

-60 -
012345678 9101112131415161718192021222324
Time (24 Hour)

—BG 24 hour mean
—— 1st Harmonic
— 2nd Harmonic
— 3rd Harmonic

10

10



2. Sampling: Signal reconstruction

inuous signal Sampled signal

1

0.8
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-0.2

-0.4
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sinc(t)

0 5

Reconstruction formula

0

% M= x[n)h.t-nT,)

N=-—o0
Reconstruction kernel

for bandlimited
signals

. t
h, (t) =sin C(fj
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2. Sampling: Aliasing

IOt

X(t) = sm 27z 100

Obvious allasmg effect

1
0.5
T T .
0c- Ts — _mn > __min_
1.1 2
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-10 6‘0 120 140 160 180 200
X(t)=2 sm(27z 5 t)— —s1n(27z ot = —)+ 0.2 s1n(27z t+Z )
Not so clear aliasing effect
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2. Aliasing: Conclusions

From the disgression above, two are the main consequences that must be kept
in mind:
1. Any continuous time series can be safely treated as a discrete time
series as long as the Nyquist criterion is satisfied.

2. Once our discrete analysis is finished, we can always return to the
continuous “world” by reconstructing our output sequence.

Although not discussed, once the continuous signal is discretized, one can
arbitrarily change the sampling period without having to go back to the
continuous signal with two operations called “upsampling” (going for a finer
discretization) and “downsampling (coarser discretization).
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3. Components of atime series: data models
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Figure 1.1 Part of the Beveridge wheat price index series.
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Explained by statistical models (AR, MA, ...)

x[n]=trend[n]+ periodic[n]+ random[n]

Seasonal
Ex: Unemployment is low in sumimer
Ex: Temperature is high in the middle of the day

Long-term change. What is long-term?
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3. Components of atime series: data models
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Additive model
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3. Components of atime series: data model

Noise is dependent of signal? Noise 1s dependent of noise

|||||||

P Y ™ it i
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4. Descriptive analysis

« Time plot
— Take care of appearance (scale, point shape, line shape, etc.)

— Take care of labelling axes specifying units (be careful with the
scientific notation, e.g. from 0.5e+03 to 0.1e+04)

« Data Preprocessing

— Consider transforming the data to enhance a certain feature, although
this is a controversial topic:

» Logarithm: Stabilizes variance in the fully multiplicative model

y[n] = log(x[n])

* Box-Cox: the transformed data tends to be normally distributed

L 250
y[n] ={ ’

log(x[n]) A=0
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4. Descriptive analysis

Data preprocessing:

— (Removal of trend) Detrending: if the trend clearly follows a known
curve (line, polynomial, logistic, Gaussian, Gompertz, etc.), fit a model
to the time series and detrend (either by substracting or dividing).

T
— x[n]
ynl

15

yy[nl |

X(t) =10 +1.5t +sin(2t)
x[n]=x(nT;)

— (Removal of trend) Differencing =
_ _ X[n]-x[n-1]
y|[n]—V|X[n]— Ts A
_ _ X[n+1]—=X[n]
Yy, [n]=V X[n]= T
_ _ X[n+1]=2x[n]+ X[n-1]
yr[N]=V, y[n]= T
—-2x[n-1 )
yuln]=V,y,[n]= Xnj X[nTSZ [+ X[n-2] |

| | | | |
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4. Descriptive analysis

« Data preprocessing:
— (Removal of season) Deseasoning:average over the seasonal period
to remove its effect.
— (Estimate of season) Estimating seasoning: substract the
deseasoned time series from a local estimate of the current sample.
“# x[n]=m[n]+S[n]+e[n]
] mest[n]=é(§x[n—6]+x[n—5]+x[n—4]+...+ x[n]
1 i X[N+1]+...+ X[+ 5]+ x[n +6])
2} - A s‘,/ 5/ 1 Se[N] Z(Z 2“(‘“ X[n_k]j_mest[n]
sl = = 2] =T+ ]+ X 1]+ X0 2]~ g ]
\ ~ /
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4. Descriptive analysis

Data preprocessing:

— (Removal or isolation of trend, seasonal or noise) Filtering: filtering
aims at the removal of any of the components, for example, the moving
average is a common filtering operation in stock analysis to remove

n O Ise " as of 16-Jun-2006
12000 I_IDJI
L1500 B Zo-day MA A
1 M/W 1 do
r\
yin]=—> xn—k] = DT Vo yInl=— Y x[n—k]
20 £ o 21,&
1 10500 k 10
YN
10000 Julos Sepls Now(S Jants Marog Mayis
Copyright 2006 Yahoo! Inc. http:d/Finance .yahoo .com/

Original
Causal

Causal+Anticausal ||
L L

1 1 I
40 60 80 100 120 140 160 180

San Pablo
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5. Distributional properties

.. X[N]

2 —X[31]=X;, o

; @@@@@???TTTTTTTTTT??@:UQQoééééé m oo?
T

“ 10 20 2 10 50 %0 U Y, % 100

t

All variables are identically distributed — Stationarity
A variable can be normally distributed or Poisson or etc.
It is important to characterize their distribution

All variables are independent — White process
Independency is measured through the autocorrelation function
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5. Distributional properties

F, (X) = Pr{X <x}

Normal distribution function

Normal probability density function
0.4

1
X
= [ f(yt 03
0.5 0.2
= ZPr{X =X} .
X; <X 0 | -
L o L
Foy (6 Y)=Pr{X <xY <y} ° 0 5 0 °
© Poisson distribution function Poisson probability density function
0.4
E{X" = [X"Fy (dx) 1
X
= j X" f (t)dt 0 02
0.1
= Z X PI‘{ } 0 ‘ | | |
Xj <X -5 0 5 10 15 20 O—5 0 5 10
X
Characteristic
function o 0 1 } —|ta e—ltb
p 0=l =143 B )Ry = Lim [, e
k=1
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5. Distributional properties
Examples of nonstationary variables
100 ‘ ‘ ‘ ‘ 1
8o}
05!
60}
40! 1 0
20!
_0'5,
ol
2% 20 20 60 80 100 1 20 40 60 80 100
1l
tvn 1 re nne o 08l
. 06!
04!
0.67 0.2}
04! i oh
ol 02!
04!
07 o - - _0_6,
02, 50 100 150 200 0 1 2 3 4
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5. Distributional properties

(an > an EA Xnk ) — Fan+N ,Xn2+N ,...,Xnk+N (Xn1+N ’ Xn2+N EAR Xnk+N )

vk,n,n,,...,n N

Consequences: E{Xn } =4 Vn

n+n0) = E{xnx:+no}zr[n0] vna no
In,1=I"[-n,] Vn, Tlag
r[oj=[rn,]  vn,

Autocorrelation
function (ACF) Corr(X n? X

n,=0
Example: white process —— I[N, ]=o;d[n,]= {O nz 20
Autocovariance * 2
' fun;ion - C[nO] - COV(Xnﬂ Xn+n0) - E{(Xn _/u)(xn+n0 —,Ll) }: F[no]_‘ﬂ‘
=G
C[0]

Wide sense stationary E{X_}=x W¥n
Corr(X,, X, ) =1TN,] Vn,n,

&= ceu
Universidad 24
San Pablo

24



5. Distributional properties
Correlation coefficients (Zero-order correlations)

Cin,J Under the null hypothesis (H, = r[n,] = 0)it is distributed as
C[0] Student’s t with N-2 degrees of freedom.

r[no] -

T Number of samples upon which r[n, ] is estimated
The probability of observing r[n,] if the null hypothesis is true

is given by N2
Pr{\t\ >r[n, ] N }
1-r’[n,]
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Ergodicity

5. Distributional proeperties

1
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5. Distributional properties

Stationarity # Ergodicity

Example:
X[n]=m[n]+e¢e[n]

N(0,0'i) N(0,072)
E{X, }=0

2 2
Cov(X,, X,n,) =0, +0;

-15+

20+

-25

1 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90 100

The time average still converges to the ensemble average
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5. Distributional properties

How to detect non-stationarity in the mean?

There is a variation in the local mean

Solutions:

Polynomial trends: By differentiating p times

xIn] = x[n]-x[n—1]

v

x[n]=xO[n]-x"[n-1]

xPn] = x?[n]-x®[n-1]

v

v

Removal of a constant (or piece-wise constant)

Removal of a linear trend

NN

Removal of a quadratic trend

x'P) [n] = x(PV [n] —x p_l)[n — 1] — Removal of a p-th order polynomial trend

& ctu
Universidead 28
San Pablo

28



5. Distributional properties

How to detect non-stationarity in the mean?
X[n]

Exponential trends: Taking logs — y[N]=log
X[n—1]

Financial time series

0.10

20000 40000
0.00
| |

: 5

1 1 T T 1 T 1 1 1 T T T T 1
0 500 1500 2500 3500 0 500 1500 2500 3500
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5. Distributional properties

How to detect non-stationarity due to seasonality?
There is a periodic variation in the local mean

Solutions:

Polynomial trends: By differentiating p times with that seasonality

x[n]= x[n]-Xx[n—12]
X(l) [n] = X[n] — X[n — 7] » Daily data: removal of a weekly seasonality

Monthly data: removal of a yearly seasonality

v

How to detect non-stationarity in the variance?
There is a variation in the local variance

Solutions: Box-Cox transformation tends to stabilize variance

How to detect non-stationarity?

Solutions: Unit root tests

&= ceu
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6. Outlier detection and rejection

%bar chare Sensor blackout
1 T T T T

0.8+

———————————————————————————— ® oo oo {7ances
3 + + i3 i 0.6}

.";',... 4 ) FOLL P e
L i L . -t - 0.4
ih, + Y o Y L

- . - — + —] T4 2000

ol + { + s ¥ + 0.2H
b & % f *
‘-F e or
—-—----—-——-—-------—-'3 ------------------ TIO2 02l
0.4}
1©% 1% pd 2%
0.6+
Samples
.0.8,
-1
Common procedures:

1. Visual inspection

2. Mean * k Standard Deviation

3. Median £ k Median Abs. Deviation Do

4. Robust detection > . Estimate mean and Std. Dev.

5 Robust model fittin g . Remove samples outside a given interval

Common actions:

l.
2.

Remove observation
Substitute by an estimate

Until (No sample is removed)
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7. Time series methods

 Time-domain methods:
— Based on classical theory of correlation (autocovariance)
— Include parametric methods (AR, MA, ARMA, ARIMA, etc.)
— Include regression (linear, nonlinear)

* Frequency-domain (spectral) methods:
— Based on Fourier analysis
— Include harmonic methods

 Neural networks and Fuzzy neural networks

« Other fancy approaches: fractal models, wavelet models,
bayesian networks, etc.
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Session outline

Goal

Linear and non-linear regression

Polynomial fitting

Cubic spline fitting

A short introduction to system analysis
Spectral representation of stationary processes
Detrending and filtering

© N o O A wWwDdhPE

Non-stationary processes




1. Goal

w
Q
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Beveridge wheat priceindex

Figure 1.1 Part of the Beveridge wheat price index series.

X[n] = &rend [n]+ periodic[nl+ random[n]
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2. Linear and non linear regression

Linear regression

Year Price ;ﬁ 300

(n) (x[n]) g 4

1500 | 17 F

£ 200

1501 | 19 8

1502 | 20 E: ~ ]

1503 15 ” 1001320 u;ao 1é40 vear 1s;so 1860 T 1er0

1504 13 Figure 1.1 Part of the Beveridge wheat price index series.

4
1505 | 14 17 = 3, +1500, 1 1500 17
106 14 x[n] = trend[n] + random[n] 19= 4, +15015, 11501 V; 19
1507 | 14 | —< 20= 3, +15025, — | 1 1502 (,Boj: 20
trend[n] =5, + An 15= A, +15034, 1 15037 |15

Xp=x
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2. Linear and non linear regression

Linear regression

Xp=x
x[n] = trend[n] + random[n] » x=Xp+e=>e=Xp-x=0’=(Xp-x) (Xp-x)

TLet’s assume E{g[n]}: 0

J Least Squares Estimate
L.[n]= 0525[n0]

- . —1
B =argmin 032 = X'x= (XtX) X'x Homocedasticity
p
Properties: E{B}: B Degree of fit :
N A R2 zl_HX_XBH
~2 t 2 —1_(1_R2 _
O-g - ﬂ(XB_x) (XB_X) Radjusted 1 (1 R ) N—k—1

Linear regression with constraints

; arg mBin o 5, (XtX)_l o (R(XtX)_l " )( RE) Example:
R — = r— _ A
SLRB=r pr=2p=2p-p,=0
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Inear regression

2. Linear and non |

Fe

l
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Let’s assume &[n]— N(0,c57)

o[n, ]

2
&

] =0

]j-:?

x[n] = trend[n]+ random[n]

n2
B
— Mi

n+p,
Hy =B,

+ 5

Po

trend[n] =
Second test
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2. Linear and non linear regression

Confidence intervals for the coefficients

"2
G.

( XtX) <——— Unbiased variance of the j-th regression coefficient
)

,3 € ,B +t1_lN 10 i |«— Confidence interval for the j-th regression coefficient

= PeCO2
e . Y = [40,45]+[0.05,0.45] X

r? =0.24; p< 0.022

We got a certain regression
line but the true regression
line lies within this region
with a 95% confidence.

.25 .20 .15 .10 -5
Base Deficit (mmol /L)

D=
m-

Crfical Care
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2. Linear and non linear regression

Test that the residuals are certainly uncorrelated

Durbin-Watson test: H 0 = F[no] =0 5 i (e[n]-£[n-1])°
vn, =0 —0="
° H, =T[n,]>0 Zs [n]

Durbin-Hatson 5% Critical VYalues, kK=2.4

o n

[ —_ [ —_
. .

oLz

d < dL Reject H,

1 1
=35 44 =15 2a 168 126 140 168 186 F=3E ]|
T

Other tests: Durbin’s h, Wallis’ D,, Von Neumann’s ratio, Breusch-Godfrey

&= ceu
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2. Linear and non linear regression

Cochrane-Orcutt method of regression with correlated residues

1.  Estimate a first model yOIn] = pVx[n]
2. Estimate residuals (correlated) 9] = y[n]- y9[n]
3.  Estimate the correlation of the residues 0,
4. i=1
5. Estimate “uncorrelated” residuals a®[n]=&"[n]-o,[i -1V [n-1]
6.  Estimate “uncorrelated” output y@[n] = y[n] A 1y®[n-1]
7.  Estimate “uncorrelated” input xO[n]=x[n]- ¢ [i —1xO[n-1]
8. Reestimate model NI IO, :g (i) (i)
o  Est : y“[n]-a"[n]=p"x"[n]
. stimate residuals | £9[n] = y®[n] - §9n]
10. i=i+1 until convergence in g

&= cru
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2. Linear and non linear regression

Assumptions of regression

e  The sample is representative of your population

The dependent variable is noisy, but the predictors are not!!. Solution: Total Least
Squares

*  Predictors are linearly independent (i.e., no predictor can be expressed as a linear
combination of the rest), although they can be correlated. If it happens, this is called
multicollinearity. Solution: add more samples, remove dependent variable, PCA

»  The errors are homoscedastic. Solution: Weighted Least Squares

The errors are uncorrelated to the predictors and to itself. Solution: Generalized
Least Squares

The errors follow a normal distribution. Solution: Generalized Linear Models

&= cru
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2. Linear and non linear regression

[
Q
[=]

More linear regression

o

Beveridge wheat priceindex
»N
o
(=)

x[n]= 4, + Ain+wln]
X[n] = B, + Ain+ B, x[n—1]+w[n] —
X[n] = IBO + ﬂln + 182 X[n _1] + ﬂ3X[n - 2] + W[n] 100u;zo 11;30 1éw veor 11;50 1860 1870
X[n] = IBO + IBln —+ IBZ (X[n —1] — X[n — 2]) + W[n] Figure 1.1 Part of the Beveridge wheat price index series.
X[n]= B, + fin+a M [n]+a,M,[n]+...a;M[n]+W[n] AR
, _ 7 years
T Mo[n]:{1 n=r+0 T Mf;[n]={1 n=70
0 otherwise 0 otherwise

Non linear regression

X[n] = B, + Bn+ B, sin(a,n+ ;) +w[n]

x[n] = B,n”*w[n] — log x[n]=log &, + B, logn+logw[n] —— x'[n]= B, + £, logn+w'[n]
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3. Polynomial fitting

Polynomial trends

(17— S, +15003, +1500° 3,
x[n] = trend[n] + random[n] 19 = B, +15015, +1501° 3,
—< 20 =B, +15023, +15022 B, —>
15= B, +1503, +1503? 3,

1500 1500’ 17
1501 1501% |[(,) |19
1502 15027 | A, |=| 20

_ 2
trend[n] = 4, + Bn+ B,n 1503 1503* |\ 5, 15

I

&

Xp = x

Orthogonal polynomials

17 = ¢,(1500), + ¢, (1500)ct, + ¢, (1500)cz,
19 = ¢, (1501)a, + ¢, (1501)x, + ¢, (1501)cr,

20 = ¢, (1502)r, + ¢, (1502) ct, + ¢, (1502)cx,
15 = ¢, (1503)ct, + ¢, (1503)c, + , (1503)cz,

Suchthat i # j=> [ ¢ (t)g;(t)dt=0

trend[n] = S, + Ain+ Bon" +...+ B’ Xp=x @®=XR" 1
trend[n] = ady (M) + oy (M) + a0y (W) +...+ 2o, () [ [ = x P=R"a
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3. Polynomial fitting

Polynomial trends

Orthogonal polynomials trend[n] = ay@, (n) + o, @, (N) + .4, (N) + ... + @, (N)
#(t) =1 i j= [ 4)¢Odt=0
¢1 (t) t \ 1| P,lf.\'g.’_ /

2| +1 ey
¢.(t) = t¢ L) - ¢ o(t) ol - s
'1“ : /_./ &% \\, .“
! /
¢2 (t) = %tz _% -1 3‘«,\“’ -0 'ﬁf‘/"’/ 21 \\\ 0.5 1
t)=3t° -3t N
¢3( ) 2 2 -0.5 P-_J.\'I P3|j-\':' Psl X)

Grafted polynomials .sf : : o : e
DOy ; j=-3 S(t) is a cubic spline in some interval if this
interval can be decomposed in a set of

: : | subintervals such that S(t) is a polynomial of
ost i 19 it3 degree at most 3 on each of these subintervals
| | ' and the first and second derivatives of S(t) are
T continuous.

& ceu
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4. Cubic spline fitting
Cubic B-splines

=y 2 g2 I
S(t):jzz_sijj(t) EL t| <1
2—
0.5 o BLm =y B qcp<2
0 otherwise
0 | | | “
-3 -2 -1 0 1 2 3 4
t
(tp tp+1 tp+2 tp+3 1:p+4):(_2 -1 01 2)
q q
3 3 3 2 2 43 -
Bp(t)zédj(t—tj)f;dj(t —3t°t, +3tt; —t7), J B2 (t)dt =1
d
t<t,=B (1)=0 By definition 11 1 1 1) "0
+1
q tp tp+1 tp+2 tp+3 tp+4 dp _ O
t>t, =B, 1)=0=>>dtl=0 k=0123 —* |t; G, L, s G, d"*z 0
i=p ts t3 '[3 t3 t3 p+3 0
p p+1 p+2 p+3 p+4
dp+4
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4. Cubic spline fitting
Cubic B-splines

A
k—1 5 JO_?’JF :? je+l

S(t)zzijj(t) » (S(1) = ZijS(%—j)
=3 j=jo-1

1 ] ]
&3 &2 Spi 5 Eptl  Spi2 —
oo T r F S=Bd
1 1 ] ] ] ]
1 1 ] 1 ] ]
| | i i i 10 ‘ ‘
| - | i i i : : I
H H i i | |
] ] 1 ] 1 8 | | ]
| P
] |
; 6r | | ]
53 G2 Sp-l Sp Sprl Spw A
] - _
/—\ 2+ |
2L |
&3 2 S 5 Sl G2
4L |
>< 6 |
g& 8 i
\__M
E e E g _10 | | | | | | |
op-3 2 Sl ) Sl S 1.5 1 0.5 0 0.5 1 15 2 25
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4. Cubic spline fitting

Overfitting and forecasting
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4. Polynomial fitting with discontinuities

sk, ot (a) Noisy data
:1" v > -
2 e * . - % .
o *l?". - -n‘ . i .:b::.h::r& t‘.:
1 “"‘lﬁ' - "‘}o""i ol b d ofr
. = - L O 2 ;_ gy >
0 Ul A oSSV
» ,f;. i., -
_1 Il 'l 'l ¥ b‘ 1 'l ]
0 50 100 150 200 250 300
3t (b) Calculated TV component
2 L
1 L
o L f
_-1 [ 1 1 L 1 L J
0 50 100 150 200 250 300
3 ;-"' (c) TV-compensated data
- . " LR ]
2 e e PR St =)
13 =4, e, (ta !‘.:.?-v' a2 :.'"4'-"-._” ¥y
L] "h w L] 2 e :'.
0 e AT L Lo
-, e
_1 [ 1 '] 1 ) 1 1 ]
0 50 100 150 200 250 300
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5. A short introduction to system analysis

[ 1 | yn=TX)

Example: y[n]=3x[n] Amplifier
yn]=X[n-3] Delay ’
y[n] = x*[n] Instant power ..
X[n—=1]+ x|[n]+ x[n+1 %
yin1= 0 =4l [3 1+ x[n+1] Smoother
x*[n]-1 1>0 _ _
y[n]=T,(X) = A Box-Cox transformation: family of systems
log(x[n]) 4=0
2
S [N]= (;22'3'“ X[n— k]) —m,[n] Season estimation
mel[n] ~ %(% x[n— 6]+ X[n—5]+ x[n—4] +...
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5. A short introduction to system analysis

Basic system properties Present Past R
Systems with memory y[n]=T (x|n] x[n-1] x[n-2]....)
Memoryless systems y[n]=T (x[n)
Invertible systems y[n]=Tx[n) = 3T *(y) : x[n]=T *(y[n]) =T *(T (x[n))
Causal systems y[n] =T (X[n], X[n —1], x[n — 2],...)
Future

Anticausal sytems y n] =T (x[n ] ;([n + 1], X[” + ZI---)
Stable systems x[n] < B,,vn= 3B, :[T(x[n)|< B;,¥n

-
Tima invar _
Tins vt l-Td) = - l-Tob-nd |
Linear systems T (ax,[n]+bx,[n])=aT (x,[n])+ bT (x,[n])

_/
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5. Basic introduction to system analysis

LTI systems

xl[n] xz[n]le[n-B] x3[n]=2x1[n] x4[n]=xl[n]+x2[n]
2 2 2 2
1.5 ¢ 4 1.5 ¢ B 1.5 ¢ B 1.5t
1 1 1 1
0.5+ 4 0.5+ B 0.5 ¢ B 0.5+
0 SEEooETEEeD NCSSSSSSS; = NICSSSS; = = NICSSSS; SEEEEEeD
-5 0 5 10 15 -5 0 5 10 15 -5 0 5 10 15 -5 0 5 10 15
n n n n
y,[nl y,[nl=y,[n-3] y,[n1=2y,n] y 1=y, [n]+y,(n]
2 2 2 2
()
1.5 ¢ 4 1.5 ¢ B 1.5 ¢ B 1.5+ [Goa 0
() ©
© ©
1 1 1 1
N TT TT | N TT TT | N T T | N T T |
-5 0 5 10 15 -5 0 5 10 15 -5 0 5 10 15 -5 0 5 10 15
n n n n
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5. A short introduction to system analysis

[ [ yn]=TX)

S —

Example: y[n]=3x[n] LTI, memoryless, invertible, causal, stable
y[n] = x[n—10] LTI, with memory, invertible, causal, stable
. Non linear, TI, memoryless, non invertible,
yln]=x"[n] causal,stable
y[n] = An=11+xn]+X[n+1} LTI, with memory, invertible, non causal,

3 stable

U 2>0  Non linear, memoryless, invertible, causal,
log(x[n]) A=0  unstable

yln]="T,(x) ={

: LTI, with memory, invertible, non causal,

S..[n]= ( Z 2|3|+1 X[n— k]) — Mg, [N] stable

_ mel[n]:%(%x[n—6]+x[n—5]+x[n—4]+...
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5. A short introduction to system analysis

Impulse response of a LTI system

3n]
1

o | o[n] T h[n] J FIR: Finite impulse response
| lIR: Infinite impulse response
n xnl [ | yIn]=x{n]*hin]= > x{k]h[n—k]
— — k=—c0
Example: s hirl
_ 0.3 J _1 1
yin]= x[n -1+ x[3n]+ x[n+1] - ( ( ( ' hinl- S[n ]+5gn]+5[n+ ]
% 0 g hn]
3 1 " 0.4
SeSt[n] - [ Z 2|k|+1 X[n o k]) o mest[n] > Ny T
k=-2 .
mejt[n] = %(% X[N— 6]+ X[N—5]+ X[n—4]+... "L e
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5. A short introduction to system analysis

Transfer function

M
N M Y(Z) Zbkz_k
> ayn—k]=> bxn-k] < H(z)= = k=0 z2eC
k=0 k=0

X (2) "

Difference equation

N M
> aY(@)z =) bX(z)z"
k=0 k=0

Impulse response of a LTI system Y(z) =H(z)X(z2)

Example:  y[n]+y[n-1]=X[n]-0.5x[n-1] K[n+ng] 21 zmx (2)

Y(2)+Y(2)z7 =X (2)-0.5X(z)z"

Y(z) 1-05z7"
X(z) 1+z7

&= cru
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6. Spectral representation of stationary processes

% 300 300 _
S |
2 Q
E 200 9
: a 200 B
%"—
& oo , . . — - \ ! ! ! ! ! ! ! !
1820 1830 140 ear % a0 e 1820 1825 1830 1835 1840 1845 1850 1855 1860 1865 1870
Figure 1.1 Part of the Beveridge wheat price index series. Yeal‘
300 - .
x[n] =trend[n] + seasonal[n]+ random[n] ¢
l g 200 -
\ \ \ \ \ \ \ \ \
1820 1825 1830 1835 1840 1845 1850 1855 1860 1865 1870
Year
trend[n] =-2777+1.6n
100
©
c
o
L
y[n] = X[n] - trend [n] o -100 \ \ \ \ \ | \ \ |
1820 1825 1830 1835 1840 1845 1850 1855 1860 1865 1870
= seasonal[n]+ random[n] Vear

= 26.50s(%% N+ 22)+ 22.5¢0s(2% n + 7 )+ random[n]

Period=8 years Period=12 years
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6. Spectral representation of stationary processes

Harmonic components W A

Phase (rad)

x[n] = Acos(wn + ¢)+random[n] o«

2)
o) )
) ©
©) )
o) 0 (p
¢ q
Frequency (rad/sample) E h 1 fr E
d d
M g
o 4
o d
o 4
¢ 4

Amplitude

Frequency (Hertz) -0.41

o) alllllo
o alllp

o) ()] allo
al % Tt e

°
o

x[n] = Acos(2;zfnTS +¢)+ random[n]

1 1 1 1 1 1 1
10 20 30 40 50 60 70 80 90 100

seasonal[n] = seasonal[n+ N]= N = 2% = X ==k k=123,..

Example: seasonal[n] = 26.5¢cos(& n + =)+ 22.5cos(22n + 7 )

\Perlod:8 years Period=12 yea9
~
Period=lcm(N,,N,)=24 years
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6. Spectral representation of stationary processes

Harmonic components

x[n] = Acos(zn + ¢)

niversi
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6. Spectral representation of stationary processes

Harmonic representation

x[n] = 26.5cos(2=n + 2% )+ 22.5cos(22n + )
|
x[n] = ZAk cos(@n+¢,) —» x[n]= j A(w) cos(an + ¢(w))d e
A(w) cos(on + ¢(w)) = (A(a))ej¢‘”)ej“’” + A(a))e‘j¢(”’)e‘j“’”)
X (@) = mA\(w)e"

Fourier transform pair X(~0)= X" ()
v Average
jon ) | T jon Low ppeed Medium High
X((()) o Z [ k X[n I X(a))e da) vari}tion speed speed
N=—o0 ‘ ‘

X (@) = FT {qn]j«— x|n]=FT*{X (o)}
Example: Y () = FT{26.5c08(22n+22)+22.5c0s(22n+ 7 )}

= 26577 5(a)+%’f) +26.57'7 O(w—2£
+22.57e5(w+22) +22.57e" 5 (w - 2=

Y ()]

+ CEU
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6. Spectral representation of stationary processes
Power spectral density (PSD)

FT eterministic Periodogram
FX [no] < ’SX ((0) Det : :SX (a)) &(a)ﬂ}/
N—_——

FT
Example: I, [no] = O-v%/ 5[n0] — Sy, (w) = O-v%/
Example:
y[n] = 26.5¢0s(2= n +22)+ 22.5¢08(2% n + 77 )+ w{n] Sy ((a)))
(Q)
100 w w w w 8000 -~ i
- 50 ] 6000 |
&
& 50 ] 2000 | \M\/
-100 ‘ ‘ ‘ ‘ 0 ‘ ‘
1820 1830 1840 1850 1860 1870 -3 -2 -1 0 1 2 3

Year

§Y (w) = (26.57)*5(w +0%”) +(26.57)°5(w—22)
+(22.57)2 6 (0 +22) +(22.57)° 5 (w — 2=
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/. Detrending and filtering

wln X[n 3
Il | (2) [ 2 e
Sy (@) Sy (@) = ‘H (a))‘ Sy (@)
300 3
250 2 ]
200 1 |
150
1820 1830 1840 1850 1860 1870 -2 0 2
Year )
y[n]=x[n]-trend[n] « 10° Sy(w)
100 3
2
0
1
0 . . . . O M/\M
1820 1830 1840 1850 1860 1870 -2 0 2
Year )

Universidad
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Low speed Medium High
variation speed speed

Highpass filtering
Detrending

Lowpass filtering
Denoising

Bandpass filtering
Detrending+Denoising

Trend estimation

D Seasonal estimation

Identity




/. Detrending and filtering

wln] X[ |
H 2 = = Jo
Sw () (Z) S, (w) = ‘H (a))‘ S, (w) H (0)) H (Z)‘ S_plo H (e )

Example: Smoother
y[n]:x[n—1]+x[n]+x[n+1] «— H(2)= %(z +1+z)<_.H(a)) %( Ja)+1+eja))

H(w)[? angle(H(w))
1 5 7%
05 0r
_2 L
ou ! !
-3 2 1 0 1 2 3 -3 2 1 0 1 2 3
w

|1- H(oa)l angle(1-H(w))

i\ / :

-3 -2 -1 0 1 2 3

o

y[n] = x[n]- X[n—1]+ x[3n]+ x[n+1] «— H(2) =1—%(z‘1 +1+ z) «— H(w) =1—§(e“'“’ +1+ej“’)
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/. Detrending and filtering

Example: Smoothers

H 2 le(H
H, )l angle(H, (w) x[n =1+ x[n]+ x[n +1]

ni|=
1 ] zj f y[n] 2
0 . _
05 | | H,(z) =1(z* +1+2)
"2 0 2 2 o 2 H, (o) =1(e 7 +1+ei)
H. (o 2 le(H,(w
Iy e (o) X[n]+ x[n 1]+ x[n - 2]
1 1 2 ] y[n]:
\l\/\ 3
| 0
> 2 , H2(2)=%(1+ z‘1+z‘2)
O ‘ : : : . .
2 0 2 -2 0 2 Hz(a)):%(l_l_e—ja)_l_e—jZa))
Hy(o)l° angle(H,())
1 ] 2 | y[n] =4 x[n]+ % x[n—=1]++ x[n—2]
0.5\/\/ ON
| | | 2l | O H,(z)=%+iz7t+1z7°
0 2 0 2 -2 0 2

_1,1pa"jo | 1520
H3(a))—§+ze +Ze
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/. Detrending and filtering

Example: Yearly season estimation

2

Sest [n] - ( Z

k=—2

= x[n—k]]—mest[n]

|k|+1
; b
m...[n] :E(Ex[n—6]+x[n—5]+x[n—4]+...

M (Z) 1( .6 .5 _4 -3 -0 __
H, (2)= ea(2) _ (%26+25+z4+z3+z2+z1+1+z+22+z3+z4+25+%26)

X(z) 12
Y'(z) - _
HZ(Z): X (2) :%Z 2+%Z 1"‘%4‘%24—%22
H(z)=H,(z)-H,(2)
|H1((0)|2 |H2(0))|2 |H3((0)|2
2 5 ,
15

1

0.5

0
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/. Detrending and filtering

H, (@) H, (@)

0.5 0.5

0

fc=2*pi1/12;
ef=2*pi1/60;
bl1=Firl(18, [fc-ef fct+tef]/pi1);
y,[n]=-0.0101(x[n -8]+ x[n +8]) - 0.0313(x[n - 7]+ X[n + 7]) - 0.0611(X[n - 6] + X[n + 6])
-0.0802(x[n - 5]+ X[n +5]) - 0.0634(x[n - 4]+ X[n + 4]) + 0.0934(X[n - 2]+ X[n + 2])
+0.1772(X[n-1]+ x[n +1]) + 0.2108x[n]

fc=2*pi/12;

ef=2*pi1/60;

[bl,al]=butter(4,[fc-ef fc+ef]/pi);

y,[n] =0.000093(x[n]+ X[n -8]) -0.00037(x[n -1] + X[n - 6]) + 0.00056X[n - 4]

-6.5y[n-1]+19.3y[n-2]-34y[n - 3]+ 39y[n - 4] - 29.7y[n-5] +14.6y[n - 6] - 4.3y[n - 7] + 0.58y[n - 8]

& ceu

Universidad 33
San Pablo



/. Detrending and filtering

Example: Holt’s linear exponential smoothing

@ sin1=axin]+ @—a)(x[n-1]+ y[n—1])

*
\ ‘ y[n]=b(S[n]-S[n-1])+(A-b)y[n-1]
\ Holt's Linear
. e | Y@ =b(S(@)-S(@)z ) +A-b)Y (2)z " = f(S)
| /|Suln]=S[n—1+y[n—1IN = f(X) <
| | S(z)=aX(2)+(1-a)(X(2)z"+Y(2)z )
' | = £(X,Y) = £(X)
o . | S, (2)=S(2)z +NY(2)z ! = f(X)
CEU

Universidad
San Pablo




8. Non-stationary processes

Short-time Fourier Transform

0 1

X[m, )= > x[n+mw[nle "

N=—00

1 1 1 1 1 1 1
2000 4000 G000 s000 10000 12000 0 14000 0 16000

=0 100 1=0 200 2%0
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8. Non-stationary processes

Wavelet transform

—el 0
—{ gln] >0 2)——{ hin] —-{)—:Mﬁms
—{ o] (2| bl |—>(D)—> 22

xln}——»| bla] (12— L2l

r 3

Level 3 Level 2 Level 1
L) \,
0 £./8 P £.2 £,

frequency
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8. Non-stationary processes

Wavelet transform
600 - a | | Scalxle:a 1 —
0
_'§ -600 | ] i A
S -1200 — : : o E"
= 150 2a 5 c
< 0 o %
:"2 150 [ _I:L
§ -300 : : : £ g
S A\ < &
_40 ] L - -
.00 025 o._lso 075 1.00 Time Ampl:tude
Time Time Domain (Shannon) Frequency Domain (Fourier)
Wavelet cgaué (in bold) and Center frequency based approximation
1 : i k
@ 05F 1 -
£ = o
T o5 g 8
. o
E Period: 1 Oc F ° E =
eriod: 1.6667; Cent Freq: 0.6
1 T i LL P -
o _ %
: Time Time
£ STFT (Gabor) Wavelet Analysis
E

-5 0 5
Period: 1.6667; Cent Freq: 0.6
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8. Non-stationary processes

Wavelet transform
Wavelet O ecomposition Coslficients
1 _..L__—
. & ___‘- n—
T et
¥
i B e S U
X ; B — S —
] — T —
2 @ 202 x;n @ E e = Jr -------------------------------------------------
o e 8
| | T Li T
3 138 388 284 T
Trmnslae

_Emmafiirp Wihiterm [aib o pet o8 da). plids el
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8. Non-stationary processes

Empirical Mode Decomposition 200 EMD Decomp%itinn of Heartrate Signal
UW‘H-— QH-*@—O-"——».’-—OA
=200 100
jool 200 400 600 800 1000 qool_ 200 400 80D 800 1000
ﬂH-—*—no*—a-—’—h—% -ﬂ*—o—*—o—ﬁl‘eﬂw—%—ﬁv—*-«v—ﬂl
‘1::]1:- 200 400 600 8OO 1000 ‘:'::_}n 200 400 €00 80D 1000

s 5 3 3 3

; L | I.!\\ :ﬁ | A e a0 000 A0 e
g Aol Wf;\,m\y | » 100 -

B 100 400 : : : : |
Aol gpl 200 400 600 600 1000 sl 200 400 600 800 1000
_ﬁ] " L L :" _m L i M L
El.'lﬂ 200 400 600 800 1000 5|:.l.."r 200 400 E00 S00 1000
0 /_\ A p 5, = o~
=20 =5} . :

0 200 400 600 800 1000 0 200 400 €00 800 1000
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Session outline

Goal

Linear and non-linear regression

Polynomial fitting

Cubic spline fitting

A short introduction to system analysis
Spectral representation of stationary processes
Detrending and filtering

© N o O A wWwDdhPE

Non-stationary processes
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Session outline

Goal

A short introduction to system analysis

Moving Average processes (MA)

Autoregressive processes (AR)

Autoregressive, Moving Average (ARMA)

Autoregressive, Integrated, Moving Average (ARIMA, FARIMA)
Seasonal, Autoregressive, Integrated, Moving Average (SARIMA)

© N O Ok DN

Known external inputs: System identification

©

A family of models

—_
o

. Nonlinear models

—
—

. Parameter estimation

—
N

. Order selection

—_
w

. Model checking

N
AN

. Self-similarity, Fractal dimension, and Chaos theory
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1. Goal

: ,L X &%T o 1%? é%ﬁ?w ﬁ %Q@ - g)j@ &J . f - 2, L Tﬂl % . 1&?@& T@T@T%Ql

1 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90 100

/\( /A‘ v 0: ﬂ fwﬁ u M$ Li aitaf ﬁliiﬁ@%@f% %ﬁ%ﬁ i Lf% ﬁ@%ﬂm -

\

Beveridge wheat priceind
~ w
s , 8
o -
[9)] - [9)]

100 - ; -10 10
1820 1830 ?BlO 1850 1860 IB 0

Figure 1.1  Part of the Beveridge wheat price index series. 1

" s Al
T : ?W@Mgmw

10 20 100

X[n] =trend[n]+ periodic[n]+ random[n]
T random[n] = 0.9random[n]+ completelyRandom[n]

random[n] = completelyRandom[n]+ 0.9completelyRandom[n —1]
Explained by statistical models (AR, MA, ...)

=




1. Goal
m_m ) parametric Models

File Options ‘Window Help

SHUEITES W2 [na nk nk]
IImFu:ur‘t clata j . IImFu:urt models j G T
"' opststions J’ Eciuatian: ARM2AX: [ha nb no nk)
| |~='-- Preprocess j f— A ' OE: [nb nf k]
idddatal iddatat o trued hlethod: EJ: [nb nc nd nf nk)
T AT— Statel .Span:e: r [nk]
idclatart de | liddata o o~ B Initial hadel

=

iddatalde

Focus: I Py ,I Initizl state: I ,I
Wiarking Data Prediction Ato

l Dist model.  Estimate Covariance: IEstimate ,.I
|Estimate = -]

[teration FEit: [mpraverment
Data Wiewws hodel Viewes i
To I

[ Time plot Warkspace [~ hodel output [~ Transient resp I~ Trace Stop ferations |
[T Data spectra [T Model resids [T Freguency resp |

Order Selection Order Editar ...

[~ Frequency function ] WN" [T Zeros and poles
— inclatan chv _

: Trazh walidation Data ™ hoise spectrurm | Help |

Choose model Structure and Orders and then press the Estimate buttan.
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2. A short introduction to system analysis

X[n]

T y[n]=T(x)

Transfer function

Example: y[n]+ y[n—1]= x[n]-0.5x[n—1]

& czu

Universida

el
San Pablo

Difference equation M
v v &P
> ayn-k]=Y bxn-k] «<—» H(z)= = k=0 zeC
k=0 k=0 X(2) Zakz_k

k=0

. —

N M
> aY(@)z =) bX(@)z "
k=0 k=0

Y(2)+Y(2)z7' = X(2)-0.5X(2)z"" x[n+n,] Lz% X (2)
- Y@ _ 1—0.5_21‘1
X(2) 1+z

d




2. A short introduction to system analysis

Poles/Zeros
z, is a pole of H(z) iff |H(z,)|=c0
z, is a zero of H(z) iff H(z,)=0 Im{z}

X[n—1]+ x[n]+ X[n +1]

Example: y[n]= 3 ‘Z‘ ZI/f
H(z)=1z"+1+1z \Q> Re{z}

Poles: Z = O,OO Zeros: Z= _%i J%

Stability of LTI systems

A causal system is stable iff all its poles are inside the unit circle 7| <1

Invertibility of LTI systems

The transfer function of the inverse system of a LTI system whose transfer function
ISH(z) 1S . Therefore, the zeros of one system are the poles of its inverse, and
viceversa.

&= ceu
Universidead
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2. A short introduction to system analysis

Downsampling
Xq4[N|=X[NM
A ] Kbl
Upsampling
o [ e

Xe[n]:{x[n/L] n=0,+L,+2L,...

W
"
]

_l_
\

f f\

"
-1

= i X[k]o[n—KkL]

resto

Toernpa

| \‘/;




3. Moving average processes: MA(Q)

- . -1 -2 -q _ LTI, with memory,
Deﬁnltlon H(z)= bo + blz + szI tet qu =B(2) invertible, causal, stable

winl | MA(q) x[n]=b,win]+bwn-1]+...+b,wn-q]

——>
win] x4 [n] X5oln]
3 1
2
1 0.5
0
0
-1
)
-2 -0.5
-3
-4
40 60 80 100
time

IS

N

)

> »

o 1)
a =
= 3
— o

=3
®
L o
L
/

N

1S)

N

)
3
o

)

< =)

)

)

N

)

=)

ser, nl Tng ] =TF {|H (@) Sy, (w)}

1 © 1 1 1 ! P
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3. Moving average processes: MA(Q)

Statistical properties q
win] ——{ MA@Q) Zob W —K]
q
N(0,52) > N(0,03 >_b7)
k=0
It has limited
. nOO support!!
Ly [n]= oy dln, ] - rx[no]—mWZb Ben, 0<N,<Q
F ( n,) n, <0
Proof
Fx[no]zE{x[n]x[n+n0]}:E{(Zq: [N — k]j(Zb win+n, —k' ])}zquzq:bkbkE win—kwn+n, —k'}
k=0 k=0 k'=0
=S Zq:bkbk.E{vv[n']w[n'+n0—k'+k quzq:bb owdln, —(k'=Kk)]
k=0 k'=0 k=0 k'=0

+ CEU
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3. Moving average processes: MA(Q)
Statistical properties
Proof (contd.) ( 0 q<n,
9. .9 q-n,
I[Ny 1=...= > > bb.oydn, —(k—k)]=1oy D bb,, 0<n,<qg
k=0 k'=0 k=0
I'y(—n,) n, <0
k',
0 =000 00 I ny—(k=k)=0 —— k'=k+n
S0 40 0 o o OM-KK)]= () o
. : 0 n,—(k'-k)=0
2 0 0 0 0 ¢
N o0 0 0 0 0 §
4% 0 0 0 0 0 0
-0 0 0 0 0 §
—
q

+ CE
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3. Moving average processes: MA(Q)

(Brute force) determination of the MA parameters
0 q<n,

I'v[n,]=>+

& ceu
3 Universidad 1 1
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3. Moving average processes: MA(Q)

I . b . 1 . Channel equalization
nvertibi lty Colouring Whitening Channel estimation

l filter q Compression
x[n]=> bwn-k]
k=0

filter i
l Forecasting

Winl | MA(q) MA™ (o) ——

A 4

11
Hz) <, .
b,z

H(2)= Zq:bkz_k — H;(2)=

Im{z}

A

2| =1 l
C) Re{z} zb win—k]= X[n]—>w[n]_—(x[n] Zb win-— k]j

X[n]+X[n—1]+X[n—-2
Example: y[n]= [nJ+X 3] [ ] does not have a stable, causal inverse

y[n]=X[n]+0.9x[n—-1] has a stable, causal inverse

CEU
+ If”r erd




3. Moving average processes: generalizations

Model not restricted to be causal

x[n]=b, win—q,]+b, ,Wn—q,+1]+..bwn—=1]+b,W[Nn]  Causal component
@W[n +1]+...+ qu win+ qD Anticausal component

Model not restricted to be linear

q a g
nl=> bwn-Kk b.cwn—-kw[n-k' Quadratic component
1) X0 =2 bauin—k}+ 3 >0, Gl —KJwin —kT

k=0 k'=0

q q' q g9 q"
x(n]=>"bwin—k]+> S b win—kmn—kT+ 3> b, k@w[n k]w[@

q
k=0 k=0 k'= k=0 k'=0k"=0

k'
} { } Volterra Kernels
q
b@[ﬂ :
k=0

(=]

13



Definition

A b N LA o o4 v oW

&= ceu

4. Autoregressive processes: AR(p)

H (Z ) — 1 — 1 __» LTI, with memory,

1- a, 77— a, y A ap Al A(z) invertible, causal, stable

!

winl | AR(p) x[n]=win]+axn-1]+...+a,Xx[n—p]

20

Universidead
San Pablo
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4. Autoregressive processes: AR(p)

1 1

<. H(z)= — __» LTI, with memory,
Definition (2) —az —az -.-az’ AQ) invertible, causal, stable

winl | AR(p) x[n]=win]+axn-1]+...+a,Xx[n—p]

—»

Statistical properties
N(0,c) > N(0,T', [0])
p
I, [n,]=owd[n,]+ Z a 'y [n,—k] Yule-Walker equations
Whose solution is I'x[ Z Akz‘no‘ Z, = Poles of H(2)
1 0
Relationship to MA processes H(z)= - — — =1+ Z b, 7"
l-az" -a,z"° -...—a,z2"" I =
Laurent series

-




4. Autoregressive processes: AR(p)

Determination of the constants A,

1= Az ——— rin]= AL

k=1
Fx[no]:o-vzv5[n0]+2akl“x[n0 —k]—— r[n,]1= kp1 ar.n,—k] n,>0
Example:
X[(nN]=w[n]+axn-1]+a,xn-2] — H(Z)=1_alz_11_‘,izz_2
Poles: Z,,Z, = 8= “81212+4a2 —— |z|<1=>a,>-1,a +a,<la-a,>-1

z,eR=a’+4a,>0
o Il X :A1'+A£:1
Iy [no] = Alzl + AZZZ Iy [1] = A1’21 + A,'ZZ =aqly [O]+a2rx [_1]

=
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5. Autoregressive, Moving average: ARMA(p,q)

Definition b, +b 2 +b,z7 +..+bz”"  B(2)
H(z)= HMA(q)(Z)HAR(p)(Z) = =

I

q p
MA@ - x[n]= > bwn—k]+ > axn—k]
k=0 k=1

Statistical properties

-1 ) -p
l-az -a,z°-..—a,z A(2)

winl | AR(p)

A

N(0,c,) > N(0,T', [0])
q p
I[N ]1=0y > bhlk—n,]1-> &I [n, K]
k=0 k=1

E |
Universidead
San Pablo
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6. Autoregressive, Integrated, Moving Average: ARIMA(p,d,q)

Definition d
~ — —
X4[N]=V{x[n]=(S[n]—S[n—1])*...* (8[n]—-S[n—1]) * x[n]
. X(2) 1
X, (2)=1-z"Y'X(2)=H, (2)= X.(2) = TEEEI — > Poles: Z=1 (Multiplicity=d)
Unit roo
H(z) :%: ARMA(p,q)(Z) Hroo!
I d € Q = FARIMA or

ARFIMA
winl | arMA(p. o) el ey [0

X(2)  X4(2) X(2) _
W(z) W(2) X4(z)

HARIMA(p,d,q)(Z) = HARMA(p,q)(Z)H Int(d)(z)

p

Example for d=1: (X[n]—x[n—1])= Zq:bkvv[n —k]+> a, (xn—k]-x[n—k —1])

k=1

& ctu
Universidead 1 8
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7. Seasonal ARIMA: SARIMA(p,d,q)x(P,D,Q).
(Box-Jenkins model)
Definition :
d=1 (x[n]—x[n—1]) Zb X[N—k]+> a (x[n—k]-x[n—k-1])
A
— —
D=1 (x,[n]—x[n-s]) ZB win — ks.]+ZAk x,[n—ks]—x.[n—(k —1)s])
/\
r N
wnl | g | ARIMA(P,D,Q) || 1s X [ ARIMACp.d.q) |0
\Z —
——
X X
Ws((zz)) ARIMA(P, DQ)(Z ) X ((ZZ)) ARIMA(p.d, q)(z)
N ; -
S
X
HSARIMA(pd 9)x(P,D,Q), ( )_WEZ; ARIMA(PDQ)(Z )HARIMA(pdq)(Z)

& czu

Universidead 1 9
San Pablo
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7. Seasonal ARIMA: SARIMA(p,d,q)x(P,D,Q).
Example: SARIMA(1,0,0)x(0,1,1),,

winl | s Jarvar. 0. ] 1 ] ARiMAGp.d.g) |
—
" -
(P,D,Q)=(0,1,1) X, [N]=X%,[n—12]=B,w[n]+ Bwn-12]
-
\\ v
(p,d,q)=(1,0,0) X[n]=x,[n]+axn—-1] — x,[n]=x[n]-a,xn—1]

(x[n]—a,x[n—1])—(x[n—12]—a,x[n —13]) = B,w[n]+ B,w[n —12]

|

x[n]= x[n—12]+ B,w[n]+Bwn—12]+a,(x[n—1]-x[n—13])

&= ceu 0
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8. Known external inputs: System identification

ARX
win] ﬁ @ x[n]:Zp:akx[n—k]+ibku[n—k]+w[n]
yA k=1 k=0
| _B@ygy.
B(n) | X(@= A(Z)U(z)+ A(Z)W(z)
A(Z)
TU[n]
ARMAX
w[n] % @ x[n]:Zp:akx[n—k]+zq:bku[n—k]+ickw[n—k]
Z k=1 k=0 k=0
T _B® c@
B(2) X(z)= A(Z)U(z)+ A(Z)W(z)
A(2)
Tu[n]

& cru

Universidead 21
San Pablo
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9. A family of models

General model

B(2)

C(@)

wnl % — ﬁ X0 a P bran ' P
£ Polynomials used Name of the model
) A AR

Tu[n] ' o
AC ARMA
ACD ARIMA
AB ARX
ABC ARMAX
ABD ARARX
ABCD ARARMAX
BFCD Box-Jenkins

&= CEt 5
Universidead
San Pablo
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10. Nonlinear models

250

i M
2 150+
2 50+
5 o , , - . : . :
® 1860 1880 1900 1920 1940 1960 1980
Year Source: Tokyo Astronomical Observatory, Tokyo
Nonlinear AR: X[n] :®n I, Xx[n—=2],...,X[n— p])+ win]
Time-varying AR:  X[n]= )@ [n—k]+wn]
=
Smooth transition: x[n]=(2akx[n K]( @ Za x(n—k )(1_ [n])+wn]
kel
p
Random coeff. AR: X[n]= Z [n—k]+w[n]

p q
Bilinear models x[n]=> ax[n—k]+> bXn-kwn—k-MI]Pwn]
k=1 k=1

CEU
+ I!””f Ii"lll; H!




10. Nonlinear models

Za(”xn k]+w[n] x[n—d@
Za§2>x[n—k]+w[n] x[n—d]>t
Lk=1

Smooth TAR (STAR): X[n]= Zaél)X[n K]+ (Zaﬁ”xn k]vv[n]

l N (0,1)

Heterocedastic model: X[N]= [n] — Random walk

Threshold AR (TAR):  x[n]=+«

p
ARCH o’[n]= 0'5 + Zakxz[n — K]

k=1

P g
GARCH o’[n]=o0; + > a,X’[n—k]+ > bo’[n—K]
(Neural networks) k=1 k=1

(Chaos)

CEU
+ If”r erd
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10. Nonlinear models

p q
GARCH &’[n]=0; + Y ax’[n—k]+ > _bo’[n—K]
k=1 k=1

o N o rX[n][nO] o sz[n][nO]
il 5 5]

o

S T 3 < 34

= o o

o 7] o o F---- - T T T T TS

I T T T T T T T T T T T T T T T T T T T T
0 500 1500 2500 3500 0 20 40 60 80 100 0 20 40 60 80 100

Lag Lag

Properties ; .
The model is unique and stationary if Z a, + Z bk <1

k=1 k=1
Zeromean E {X[n]} =0 )

_ 0
Lack of correlation 1_‘x[n] [no] - max{p,q} o [ no]

1- > a +b,

k=1

&= ceu
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10. Nonlinear models

p q
GARCH &’[n]=0; + Y ax’[n—k]+ > _bo’[n—K]
k=1 k=1

Estimation through Maximum Likelihood

Forecasting
min{ p,q} q
R[n+hl=0; + (a, +0b)R’[ n+h k]-> b.z[n+h—-K]
k=1 k=1 A
[n+h-11=0] +... zZ[n+h-1]=0
£[n+h-2]=07 +... zZ[n+h-2]=
- I e |

x*[n] Observed z[n]= x*[n]-o’[n]

x’[n-1] z[n—=1]=x*[n-1]-c*[n-1]
GARCH(1.1)

[n+1]=0o; +a,x’[n]+bo’[n]
h—1
Ln+hl=0; > (3 +b)" +a,(a +b)x’[n]+b(a +b)"'o’[n]

k=0

-




10. Nonlinear models

Extensions of GARCH

Exponential GARCH (EGARCH)
p q
loga?’[n]=logo; + Zak log x*[n—Kk]+ Zbk logo*[n—K]
k=1 k=1
Integrated GARCH (IGARCH)

Zp:ak +Zq:bk <l — Zp:ak +Zq:bk =1
k=1 k=1 k=1 k=1

GARCH IGARCH

I ’hJ Frl“r-\lflr;rh,!
San Pablo
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11. Parameter estimation

AR(1) X[n]=aXx[n—=1]+w[n]

Assume that we observe (X[l], X[2],..., X[N ])

Maximum Likelihood Estimates (MLE)

X[n]=ax[n—-1]+wn] » X, =a, X, +W =a@X, ,+W _)+W =..
N(0,2) T W +aW._ +a’W._, +a W, +...
Ly [no]= 0y, 6[n, ] E{XH}ZO
oot E{X2}= E{(Wn raW._ +aW_ +aWw. . +...)2}=
2 0=1a,,o0 2
X, 10— N| 0,2 || (¥ :a\,zv(1+af+af‘+af+...): 0W2
| 1-a; 1-a,
v )
X,=q, X, +W, — W,=X,-a X, —|X,|X.,0—> N(alxl,l—wzj

1

28



11. Parameter estimation

Maximum Likelihood Estimates (MLE)

X,|60— N(O,

O
1-a’

X2|X1,9—>N[a1x1,10

X, X,,X,,0 >N [al

> —

fX1X2...XN|0(X19 Xy eees Xy ) =

= fX1|9(X1) fx2|x1,0(xz) fx3|x2,9(x3)~~ fo|xN,1,0(XN )

1-a

Oy

0_2 2 N X —a X 2
L(@)=log Ty x x o(X»Xypses Xy) = —3log(27) — S log —"5 — = —Nz‘llog(27r0'\f,)—%2[—” . ”‘1j

n=2
1-a}

4,6, =argmax L(0) =
Gl

0a,

oL(0) _

_aL®

0=
oo,

- » Numerical, iterative solution

& ctu

Universidead
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L » Confidence intervals
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11. Parameter estimation
X[n]=axn-1]+wn]
f[n]=a,x[n—1] } X[n]= X[n]+w[n]
Least Squares Estimates (LSE)

win] = x[n]—-X[n]

E{w[n]}=0

o2 = E{w’[n]}=Ty[0]+2a,T [1]+aT, [0]

00w _ o or, [1]+2a,, [0]5 a, = | B FX[O](F%[O] —1]
2a, T, [0] 20

& ctu
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12. Order selection
If I have to fit a model ARMA(p,q), what are the p and q values I have to supply?

» ACF/PACF analysis
» Akaike Information Criterion

2
AIC (p,q) = log o, +(P+a)

 Bayesian Information Criterion
log N
N

BIC (p,q)=log oy +(p+0Q)

*Final Prediction Error

N +
FPE (p) =1

2
O

31



12. Order selection

Partial correlation coefficients (PACF, First-order correlations)

X[n]=¢, X[n—1]+¢, ,X[N=2]+...+ ¢, , X[n—n,]+Wn]

rin,]= Z¢no,nr[no —n]
n=1
r[o] r[1] r[2] .. Iny,=2] rfn,-1] ¢n0,1
r(1] r[0] r(1] e I[Ng=31 1[Ny =21| &2
r2j 1] o] .. I[n,—4] r[n,-3] ¢n0,3
rin,—2] r[n,-3] r[n,—4] .. r[o] r[1] (/N
rin,—1] r[n,-1] r[n,-2] .. [1] r[o] Do s

& ctu
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ACF

ACF

ACF

ACF

12. Order selection

ARMA,0) AR: 1.3 -0.5

3 I ey £ 3 __ji}:::E:::E:{:E:::}Z
g F—n X0 e e .
v w4 . .o  + . Thumbrule
ARMA(2,0) AR: 0.2 0.6 ARMA(1,0): ACF: exponential decrease; PACF: one peak
} 2 ARMA(2,0): ACF: exponential decrease or waves; PACF: two peaks
7] a"oa_ 5 3 L ARMA(p,0): ACF: unlimited, decaying; PACF: limited
f 1 'H“‘I‘|‘|‘?’:‘?‘T‘T‘T‘?’?EE|‘%‘TA“|1°99‘ z z T l"";';1“1;:"'[';“;;'1' ARMA(0,1): ACF: one peak; PACF: exponential decrease
g — AR SERSERSRARA ARMA(0,2): ACF: two peaks; PACF: exponential decrease or waves
oo r e ® oo " ARMA(0,q): ACF: limited; PACF: unlimited decaying
ARMARD AR-080 ARMAC(1,1): ACF&PACEF: exponential decrease
" . 3 Pl s ARMA(p,q): ACF: unlimited; PACF: unlimited
:_---j- - -?--?--?—I-?-o-v- il E e
S IR ¢
ARMA(2,0) AR: -0.2 0.1
] % 5] LATlTY ST B
P T | [ ________________

&= ceu
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Residual Analysis

13. Model checking

Example: ARMA (1,1)

Assumptions

X[n] = ax[n—1]+byw{n]+bwn—1] = W[n] = & (x[n] - ax[n—1]-bW[n -1])
W[0]=0

1. Gaussianity:

1.
2.

2. Stationarity: X[n] is stationary once that the necessary operations to produce a stationary

The input random signal w[n] is univariate normal with zero mean
The output signal, x[n] (the time series being studied), is multivariate normal and its
covariance structure is fully determined by the model structure and parameters

signal have been carried out.

3. Residual independency: the input random signal w[n] is independent of all previous
samples.

&= ceu

Universidead
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13. Model checking

Structural changes

X[n]

A

»

N |y )\ — n'
y[n]= fl(X9 y)+é y[n]= fz(X9 y)+ &)
g Y
~

yin]=f(x,y)+e

& ctu
Universidead 35
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Chow test:

H,: f,=1,
H :f=f

N . Sum of squares
S; = Z(Y[n] —Yi [n])2 <+——  of the residuals
n=1 with model i
1 —
FoxOZGFH) pg N N, 2K
m(sl + Sz)

Number of

Number of samples in

parameters in  ¢ach period
the model

Assumption: variance is the same in both regions
Solution: Robust standard errors

35



13. Model checking

Diagnostic checking

1. Compute and plot the residual error
Check that its mean is approximately zero

3. Check for the randomness of the residual, i.e., there are no time intervals where the
mean is significantly different from zero (intervals where the residual is
systematically positive or negative).

4.  Check that the residual autocorrelation is not significantly different from zero for all

lags

Check that the residual is normally distributed.

Check if there are residual outliers.

7. Check the ability of the model to predict future samples

AN
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14. Self-similarity, Fractal dimension, Chaos theory

Fractal

Intuitively a fractal 1s a curve that 1s self-similar at
all scales

k=0 Koch curve

/ \ k=1
m 2
m% -
I P9 %, -4

Sy (W) caw™ S G,
' =5
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14. Self-similarity, Fractal dimension, Chaos theory

L=e=Im 1
@ A4 N = 1 = —
0.5 0.5 “
e=0.5m e=0.5m _ _

< : > N22 _ 1 N=¢ =D=1
) 8=0.25{1} 8=O.25n3 g=0.25n\11 8=0.25rp f
g
L=e=1m €=0.5m €=0.25m

S— 112 N=¢>=>D=2

e2=1m?2 €2=0.25m? €2=0.0625m?2
1 1 1
N=1=— N=4=— N=16=—
82 (92 (92
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14. Self-similarity, Fractal dimension, Chaos theory

e=1m N=cP=1=1P

: Universidead 39
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14. Self-similarity, Fractal dimension, Chaos theory

<« « a=5-2D

S, (w)xcw
X ( ) H — 2 — D Hurst exponent

( . .
Long-range dependent alternating signs
. g-range dep
H e [O,I] — 0.5 Uncorrelated time series — - \,\ﬂ
. ﬁ'ﬁ, \_1'.\,\| "'..*| | 'I. "Lj.-"-,l‘j,.*\ i A ."M'
0 8 Long-range dependent same signs , \ ;Wﬁa-* v \ A f ]Mﬂ
S g-range dep g ~L ‘f\_ ,J M nﬁxh

) CEU
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14. Self-similarity, Fractal dimension, Chaos theory

D] D

12060 7 ettt ¥ ﬁ Y o] ! ’ — T,
4 4 - Fractal + b 4 . + b } -
6009 ' | | Dimension | ' 1 1 1 I ' 1 1 7

2008}

1.3

DIIA 1.1

""‘ VAR .
{

1. 1 P | S i I i i 1 o 1 1

1933 1948 1945 195@ 1995 1960 1963 1978 1975 1988 1983 19%9@ 1995 2000

San Pablo
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14. Self-similarity, Fractal dimension, Chaos theory

Chaotic systems

x[0]=0.1 1
x[n]=4xn—-1]A-xn-1])  *° |

Logistic equation

Xo.4[N

%04 [MXg 100001 [M
; ; ;

-0.8+

‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ 10 20 30 40 50 60 70 80 90 100
0 10 20 30 40 50 60 70 80 90 100 n

] . I ’hJ Frlf‘r-\l flr;rh,!
San Pablo
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14. Self-similarity, Fractal dimension, Chaos theory

Phase space

2-history X, [n]
3-history X, [n]
h-history X, [N]

(x[n],x[n—1]) e R?
(x[n],x[n—1],x[n-2]) e R’
(x[n],x[n—1],....x[n—h+1]) e R"

2-Phase space

x,[1]= (x[11,X[0]) ..
X,[21=(X[2], X[1]) e
x2[3]=§x[3],x[2]3

0.7

0.6

x[n]

O] IR N A WO SO . - -
> v

0.4 Forerniffr

) e e e

0.2

0.1 [-ff-menives ceeeanenes —

0 i i
@ 0.1 0.2 03 04 0.5 06 07 0.8 0.9 1
x[n-1]

Attractor (Fixed point)

& ctu
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14. Self-similarity, Fractal dimension, Chaos theory

Recurrence plots

L% [n]=x,[n7| <&
Rh g(n n ) ||Xh[n] h[n v]” >
T Lt AUl w‘ﬂll il W " T"”f L ,,f*’ o~

White noise Sinusoidal Chaotic system
with trend

San Pablo
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14.

Self-similarity, Fractal dimension, Chaos theory

Recurrence plots

Homaogeneity

Fading to the upper left and lower
right corners

Disruptions (white bands) occur

Periodic/ quasi-periodic patterns

Single isolated points

Diagonal lines (parallel to the LOI)

Diagonal lines (orthogonal to the
LOI)

Vertical and horizontal
lines/clusters

Long bowed line structures

&= ceu

Universidead
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the process is obviously stationary

nonstationarity; the process contains a trend or drift

nonstationarity: some states are rare or far from the normal: transitions may have occurrad

cydlicities in the process; the time distance between periodic patterns (e.g. lines) corresponds to the period; long diagonal lines with different distances to each
other reveal a quasi-periodic process

heavy fluctuation in the process; if enly single isclated points occur, the process may be an uncorrelzted random or even anti-correlated process

the evolution of states is similar at different times; the process could be deterministic; if these diagonal lines occur beside single isolated points, the process
could be chaotic (if these diagonal lines are periodic, unstable periodic orbits can be retriaved)

the evolution of states is similar at different times but with reverse time; sometimes this is a sign for an insufficient embedding

some states do not change or change slowly for some time; indication for laminar states

the evolution of states is similar at different epochs but with different velocity; the dynamics of the system could be changing (but note: this is not fully valid for
short bowed line structures)

45
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14. Self-similarity, Fractal dimension, Chaos theory

Correlation dimension (Grassberger-Procaccia plots)

Correlation integral

C, (&) =Pr{|x,[n]—x [”']”“}_&T}o e Z H (&=|x,[n1—=x,[n"])

0 x<0

THeav1s1de function H (x) {1 0
X>

Correlation dimension

D. =1lim log(Cy,(£)) D, = h (random)
e—0 log((c;)

(maybe chaotic)

"
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14. Self-similarity, Fractal dimension, Chaos theory
Brock-Dechert-Scheinkman (BDS) Test

_G(&)-(C(®)"

H,: samples are 11d V,, N ~N(0,1)
Lyapunov exponent
Consider two time points such that Hxh [N]-x.[n7|=0, <1
Consider the distance m samples later §m = H Xp[n+m]—=X,[n'+ m]H

The Lyapunov exponent relates these two distances §m =0 Oe’zm
A >0 ——— Histories diverge: chaos, cannot be predicted

A < () ——— Histories converge: can be predicted

Maximal Lyapunov exponent

A= lim ilog5—m

m,op—>© M 0

&= ceu
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Session outline

Forecasting

Univariate forecasting
Intervention modelling
State-space modelling
Time series data mining

1. Time series representation
Distance measure
Anomaly/Novelty detection
Classification/Clustering
Indexing

Motif discovery

Rule extraction
Segmentation
Summarization
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1. Forecasting

x[n+h]? —— K[n+h]=g, [h]=arg min E{L(x[n+h],g,[h])}

Goals:

« Symmetric loss functions:

* Quadratic loss function: L(x[n+h], X[n+h])
* Other loss functions: L(x[n+h], X[n+h])

» Assymmetric loss functions:

Lum+h1ﬂn+m)={

(x[n+h]—X[n+h])
X[ +h]—K[n+h]

a(x[n+h]-K[n+h])’ Xx[n+h]<X[n+h]
b(X[n+h]=K[n+h])* x[n+h]>X[Nn+h]

Univariate Forecasting: use only samples of the time series to be predicted

> Solution: X[n+h]=g, [h]= E{x[n + h]‘X[l], X[2],..., x[n])}

Multivariate Forecasting: use samples of the time series to be predicted and other
“companion” time series.

&= cru
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2. Univariate Forecasting

Trend and seasonal component extrapolation

3001

po

x[n] = trend[n] + seasonal[n] + random[n]

trend[n] =-2777+1.6n
seasonal[n] = 26.5c0s(22 n +22)+22.5cos(22 n+ )

N
[=]
o

Beveridge wheat priceindex

100 = 1 i n -
1820 1830 1840 1850 1860 1870
Year

Figure 1.1  Part of the Beveridge wheat price index series.

2

1.5¢

1+

0.5+

0

-0.5+

1k
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2. Univariate Forecasting

X[n+1] = ax[n]+ (1 - a)X[n]

Exponential smoothing _ o (X[ - R[] + %]
= ce[n] + X[n]

, 3007 ‘ ! ‘ | | | | | | : X[1] = x[1]
-é ZOOW A

\ \ \ \ \ \ \ \ )((Z) o

1820 1825 1830 1835 1840 1845 1850 1855 1860 1865 1870 F{(Z):: =
Year X(Z) Z+a-1

, 3007 ‘ w w w w w w w w s
2 200 W 1

| | | |
1820 1825 1830 1835 1840 1845 1850 1855 1860 1865 1870

H(w)?

Year 05
% 100 I I I I I I I I
= 0 : : :
o Or I 2 0 2
2 -100 ! ! ! ! ! ! ! ! ! o
o 1820 1825 1830 1835 1840 1845 1850 1855 1860 1865 1870
Year
_ 2
S 0- : L
2 Lo
e 50} \ \ \ \ \ \ \ \ \ ] %%
1820 1825 1830 1835 1840 1845 1850 1855 1860 1865 1870 T 5
Year ‘
2 0 2
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2. Univariate forecasting

Model based forecasting (Box-Jenkins procedure)

1.  Model identification: examine the data to select an apropriate model structure

(AR, ARMA, ARIMA, SARIMA, etc.)

Model estimation: estimate the model parameters

Diagnostic checking: examine the residuals of the model to check if it is valid

4. Consider alternative models if necessary: if the residual analysis reveals that the
selected model is not apropriate

5. Use the model difference equation to predict: as shown in the next two slides.

A

w
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2. Univariate forecasting

Model based forecasting

Example: ARMA(1,1)

_ vl _ R _ X(2z) _1+bz”
X[n] = ax[n-1]+w[n]+bw[n-1] > H,, (2) W 1oa
l ( l X(z
R[n+1]+ ax[n]+ Wip<€ 1] +bw[n] —— zX(2) =aX (z) +bW (z) =aX (2) +b - ((Z))

HAX(Z):

)2(2)}1 At b | 1 a+b _a+b
X(z)lz H,(z)) z1l+bz?' z+b

h>1 X[n+1]+bx[n]=(a+b)x[n]| X[n+1]=(a+b)x[n]-bX[n]

X[n+h]+ ax[n+h —1]+VM+ bwnpH-1]=a’*[n+h-2]=a’k[n+h-3]=...=

=a"*'k[n+1] 4 a"*((a+b)x[n]-bX[n])
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2. Univariate forecasting

Model based forecasting

Example: SARIMA(1,0,0)x(0,1,1),,
X(Z) ~ 1+,BZ_12

W(z) l-czt-z%+z™®

x[n] = x[n—12]+ a(X[n—1] - x[n=13]) + w[n] + Av[n-12] —>H,, (2) =

l

K[n+1] = x[n —11]+ a(x[n] - X[n-12]) +M+ Aw[n—-11]

| !

w[n] = x[n]—ax[n—1]—x[n-12]+ ax[n —13] - pw[n —12]

Eliminating w[n]

X[n+1] = (a + B)X[n] - apX[n —-1] + X[n -11] + (aff — a — B)X[n —12] + aSx[n —13]
+ BX[n—23]—afx[n—24] - SX[n-12]

&= cru
Universidad
San Pablo



2. Univariate Forecasting

Drver Casualties Data
Monthly Totals

2250 - !
, !
E {I ]
/ |
'
H
i
-~
" ' ;\ ']
' ¢
1750 1 % ‘
$ - \ " 4
. * %
g w VLT ¥
x
»
J ]
(§ ] e 9 \,&* '
(AT £y *
2501 B ry AT @
L Tl 1 ¥ A i
E \ I ¢ 7/ \ 'y
] ¢ 5 -. f
i HE ; Voo
AT SRV s
H i V! ‘
. ]
Tm L | L i I L L}

1280 1281 BB2

1283 1984 1985 B8

Year

—— Actual ¥ Forecast =——— 19595
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2. Univariate forecasting

Predictive power test

‘_X[n] Chow test:
' H,: f,=f
H :f =T
! o (S -3 )
> N, 1
N\ J Y F= 1 ~F(N2,N1—k)
e N,—k 1
y[n] = 1.(X,y) + &, Assumption: variance is the same in both regions
\ Y Solution: Robust standard errors

'

y[n]=f(x,y)+¢
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2. Univariate forecasting

Artificial Neural Network (ANN)

Wo™ By
-
Y1
h -
g | Activation -3
l : functi
i E W nection Vo3 "
Inputs X; D—@ : (Z) @—.Yk . -
1 : .
T :
1 L -
x4y Yi-p
Synaptic
weights
(inc. bias) Inputiayer

) ‘I‘E;
=1

Yo = fu Vea Yoo yt—p)+gt = yt T &
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2. Univariate forecasting
Fuzzy Artificial Neural Network (ANN)

i a. A b.
1 1
/uaM (X) R— [0,1]
0 > 0 =S
a B a; a By 3
A o A g
1 1
1] = 0 >
a e H a By =k

+ e
 Universidad
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2. Univariate forecasting
Fuzzy Artificial Neural Network (ANN)

g p
Yi :wD‘l‘Zw;’ "85 (wﬂ,j+zwifj'}’:—£) + &

Dollar/Rial

0073 : A, . . SR PR SR GRS —o— Actual value

—&— Upper bound
—&— Lower bound

08-Nov 13-Nov 18-Nov 23-Nov 28-Nov 03-Dec 08-Dec
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2. Univariate forecasting
Fuzzy Artificial Neural Network (ANN)

Begin

Step 1: Perform interval partitioning for each factor and fuzzify each time series using FOM (Section 3.1)
Step 2: Construct certain transition rules from fuzzy rime series using Algorithm CTR (Section 3.2)

Step 3: Forecast in accordance with certain transition rules using Algorithm Forecast (Section 3.3)

Step 4: Defuzzify the forecasting outputs using Eq.(11) (Section 3.3)

End

\—~ x, = (low=0.6,normal = 0.4, high = 0)
San Pablo
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2. Univariate forecasting

Fuzzy Artificial Neural Network (ANN)

(A4, By) — (A5, Bs)

(A4, Bg) (A1, Bs) — (A7, By) Fit—1) — Fit).
(A2, B7) (A1, Bs) — (A2, By)

(A1, By) — (A2, Ba)

(A2, By) — (A1, Ba)

(A2, B2) — (As, Ba)

(A2, Bs) — (As, Bs)

A m | n

Day Temperature Fuzzified Cloud Fuzzified cloud density ~ Forecasting Defuzzified Forecasting error

temperature density state result
1 26.1 A, 36 By
2 216 A, 23 B, A, 27.8 —0.2
3 290 As 23 B, A 29 0
4 305 Ag 10 By Ag 30.2 0.3
5 300 Ag 13 By Ag 30.2 —0.2
& 295 A; 30 By Ay 297 —0.2
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3. Intervention modelling
What happens in the time series of a price if there is tax raise of 3% in 19907?

price[n] = a price[n —1] +w[n]+ 0.03u[n —1990]

0.04 : ] {:1_ n>0

0.02 ¢

-1990

price(z) = a price(z)z™* + w(z) + 0.03——— z

O 2B /E. AN/

1982 1984 1986 1988 1990 1992 1994

What happens in the time series of a price if there is tax raise of 3% between 1990 and 1992?
price[n] = a price[n —1] +w[n]+ 0.03(u[n —1990] —u[n —1993])

0.04 1 price(z) = aprice(z)z + w(z) +

0.02} T T T | +0_031_1Z_1 (2—1990 _ 2-1993)
0@ @ @ @ @ @ ( .

&

1982 1984 1986 1988 1990 1992 1994
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3. Intervention modelling

What happens in the time series of a price if in 1990 there was an earthquake?
price[n] = a price[n —1]+w[n]+ So[n —1990]

1 n=0
0.04 1 o[n]= .
0 otherwise
0.02'
0o oo oo oo price(z) = aprice(z)z ™t +w(z) + 8-1- 27

1982 1984 1986 1988 1990 1992 1994

What happens in the time series of a price if there is a steady tax raise of 3% since 19907?
price[n] = a price[n—1]+w[n]+ 0.03(n—1989)u[n —1990]

0.2: ‘ ‘ ‘
0.15 ol
7 © | ) _ : 1 1 1 ~1990
0.1 price(z) = aprice(z)z— +w(z)+0.03 ~ —~Z
T 1-z71-z2
0.05| T
0 YOy Y CE

1982 1984 1986 1988 1990 1992 1994
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3. Intervention modelling

In general

] = £ (40 ~1],..., [ — g1, win], win —1], ... win  p]) @

X(z)—iEZ;W( )+ gi;'@)

L» We are back to the system identification problem with external inputs

&= CEU
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3. Intervention modelling: outliers revisited

0.04 ¢+

0.02 ¢ T
0 .

1982 1984 1986 1988 1990 1992 1994

Additive outliers: X(z)=@W(z)+|("z)

Innovational outliers: X (z) = iEZ;W( )+ gg ; 1(2)

Time change outliers:  x (7) = AEZ;W (2)+ m,(l ) 04| ,
Level outliers: X(z):£W(z)+l(z) « 0.0: _______ T T T T T |

1982 1984 1986 1988 1990 1992 1994
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4. State-space modelling

Noise State sz[n] Noise
K

g [n] x[n]e R l |

——{H iR
771 _ Observed time-series
Observation
F o system
State-transition
system

Linear, Gaussian system: X

n]=Fx[n-1]+Qg,[n] State-transition model
y[n] = Hx[n]+¢,[n]
x[0] ~ N(ng, Z)
g[n]~N(0,Z,)
£,[n] ~ N(0,%,)
Kalman filter: Given y[n], H,F,p,,%, estimate X[n],Z,,Z,
Time series modelling (System ldentification):
Given y[n] estimate x[n], H,F,pn,,%,,%,, 2,

Observation model

& ceu
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4. State-space modelling

Ialman Filter Performance
25

20
1571

10t

iy

Fasition (feet)
L

5l
101 :
15} 1 N
: ' red = true plosition !
20 Pt "green = estimated position -7
95 : } blue = measured positidn
0 2 4 & o 10

Time (sec)
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4. State-space modelling

Linear, Gaussian system: X[n]=Fx[n—-1]+Qg,[n] State-transition model
y[n] = Hx[n]+¢&,[n] Observation model

General system: x[n] = f(x[n—1],¢[n]) f,h Differentiable
y[n]=h(x[n],&,[n])

Extended/Unscented Kalman filter: Given y[n],h, f,n,,%2, estimate X[n],Z,,%,
Particle filter:

Given y[n].h, f,n,,Z, and the probability density functions of &, ¢,
estimate x[n] and the free parameters of the noise signals.
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5. Time series data mining

Poll
What types of time-series data mining you've done? [350 votes total]
Anomaly detection (32) I
Classification (49 I -
Clustering (50) 14%
Forecasting (82) I -
Indexing (8 M 2%
Motif discovery (12) 3%
Fule discovery (27) 8%
Segrmentation (31) I oo
summarization (19) -
Other {13 B
Mone sofar (16) A%
Mone, but plan to do some soon (11) e

Source: http://www.kdnuggets.com/polls/2004/time_series_data_mining.htm
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5. Time series data mining
Time series representation , 1 1M® Series

/Representatlons

//Data Adaﬁ)tive\ /1 DatiAda{tlse\
Sorted Piecewise Singular mbolic Trees avelets Random  Spectr Piecewise
Coefﬂuents/olynwl Decomglposmo% // \ Mappings 7 KA @gg)r(?%%tﬁon

PleC9W|Se Adaptive Natural Strlngs Orthonormal BiOrthonormal Dlscrete Discrete
Appromgr%%ti %ecewwe Language Fourier Cosine
/q\ App%@(sitrﬁg%on Transform Transform

Interpolation Regression Haar Daubechies Coiflets Symlets
don n>1

'\/_/J/j\ ’f’w ’/‘/\ ’f/'ﬁ/\ ../-Q/\ - o~
0 20 40 60 80 100120 O 20 40 60 80 100120 0 20 40 60 80 100120 0_20 40 60 80 100120 0 40 60 80 100120 0 20 40 60 80 100120 0 20 40 60 80 100120
P D
_|_|— A — i UC
I e IR
_|_|— ~ T — C
1 e UV N N = = — ~ U
= D
~ D
NDANANANN —|—|_ n i

DFT DWT SVD APCA PAA PLA SYM
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5. Time series data mining

Time series representation

l . B ¢

[ he
D e
3/ bed

40

80 100 120

5 B
baabccbc
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5. Time series data mining

Time series representation

Normal

]

T+

A

a-
2

Parse String: P+ Q-R=S-T+

Grammar:
“NORMAL ECG> — <P~<QRS=<T>
:;P::- Y :;P—j:

::QRSt

> —p -::Q:t <R><S>

:ij:- Y :;Q_j;.
“RB= . <R+=
-;;Sj:. — -;;S_;:.

“T= o =T+

-=:P--I:
.;;Q_:;.

;:R*::.
:;S_j:.

:;T+;1.
<> -

& ceu

: positive wave, expected shape
- negative wave, expected shape
.;:R..::. -
: positive wave, mnvalid amplitude
: negative wave, expected shape
. positive wave, expected shape

positive wave, expected shape

negative wave, expected shape
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Myocardial Infarction

Parse String: P+ Q-R*S-T-
Grammar:

“MYO INF ECG> — <P=<QRS=<T~
<P L <P

::QR_S:: — A::Q::A::R::—::S::

::Qf: —_ :;Q_j:.

R> — <R*=

=S 5 <S>

“T= — <T=

=P+= : positive wave, expected shape
<Q-= : negative wave, expected shape
<R+= : posifive wave, expected shape
<R*>: positive wave, mvalid amplitude
<S-=: negative wave, expected shape
<T+> : positive wave, expected shape
<T-= : negative wave, expected shape

Source: http://www.cs.cmu.edu/~bobski/pubs/tr01108-onesided.pdf
Figure 2.5 An example of structural pattern recognition applied to time-series
data for electrocardiogram diagnosis. Each waveform traces the electrical activ-
ity recorded during one cardiac cycle (i.e., heartheat) by a single elecirode: the
leftmost represents data recorded during a normal heartbeat, and the rightmost
represents data recorded during a heartheat exhibiting behavior indicative of a car-
diac condition called myocardial infarction. The primitives extracted from each data
set are labeled on the waveforms. Concatenating the primitives by time constitutes
a parse string, and a context-free grammar can be constructed to parse, and hence
classify, each string of primitives.

ECG response
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5. Time series data mining

Time series distance measure
o Sequence Plot for Input=ELECTRIC and Target=MASONRY Pt Plot for Input=ELECTRIC and Target=MASONRY
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Figure 26: Input and Target Plot Figure 27: Warping Path
Tifme Warp Scaled Plot for Input=EL ECTRIC and Target=MASONRY Path Distance Plet for Input=ELECTRIC #nd Target=NMASONRY
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Figure 29: Path Distances

Figure 28: Scaled Warp Plot




5. Time series data mining

Anomaly/Novelty detection

THE AEROSPACE I
CORPORATION IE' b fl |
|
24 | | |

Choose a time series: ,m Browse... Feature window size: |
Choose learning type: |Unsupenﬂsed |V| Humber of symbols per window: ,87 -l [ [
Choose example time series:,i Browse... Lewvel size: ,37 i i i ] | |
Lag window size: 300 b I |
Lead window size: a0 |,,|: "I"d ! 14
. . . . . . . . . . . . . ITime §eriesl . . . i ,l""-gru :,l—-.,'ml | fm"'ﬂ'-.| e
af { I"l. lII sl l A
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-DI.1 DTD Di1 062 063 064 DTS DTE Df? DTB DTQ 1.0 1.1 1.2 1I3 174 1I5 1?6 1?? 1?8 1?9 A A Very Complex and nOiSy
Abnormal Degres ECG, but according to a
n2of cardiologist there is only one
1| abnormal heartbeat.
The algorithm easily finds it.
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4 Il [» |1

Source: http://www.cs.ucr.edu/~wli/SSDBMO05/
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5. Time series data mining

Classification/Clustering
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Figure 32: Unclustered Vector Series Plot Figure 33: Clustered Vector Series Plot
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5. Time series data mining

Indexing ’\_Q/\ 1
-

I 1111
D, Q.C) D, ,0'.C)
|

N

| — ——

Figure 6: A wisualization of the two distance measures define on
the APCA representation. I) A query time series Q and a APCA
object C. II) The D4r measure can be visualized as the Euclidean
distance between Q and the reconstruction of C. III) O is
obtained by projecting the endpoints of C onto Q and calculating
the mean values of the sections falling within the projected lines.
IIIT) The Dyp measure can be visualized as the square root of the
sum of the product of squared length of the gray lines with the
length of the segments they join.
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Figure 11: The fraction P, of the Electrocardiogram database that must be examined by the three dimensionality reduction
techmiques being compared over a range of query lengths (236-1024) and dimensionalities (16-64).
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5. Time series data mining

Motif discovery

Winding Dataset C .
(The angular speed qf reel 2)
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5. Time series data mining

Motif discovery
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5. Time series data mining

Rule extraction

YBLOO2W YBLOO3C —-> YNL126W
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5. Time series data mining
Rule extraction

Step 1: Convert time series into a symbol sequence

_x[n]=x[n-1]
A=

1.5
1 \ C C C
= F —
L) b b
05 F
1+
15 / T_ﬂ

0 EID 4'0 Elﬂ EID 1 1I]U 1 IZD
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Rule extraction

Min.Support=5
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5. Time series data mining

Step 2: Identify frequent itemsets

X[n]=abbcaabbcabababcaabcabbcabcbcabbaabcbcabbcbc

2-item set

aa—3
ab 11
ac 1
ba 2
bb 5
bc 11
ca 7
ch 3
cec 0

3-item set

aba—2
abb 5
abc—4
bba—-1
bbb— 0
bbe—4
bca 7
beb 3
bee 0
caa——2
cab 5

4-item set

5-item set

becaba—%2%
beabb—3
beabe—1




5. Time series data mining
Segmentation (Change Point Detection)

bottorn up segmentation
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5. Time series data mining

Table 2. Example Wind Speed and Direction Data

Summarization _ . Wind Speed
Day Hour Wind Direction
(Knots)
20-1-01 | 600 S 8
20-1-01 | 900 S 6
Stronger telecom stocks push London higher
By Chris Flood 20-1-01 | 1200 S 7
Published: February 27 2004 9:13 |
Last Updated: February 27 2004 12:36 20-1-01 | 1500 | S 10
- = - . . 2 i 2
FISE 108 1-Bimde wm Feguity snackonhs i 0-1-01 | 1800 S 1
! s, 54 London moved ahead 20-1-01 | 2100 | S 16
%30 by noon in the final
o U 4m® session of the week. 21-1-01 | 0000 | S 20
! + 470 helped by a stronger
e oF showing from the
amEm _ engineering sector, S 08-12  (fusr 1500 value)
pharmaceutical companies and telecoms. S 06-10 INCREASING 18-22 BY MIDNIGHT (0600, 0000 vais)
- 5 00-10 DECREASING 05-09 BY MIDDAY . INCEREASING 10-
The FTSE 100 index 0.6 ent to 4,544 6 '
. e operearto s, 14 BY EARLY EVENING AND 18-22 BY MIDNIGHT (0600,
and the mid-cap FTSE 250 added 0.4 per cent at
6.281.4 by 1200 GMT. 1200, 1800, 0000 values)
S 06-10 DECEEASING 04-08 BY LATE MORNING,
Figure 1: Excerpt from Financial Times Online INCREASING 05-09 BY MIDDAY, 08-12 BY AFTERNOON,

10-14 BY EARLY EVENING, 14-18 BY MID EVENING, AND
18-22 BY MIDNIGHT (0600, 0900, 1200, 1500, 1800, 2100,
0000 values)

Figure 2. A few possible summaries of Table 2 Data
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Session outline

Forecasting

Univariate forecasting
Intervention modelling
State-space modelling
Time series data mining

1. Time series representation
Distance measure
Anomaly/Novelty detection
Classification/Clustering
Indexing

Motif discovery

Rule extraction
Segmentation
Summarization
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Conclusions

Beveridge whea! priceindex
~ (72
S 3
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Preprocessing
(heteroskedasticity,
gaussianity, outliers, ...)?

l

x[n] =trend[n]+ periodic[n]+ random[n]

(F)ARIMA SARIMA
Explained by statistical models (AR, MA, ARMA)

Harmonic analysis,
Filtering

Regression, Curve fitting

&= cru
Universidad 39
San Pablo



Bibliography

C. Chatfield. The analysis of time series: an introduction. Chapman &
Hall, CRC, 1996.

o C. Chatfield. Time-series forecasting. Chapman & Hall, CRC, 2000.

« D.S.G. Pollock. A handbook of time-series analysis, signal processing
and dynamics. Academics Press, 1999.

« D. Pena, G. C. Tiao, R. S. Tsay. A course In time series analysis. John
Wiley and Sons, Inc. 2001

CE
Unive

N B
b wversidad 40
San Pablo



	Session 0_x1
	Session I_x1
	Session II_x1
	Session III_x1
	Session IV_x1

