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1 Palsson. Chap. 1. Introduction

Assumptions
The systems biology approach in this course has a number of assumptions
(see Fig. 1).

Table 1.2 Assumptions used in the formulation of biological network models

Assumption Description

(1) Continuum assumption Do not deal with individual molecules,
but treat medium as a continuum

(2) Finer spatial structure ignored Medium is homogeneous

(3) Constant-volume assumption V is time-invariant, dV/dt =0

(4) Constant temperature Isothermal systems
Kinetic properties a constant

(5) Ignore physico-chemical factors Electroneutrality and osmotic pressure

can be important factors, but are ignored

Figure 1: Assumptions of the systems approach.

System dynamics
The stoichiometric matrix is used to model the reaction topology of a net-
work. Let us denote as x; as the concentration of the different species. Then,
in the following example

( PC (22)

The differential equation defining the time evolution of the concentrations

is given by ;
d_}t( = Sv(x)



where
-1 1 =1\ =

1 0 0 i)
0 —-1 1 |ux3
S=l0 -1 0 |4
0 0 —1] x5
0 0 1/ xq

Each column of S represents a reaction and each row is associated to a
given compound. We may also check the validity of S through its elemental
balance. Each row of the matrix F represents the elemental composition (in
our example, P, C', and A) of each one of the compounds involved (sorted
by x;, in our example, xq,Zs, ..., Zg). In our example it would be

1 Ty X3 T4 Ty Ty
P /1 1 0 1 0 1
E = C<1 1 1 0 0 0)

A\NO O O 0 1 1

If £ and S are well constructed, it must be
ES =0

Another interesting calculation is the number of non-zero entries by rows
and columns

2 3 4

-1 1 -1\3

1 0 0|1
g_| 0 -1 1|2

0 -1 0|1

0 0 -1]1

0 0 1/1

The number of non-zero entries by columns represents the number of dif-
ferent species participating in a reaction. The number of non-zero entries
by rows represents the number of reactions in which a particular compound
participates (this number is called the connectivity of that compound).



Note that S is giving the reaction topology, but not the reaction dynam-
ics. The kinetic properties of the reaction are given by v(x). For a general
chemical reaction

dD +mM « pDM

the reaction rate is defined as
~ ldzp  ldzxy ldrpy
YTTd et T Tmdt  p at
and it can be calculated in terms of the concentration of the different species
as

v = k’fx%x}(}’ — k‘bxﬁ;M
where k; and k, are “constants” (they are not really constants because they
depend on pressure and temperature) for the forward and backward reactions.
For reactions taking place in a single step, the exponents are equal to the
stoichiometric coefficients (d' = d,m’ = m,p’ = p). At equilibrium, the
reaction speed is 0 meaning that

/ ’ /
kbt — kyalhy,, = 0
kexd xm = Ky,
frDUlM - b DM
kg x%M
K o k_b T g e’
DM

which is the famous equilibrium constant. However, we are not restricted in
the differential equation to work at equilibrium conditions.
In our example, the time evolution of the species concentration would be

given by

dx k‘fll‘l — k‘blxg

— =5\ Eprsry — kp,xy
kf3$1;€5 — kb3x6x3
However, this differential equation is non-linear which makes its analysis
more complicated. It may be linearized through the gradient matrix G

vy Ov

dV(X) Ox1 Oxrn
dX 8vM 8'01\/[
o0x1 o Oxzn

In our example

ki —ky O 0 0 0
G=|-k, 0 k k, 0 0
0 _kbg 0 kfa - kbiﬂ
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With this matrix GG, the differential equation is linearized with the Jaco-
bian J = SG p
X

%:SGX

The right null space of the stoichiometric matrix (Sv = 0) provides the
reaction speeds needed for a steady-state solution. In our example

kf1$1 = kblxg
Sv=0=>v=0= kpaswy = kyp,xq
kf3l’1.%‘5 = kb31}6$3

The left null space of the stoichiometric matrix (17S = 07 = S71 = 0)
provides time invariants. The reason is that

dx
dl(le_t) = ITSV
X = 0lv
d(l#x) - 0
i -
1'x = ¢t

In our example,
STl=0=1= (I3 =I5 + g, I3 — Is + Ig, I3, =I5 + I, 5, [
A basis of this subspace is given by
{(1,1,1,0,0,0),(-1,-1,0,-1,1,0),(1,1,0,1,0,1)}

However, having negative coefficients make the interpretation of the time
invariants more complicated. So we look for another basis with non-negative
coefficients

{(1,1,1,0,0,0),(1,1,1,0,1,1),(1,1,0,1,0,1)}

That is the time invariants of this system are given by

T+ 2T9g+2x3 = ct
T+ o+ 23 +25+218 = Ct
Tl + 2o+ Ty +2xg = ct



or what is the same

[CP]+[PC]+[C] = «t
[CP] + [PC) + [P] + [A] + [AP] =
[CP] + [PC] + [P] + [AP] = ct

The first equation states the fact that the concentration of all compounds
containing C' is constant (C' is taking part of CP, PC or alone). Similarly,
the third one states the same for P. The second one states that all the A
and P consumed are used to produce CP, PC and AP compounds in the
rest of the network.

The equation

dx __
Ccll—t = SV
S = S1U1t+Sua+ .

implies that ‘fi—’t‘ is in the column space of S, that is, x can only move in the

directions imposed by the columns of S. If instead of the columns of S, we
look at the rows of S we have

dzy T

T
di 1
dry - T T
di 2

Equivalently
dl’i

dt

This equation means that the concentration of a given compound does not
change if the system is at equilibrium (||v|| = 0) or the velocity vector is
“aligned” with the i-th row of the stoichiometric matrix. The inner product
r’v is measuring unbalances in the composition of the i-th compound with

respect to its equilibrium concentration.

=r1; v = r][[[v] cosd

2 Palsson. Chap. 2. Basic concepts

Time constants
Let us consider the differential equation

dx

i —kx  x(0) = xg



Its solution is given by

The constant

is called the time constant and it is the time required for the concentration
x(t) to fall to 36.8% (= 1/e) of its initial value. Larger k values are associated
to faster processes (7 is smaller). The half-life time constant (time for the
concentration to reduce to 1/2) is

log(2
T1/2 = gk()

Let us consider the first three reactions of glycolysis:

a 25 qep £ pep 225 ppp

Glucose (G) is converted by an hexokinase (HK) into glucose-6-phosphate
(G6P), which is converted into fructose-6-phosphate (F6P) by a phosphoglucose-
isomerase (PGI). Then, another kinase (PFK) converts F6P into fructose-1,6-
biphosphate (FDP). The isomerase is much faster than the two kinases. So,

if we are analyzing the system at a long period of time we may consider the
Gaep L5 pep part of the system to be at equilibrium and pool both species
together into a single variable (Hexosephosphate pool, HP = G6P + F6P).

At this time scale, the system would look like

HK

G HP K ppp

Reaction rate

Consider the reaction
S— P

We may have zero-order reaction rates, that is the rate of formation of the
product is independent of the amount of reactant. Zero-order reactions are
typically found when a material that is required for the reaction to proceed,
such as a surface or a catalyst, is saturated by the reactants. In that case,

v==FK



Integrating the concentration of substrate and product over time, we have

Is<t) = $S(0)—l{it

pr(t) = kt
The half-life constant is
z5(0)
2T T

We have first-order reaction rates when the amount of product depends
linearly on the concentration of the reactant. For instance

S — P1 + P2
Then . .
Z p- TP dx
= G = g = —a = ks
z5(t) = xg(0)e*

(
() = an(t) = ws(0)(1—eH)
The half-life constant is

Second-order reactions are of the kind 24 — P or A+ B — P. The
reaction rate is in the first case

dxrp ldxa o2
== ———— = €T
dt 2 dt 4
and
drp dx 4 dxrp i
v = = — = — g T AL
dt dt dt ATB

in the second case. The solution of the first case is

1 1
= + kt

xa(t)  x4(0)

There is no closed-form solution for x4 and xp, but there is an interesting
relationship between the two (when x4(0) # z5(0)).

log P2 — K(an(0) ~ 2a(0)
The half-life constants in the first case is
1
2= e a(0)
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The half-life constants in the second case are different for A and B and cannot
be easily defined.

A second-order reaction, A+ B — P may be considered a pseudo first-
order reaction if one of the reactants is much more abundant than the
other. For instance, let’s assume that B is much more abundant than A.

Then, the reaction rate
v=rkrarg ~ (kxp(0))zs = kx4
It behaves as a first-order reaction, with half-life constant i, = 10%2) =
=
Enzymatic reactions

Let us consider the enzymatic reaction

S+ E& sE e pyE

kp

We may write the differential equations associated to these reactions

ds_ts = —k’f{L’SZEE + kb$SE

d;?_tE = —kjrsxp + kyrse + kewr®se (1)
dfﬂ% — ]gfxst — kyrsg — kearse

% - kcathE

The enzyme is not consumed at the reaction, so its concentration must remain
constant over time

Michaelis-Menten assumed that the first reaction was very fast, meaning
that it was at equilibrium for all practical purposes. Then,

]ff.%‘s.Z‘E = kbeE
Using the enzyme conservation law

rp(0)zg

f$S(Q7E( ) — Tsk) bTSE TSE Kot s

where Ky = Z—; is the dissociation constant of the substrate-enzyme complex.

The velocity of the reaction, the speed at which the product is formed is
given by
_ drp JJE(O)I'S _ UmazTs

dt N Cath—i-ﬂ?s N Kd—FSL’S
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where V00 = kearxp(0).

Briggs and Haldane assumed that the concentration of the substrate-
enzyme complex did not change on the time-scale of product formation (this
is called, the quasi-steady-state assumption, QSSA), then

krrsrp = kyrse + keatse

Combining this equation with the conservation law of the enzyme, we get
(see Fig. 2)

e xg(0)zg
SE K.+ 25
where —
Km _ b+ Keat
ky
and the velocity of reaction
UmazTs
V= ——
Km + g

where vpap = kearzp(0).

Michaelis-Menten Curve

Vo (uM/min)

Km [S] (mx)

Figure 2: Velocity of reaction by QSSA approximation. Michaelis-Menten
approximation is similar but using K, instead of K,,.

Pool variables and reaction rates
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Consider the interconversion between ATP, ADP and AMP (see Fig. 3).
We may write the associated equation system as

—d:CgtTP = —(1}1 -+ ’075) + (Uz -+ U5)
—dw‘stDP = (”Ul -+ 21)_5) — (’UQ —+ 2?)5)
_dx,sli\/[p = (1)3 -+ ’U5) — ('U4 —+ U_5)

Figure 3: ATP, ADP and AMP conversion. vs and v_s are fast reactions; vy
and vy are intermediate; and v3 and v, are slow reactions.

If we sum all the three equations we have the variation over time of the
adenosine phosphates (mono-, di-, and tri-)

d(xarp + Tapp + TaAMP)
dt
This differential equation is controlled by slow time processes (remind that v

and vy are slow). Another pool variable of interest is the sum of high-energy
phosphates (2ATP + ADP)

=V3 — U4

d(2xarp + TADP)
dt

This aggregate variable depends on intermediately fast reactions. Finally, a
fast changing variable can be constructed as

= —V1 + Vg

d(zarp + Tapp)
dt

These linear combinations are not coming out of the blue and we may
try to be systematic in their construction. For instance let us look for all
possible pool variables depending on intermediate time responses. We may
write the differential equation as

= V_5 — Us

;—’t‘ = Sv
17 — 178y
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In our case

v1 \ intermediate
vy | intermediate

U3 slow -1 1 0 0 1 -1

v=| slow and S=|1 -1 0 0 -2 2
vs fast o o0 1 -1 1 -1
V_5 fast

So, we must find linear combinations 1 such that
1S = (+,-,0,0,0,0)
That is we have the constraints
sy =1"s; =1"s5; =1"s4 =0
where s; is the ¢-th column of S. We may write the corresponding linear

equation system

il1=0

The solution of this equation system are all vectors of the form
1= (2ly,15,0)

In particular, (2,1,0), that is 2ATP + ADP as analyzed in the example
above is the only linear combination of this kind.

Time scales
Given a linear differential equation system with constant coefficients (this is
always available if we linearize non-linear systems through the Jacobian)

dx_

> _
a0

its general solution (of the linearized system) is of the form
X = Z cl-emvi
i
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x(t) -

Figure 4: Depending on the module of the real part of the eigenvalues, remind
that eigenvalues may be complex, we have faster (large module) or slower
processes (small module). We expect all real parts to be negative if the
system is stable.

where ); is an eigenvalue of J and v; its corresponding eigenvector. The
constants ¢; depend on the initial conditions. The eigenvalues of J determine
the different speed processes (the larger its real part in module, the faster
the process is; see Fig. 4).

Constant-volume assumption

Consider the concentration of a given compound in a cell, z, and the
volume of that cell, V. The total amount of that substance in the cell is
given by

M =2zV
Its derivative is
AM _dey v
at o’ Tdt

If the volume of the cell is constant, then % =0, and

dx l dM

dt 'V dt
However, there are physiological conditions (e.g., cell division) where the as-
sumption of constant volume is clearly incorrect. Apart from cell division,
the volume in the cell compartments tend to fluctuate over time. However,
not many models include these fluctuations due to the more complex math-
ematical analysis.
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Osmotic balance

Cells normally have semipermeable membranes meaning that water (sol-
vent) and some small molecules can diffuse freely through the membrane but
large molecules (solute) cannot. In a cell, osmotic pressure inside and outside
the cell are normally balanced, I1;,sqe = [outsige- This puts a constraint on
the concentrations inside and outside the cell, the sum of all concentrations
must be constant:

RT Z Liinside — RT Z Ti outside

i i
Z Liinside — Z Lj outside
7 7

This is particularly important for molecules that split or merge (remind that

the concentration is defined as the number of molecules per unit volume, for
instance molar concentration is x = % where NNV is the number of solute

molecules, N4 is Avogadro’s number and V' the volume in liters).
Charge balance

Molecules may be neutral, positively or negatively charged (even their
charge depends on the pH of their medium). At a given compartment it
is standard to assume that the net charge is zero, this condition is called
electroneutrality. If the charge of the ¢-th compound is z;, another constraint
on the concentrations is

Z 2L = 0
(2

3 Palsson. Chap. 3. Dynamic simulation:
the basic procedure

Practical exercise.

4 Palsson. Chap. 4. Chemical reactions

The reversible linear reaction.
Consider the reversible reaction




The stoichiometric matrix is
-1 1
s=(3 1)

__(kABIA)
vV =
kpazrp

. The only time invariant of this stoichiometric matrix is given by

and the velocity vector

T4 +xp=ct

which simply reflects the fact that A is converted to B and viceversa.
Another interesting variable is defined by the net reaction velocity:

B
Upt = VAB — UBA = kapxa — kpaxtp = kap | T4 — 7
AB

b ‘
where K 5 = i";“‘ = zplequilibrium) "y o torm g4 — £B- measures the distance
AB z 4 (equilibrium) Kap

from the equilibrium state. So, we may perform a change of variables to

1 1 KapZ1+Z2
X = (1 1 )x:Px:>x:KA;+1 (KfB 11>§(:( Igfj_gzgl >
KaB _K o Kap+1
- 1 1 _ k ABZ1TZ2
& P‘é—’;_PSv_<1 e >( L 1)(AB Kapdl >
Kap K ~1+~ —1 kBAKAB—H
L ABE1+E
= (Kap+1) (_0 O) ( AP Kap )
11 kBAKAB+1
_ 0 O kAB(KABfl—i-fg)
-1 1 /{:BA(fl—a?g)
0
—(kap + kpa)Z2

The first equation in this differential equation system states that z; is time
invariant, the second one states that the equilibrium is restored with a time
_ 1
constant equal‘ to T = Lpthea
The reversible bilinear reaction.
Consider now the reaction

ATB == C
V-1
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The stoichiometric matrix is given by

-1 1
S=1-1 1
1 -1

and the reaction velocity vector is

( U1 ) (k’11‘A$B>
VvV = g

V_q k_1xc
The reaction rate is defined as

dz dz dx
= =~ b — ke = b (mamy = 5 )

ke L ey
where K = k—ll The reaction is at equilibrium when
de‘C

— =0= 20 = Kixzax
It C 1TAZB

The left null space of S is formed by all vectors of the form (I3 —lo, l2,13).
A possible basis of this subspace is {(1,0,1),(0,1,1)}. The corresponding

time invariants are
Ta+2x0 = ct
rg+x0c = ct

As we did in the case of the reversible linear reaction, we could define three
new variables, and study the system with these new variables

TA+ To
rp + Tc

zc
TATB — ¥,

M
I

However, this is not so useful now because the last variable, 3 depends
non-linearly on z4 and zp.

Instead we may expand the right-hand side of the differential equation as
a multivariate polynomial

—kixaxp + k 120 k_1xc —kizaxp
& = | —kaarp+kaze | = | kaze | + | —kwazs
kll'A{L‘B — k’_ll‘o —k'_ll'c kll'A{L‘B

16



ODE linearization.

Although, this is not strictly needed because computer simulations can easily
handle non-linearities as we simulate the time evolution of the compound
concentrations, we may want to linearize a ODE system to better understand
its local properties (for instance the structure of its initial conditions and its
equilibrium). Let us assume that we know the initial conditions

z4(0) =3,25(0) = 2,2¢(0) =0

and we know ky = k_; = K; = 1. Our equation system is

dx _klexB + k_ll‘c

- =

= —klfL’A$B +k,1xc

kixaxg — k_12¢

For a generic ODE system

dx
dt

= f(x)

we may compute the first derivative of f (the Jacobian)

oh  Oh

df (x ox ox
Je(x) = d( ) gx_fg gx_fg

X Ofs  Ofs
orp Oxp

and the ODE can be approximated by
d
d_}t( = Je(x0)x

where Xq is the point about which the linearization is performed.

In our particular case

_kle —k'le ]C_l

Jf(X) = | “kixg —kiza k- = Jf(3,2,0) =

k’lfL‘B kﬁll‘A —k’_l

The eigenvalues of this matrix are —6 and 0 (twice). There is a single degree
of freedom (only 1 eigenvalue is different from 0), and it behaves as a decaying

1

process whose time constant is 7 = .

17

df1
oxc
Of2
oxc
Ofs
Jxc

(x)

-2
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The equilibrium is achieved for x4 ¢4, B eq, Tceq Such that

3= l’A(O) + xC(O) = TAeq + TCeq T Aeq \/§
2=2p(0) +2c(0) = Xpeq+TCeq ¢ = Tpeg = V3-—1
TAeqUBeq — TCeq TCeq = 3 — \/g

The velocity of the reaction at these concentrations is
v(V3,v3—-1,3—3) = (0,0,0)"
that is, the equilibrium is a critical point. The Jacobian at this point becomes

1-v3 -3 1
Je(V3,V3-1,3-V3)=[1-v3 -3 1
V3—-1 V3 -1
whose eigenvalues are —3.4641 and 0 (twice). The process arrives at equilib-
rium following a trajectory with time constant 7 = ﬁ. Since the non-zero

eigenvalues are real and negative, the critical point is stable.

5 Palsson. Chap. 5. Enzyme kinetics

Hill kinetics.
Michaelis-Menten model is the simplest enzymatic reaction model (the en-
zyme binds its substrate and then releases the product).

S+E-SSE+P

Hill’s model is a little bit more complicated and the enzyme, F, can be found
in an inactive form, X. This inhibition is performed by an inhibitor, I

kit
E+vl—X
ki~
v is normally found to be larger than 1 (even, non-integers), and a more
realistic explanation is given by the symmetry model below. The mass action
equations of the two coupled equations are

dzs __

e Z i
d%_tp : . 2 3
6%1 : _1 ( _ )
g : V\Ug V3
— = U2 — Vs

dt
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with

v = kxsrgp
vo = kizhag
vs = k;zx

The stoichiometric matrix is given by

-1 0 0
0 -1 1
S=11 0 0
0 —v v
0 1 -1

and its left null space provides the following conservation quantities

rg +xrp = l‘s(())
IE—FI‘X = IE(O)
xr+vex = x7(0)

The 3 conservation quantities allow reducing the 5 differential equations to
just 2 of them. Let us choose S and F, then the system can be simulated by

dg—f = —kxgrpg

dj—f = —klairp+krx
Irp = $S(0) — TS

rx = ZL‘E(O) — TE

x; = z7(0) —vry

Simplified Hill kinetics.
If the inhibition of the enzyme is a fast process, then the chemical reaction
Tt
E + vl kl: X is at equilibrium (Quasi-Equilibrium Assumption, QEA),
ki~
implying

_ kt v
kroheg =kl zx = xx = (—,) g = (ﬂ) TE
Vg = VU3 = ¢ I v k; 4 K;
deg _ dxy _ dxx __ 0
T a A

1
v

where K; = (:—+) is a “per-site” dissociation constant. We may further

exploit the equillibrium of the enzyme to calculate the concentration of active
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enzyme

2\

The main reaction velocity, v;, can be calculated as

k 0 max
v = kxgrs = 75(0)7s S (zs)

1+(%> 1+(%>

where vy, (2s) = kxp(0)zs. The most famous version of Hill’s kinetics is

_ Umaa®7,
O Ky vy
However, this is the solution to a different problem (a ligand that binds
multiple sites of a substrate). Before blindly applying a known solution we
need to verify if the problem solved and the assumptions are the same to our
problem.

Simmetry model.

Let us consider the inhibition reaction

kit
E+vl—=X
In reality it is rare that the v molecules of the inhibitor bind simultaneously
to the enzyme. In practice, this reaction will take place in sequential steps:

vkt
E+122X,
ki~
(v-1) kst

Xy +1 Xy

-
(v—2) kit
_\

Xo+1 X3

i

-
Xll*l +1 Tff X

VKj
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We may now write the mass action equations

dj—ts = —v = —krsxp
drp
v = kxgxg

dt

dx _ _ + —
dd—tE = —vy+uvy=—vkxzixp+k;rx

T X — —
L= vy — 3 — v+ s = vk aep — kjxx, — (v — D)kfrax, + 2k wx,
dz _ _
2 vy—vs—vg+vr=—Dklzrryx, — ki rx, — (v — 2)ktziex, + 3k; vx,
dacXV71

a = U2(Jyr—2)+2 — V2(y—2)+3 — V2(v—1)+2 T }:2(”—1)+3

) = 2k xixx, ,— (v—Dk;zx, , —kxxx, | + vk xx

X _ _ 1.+ —

d—tx = UV(v-1)+2 — V2(v-1)+3 = ki TirXx, 1 — Vk?i '

14
dry
e > (_UQ(V—l)-I—Q + UVo(v—1)+3)

k=1

The time invariants of this system are

rp(0) = zp+ox, +ox, + ...+ 21 +Tx
I](O) = l’]—l-JZXl—|—2ZL‘X2+...+(V—1)$V—1+VZEX
z5(0) = zg+xp

Nondimensionalization.
Nondimensionalization is a technique that helps to parametrize differential
equations through a process called scaling. This technique stems from Buck-
ingham’s 7 theorem. This theorem, loosely speaking, states that if an equa-
tion uses n variables and k physical units, then the equation can be written
using only n — k£ dimensionless parameters. Scaling is normally performed
using 3 steps that we will first illustrate on an exponential decay equation

dx
Mk
dt v

Step 1. List all variables and constants along with their physical units

Variables Units Parameters Units
t s k st
x mole - L1 Zo mole - L1

Step 2. For each variable define a new dimensionless variable by multi-
plying/dividing that variable by the appropriate parameters.
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Variables Units Parameters Units
t S k s~!
x mole - L1 o mole - L1
T =kt -
X =4 -

Step 3. Rewrite the differential equation using the new variables. For
this we need first to calculate the derivatives

doe  _ dx _ .. dxdr _ d
@ = Toq = Tog g = kaog
and then transform the differential equation
d d
k::po—X = —kxox = X _ —X
dr dr

Note that none of the terms in this equation has physical units, therefore,
the name nondimensionalization for this procedure. Finally, we solve the
equation and undo the change of variables
dx (1) kt
—=—-x=>x(1)=e¢T=> —==¢e¢"" = 2(t) = voe”
= X = x(1) o (t) = mg
Nondimensionalization of Hill kinetics.
Let us repeat this procedure for a more complicated system. Let us take as
an example Hill kinetics which we reproduce here for convenience

d;lt—ts = —k:xng
dzg __ +,.v -
CfT = —k'zfrp+k; xx
“E = krsrg
dl’] _ + v —
dﬂ = _er(kz rirE — ki Tx)
X X _ 14 -
= klafrp —kjrx
Step 1.
Variables Units Parameters Units
t s k L-mole=! - 57!
Tg mole - L1 S0 mole - L1
TE mole - L1 €o mole - L™!
rp mole - L™! Do mole - L™!
Ty mole - L1 1o mole - L1
Tx mole - L1 T mole - L1
K LY -mole™ - s7!
k; st
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Step 2.

Variables Units Parameters Units
t s k L-mole ! 57!
Tg mole - L1 So mole - L1
TE mole - L1 € mole - L1
Tp mole - L~! Do mole - L™}
T mole - L1 i0 mole - L™!
Tx mole - L1 0 mole - L1
K LY -mole™ - s}
k; s
T = ksot -
Xs 2—05 -
XE =& -
Xp = Z—g -
X1 = gf—; -
Xx = Z—)O( -

Step 3. We first calculate the needed derivatives

drg dxs _ o dxsdr _ j..2dxs
A= S0 gt N 50 ar = FSo ar
TE XE

ddt k‘Soeo T

St = hsomoas

dey s dxr

ddt - ksOZO T

ax axx

= ksowo

We now rewrite the differential equations in terms of the new variables

kS?)dj‘—f = —ksoxseoxE
ksoeoXE = —k; (iox1) eoxE + ki Toxx
ksopof = kSoXs€oXE
ksoio 2t = —v(k (iox1)"eoxe — kj Toxx)
ksoroBX = ki (ioxr)"eoxr — ki zoxx
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and rearrange them

dxs

ar _:XSXE

Z_Z i eokkso X]XE+k80€0XX
¥ e
R
DT Tsem XTXE T hp XX

Note that all terms in the differential equation are adimensional as can be
easily verified.

6 Palsson. Chap. 6. Open systems

Reversible reaction in an open environment.
Let us consider the reaction

b1 Vi ba
— X T— X9 —

V-1
where by is a constant input flow and by = koxo is an output flow. We may
write the system as

by

Zditl (1 -1 1 0 ki
% 0 1 -1 -1 k,1$2
]{?21’2
The left null space is {0} meaning that there is no time invariant.
The steady state Svg, = 0 is formed by all vectors in the right null space,
which is spanned by the vectors (1,1,0,1) and (0,1,1,0). The former is the
forward path thr ugh the system (b; — v; — by). The latter corresponds

to the reversible reaction (v; <> v_1). All steady states are a non-negative
combination f these two vectors:

Vs = (bla klxl,ssu k—1x2,ssa ]{721'2755) - (I(L 17 07 1) + b(o) 17 17 O) a, b Z 0

We may also calculate the steady state concentrations. If we analyze the
condition of the steady state, we have:

_ by — k121 55 + k129 5 (0 T1e) b1 k2:k_l
SVSS =0= (klxl,ss - k—1$27ss - k2x2,ss N 0 - L2,ss a k2 11
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Substituting z; s and 3 s into vy, we get
k_q k_4
Vs =01 | 1,1+ —,—,1
' ( ke ke )
Note that by definition, at the steady state the input flow is equal to the
output flow, by = by. This steady state is achieved for
bi1k_q
ka

a:bl b=

In the absence of external flows (input and output), the system is at equilib-

rium when
T2 eq o kl

L1,eq k:—l

We may calculate the ratio between the relationship between zs and x; at
equilibrium and at the steady state:

L2,ss Fotk_1
F _ Ti,ss kq _ 1
K Z2,eq k1 ko
€q T1,eq k_1 1 + k_1

If ky <« k_; then K%q ~ 1, meaning that if the amount of x5 that escapes the
system is much smaller than the amount of z» that goes back to z1, then the
open system behaves like the closed system.

Michaelis-Menten kinetics in an open environment.
Let us analyze the Michaelis-Menten kinetics of Eq. 1 when the substrate
arrives with an input flow b; and the product leaves at a flow v3 = ksxp:

sy B SE Ry pyop oy

kp

We may write the differential equations associated to these reactions

d(g;—ts = b — kfoxE + kyxsp

Br = —kprsep + kvase + kealse
d:';% = /ffxst — kytse — keatTse

dﬁ—;’ = keawtse — ksrp
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Or equivalently

i 1 -1 1 0 0 b1
drp 0 -1 1 1 o |]|FTevs
a1 = kvxse
et 0 1 -1 -1 0 P
dx _ cattSE
dsp o0 0 1 -1 P

There is only one time invariant (left-null space) that is g + xsg = z(0).
Let us calculate now the steady state fluxes. The null space of S is spanned
by the vectors (1,1,0,1,1) and (0,1,1,0,0) that correspond to a pathway
through the system (v; — ky — ket — k3) and the reversible reaction
(vf <> vp). In this way,

Vs = (bla kwa,SS$S,SSa kbeE,ssa kcathE,ssa k3xP,ss) - a(L ]-7 07 17 1)+b(0a 17 17 07 0)

If we solve the equation

Kcat kb/kfl‘f‘l

TS ss kr 25(0)kcat/b1—1
b1
I‘ J—
SVss =0= B,ss = .TE(O) kcat
LSE,ss & 1t
xP,ss Z—l
3

The steady state fluxes are then
Vs = (bl by (1 + %) 751%,51750

That is
bl =Vf — Uy = Veat = U3

ky
kcat :

This steady state is achieved by a = by and b = b,

7 Palsson. Chap. 7. Orders of magnitude

To be prepared by students.

8 Palsson. Chap. 8. Stoichiometric struc-
ture

To be prepared by students.
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9 Palsson. Chap. 9. Regulation as elemen-
tary phenomena
Let us consider the simple scheme
ola), x e,
where the concentration of the metabolite X, x, influences the rates of its

own formation, vy (x), and its degradation, ve(z). The dynamic mass balance
is given by

dz
a vi(x) — va()
We may linearize this equation as
dr [ 0Ov 0vsy B
o = (G - P2 w0)) o = Ml
where 5 5
e
Alzo) = 5~ (20) = 5~ (%0)

is the “net” flux at a concentration z of the metabolite.
We may encounter different regulatory situations:

e Unregulation: The metabolite is actually not regulated by itself:

)
%(;po) = 0= Azo) <0

e Feedback inhibition: If the formation of the metabolite is inhibited by
itself, then

)
%(%) <0

e Feedback activation: If the formation of the metabolite is activated by
itself, then

81)1

ox

e Feedforward inhibition: If the degradation of the metabolite is inhib-
ited by itself, then 222 () is reduced (although it is still positive).

(l’g) >0
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e Feedforward activation: If the degradation of the metabolite is acti-

vated by itself, then 22(z) is increased.

Feedback inhibition and feedforward activation stabilize the system, while
feedback activation and feedforward inhibition may create instabilities and
shift the cell to a totally different state.

We may express A as

vy i (%)
M) = - 22 () (1 = )> S )

Oz (370)

If a(xo) < 1, then the system is locally stable (around xg). If a(xy) > 1, then
the system is locally unstable.

Local inhibition with Hill kinetics.
Let us show an example of the application of this theoretical framework to
the case of local inhibition with Hill kinetics at the steady state. Let us
consider

w@ = sz
ve(z) = kax

vy is Hill-type equation with v = 2. The steady state is achieved when

(%1 (xss) = ’U2($58)
Ymazx — k-
3 +(2) !
()" + () — e = 0
This equation is of the form
X+ x—a=0

with a = % and its solution is

_— ((9(1 +V3VA T 27a2)1/3 (2/3)1/3 )

21/332/3 (9a+\/§ 4+27a2)1/3

The linearization constant A is

2K 20,40 20 Lo
>\:_ maxr’ss —k:—k 1+ max K

K2—f—$§s 2 Kk Zas )\ 2 2

( ) (1+ (=)
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Note that A is always negative, meaning that at the steady state the system
is stable. Depending on the values of v,,4., k and K, if z,, < K, then
A &~ —k meaning that the input is almost unregulated. If z,, > K, then
A =~ —k meaning that the system is again almost unregulated. The function
> has a maximum at xr = \1[, in our case, L= = % The maximum of

K
3‘[ so that around the steady state, the maximum achievable

2
A e [1 o Rman 3V3
Kk 16
Local activation with Hill kinetics.
Let us consider the creation and degradation flows

(1+
this functlon is
regulation is

Ul(x) - Umam% dx o 1 +a (%
ve(z) = ka dt 1+ (%)
Let us nondimensionalize the equation with the change of variables

T = kt}:dﬁ d(KX)dT_de_X

X = & dt ~ dr dt = dr
The differential equation becomes

de_X - UmaleraX _k<KX>

2 G Iax”
z i v 14XV X

with a = “24= > (. The steady state of this system is achieved when

1 + ax?,

— =0= " —aa vt Xss—a=0
1+Xss Xss Xss X X

This is a polynomial of degree v 4+ 1 and has v + 1 roots. Depending on the
values of @ and a many of them may be real, meaning that there are several
steady states, note that only those roots x,s = %= > 0 are biologically
plausible. A necessary condition (see Palsson Chap. 9) for the existence of

multiple steady states is
( 1+ 1/) 2
a >
1—-v
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The linearization of this nondimensional differential equation gives

~ vala—1)x4!
(14 x%,)?

Depending on the sign of A at the different steady states, some of them will
be unstable (A > 0) and some other stable (A < 0).

Feedback inhibition in pathways.
Consider the biosynthetic pathway represented in Fig. 5.

-1

biosynthetic pathway

perturbation ( .‘
X
b)
= V
g éy Xe Xg f
% Y s ) ) ’ )
a Vi Vo i V3 15 Va Vs
= 1 X1 X> ) X4 > X5 >
S
£
= Vo
= Y

X X 5 .
/Eé Sz } i
5 5

Figure 5: Biosynthetic pathway example.

regulator binding site

A biosynthetic precursor x; is formed (at constant rate b;) and degraded
(at rate vg = kox1)
LNt

If the enzyme Xg is expressed, X; can be converted to Xs
X1+ Xe 3 Xy + X
which is followed by a series of reactions

Xo 3 X33 X, B X,
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The product X; is exported to another cell compartment at a rate vy
X5 =

The end product X5 binds to the enzyme Xg inhibiting it in an inactive state

X5+X6:X7

A\
V-6

The differential equations that describe the dynamic behavior of this sys-
tem are

dx —

_tl b1 — Vg — U1 = b1 — koiL‘l — k'1$6.’171

Fo= V1 — Vg = kirery — koo

% = Vg — V3 = koo — kzx3

ddi: = Vg — Uy - k3$3 - ]{?41’4

d

= va—Us — vt v = hkury — ksws — kersm6 + k_g17
s — —vg + V_g = —kersr6 + k_g17

& = Vg — V_g = kﬁl’g,l’ﬁ — k76£€7

dt
The sum of the last two equations gives one of the time invariants

drg | doe ) dl@+ o)
dt a dt

where e is the total amount of the enzyme.

In the synthesis rate of the precursor, by, increases by a factor 10, thanks
to the negative feedback, the synthesis rate of the metabolic output does not
increase that much (see Fig. 6).

Regulation of protein synthesis.

The end product may also regulate the amount of Xg enzyme present (such
that z6(t) + z7(t) is no longer constant). We may model this by adding two
terms to the dynamics of Xg, one corresponding to its formation, controlled
by X5, and another one for its degradation:

= x6(t) + z7(t) = ep

dx _ — k
d_tG = —Vgtv_gtvr—vg = —k’6$5$6 + k,6$7 + ﬁ — kgi(,’ﬁ

Tight regulation of enzyme activity.
The mechanism above is not too effective in stabilizing the synthesis rate of
the end product (see Palsson, Chap. 9). The reason is that regulated enzymes
normally respond to a more complex model than two (active/inactive) states.
The symmetry model allows this extra control of the enzyme through a series
of binding sites. If the enzyme allows up to 4 X5 molecules, then the extra
reactions to consider are
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Simulation Results

=5 D
el 0 k=1
10x v
by ,(l_l) _)—)Isi) k4 = 1 k5 =
01 o “n’L
=0 t ke = 10 k==
€ — 1.0
(a) (b)
concentration flux
1.4 0.8
DI
%52
0.6
1
0.5
0.8
0.4
0.6 0.3
0.4 0.2
0.2 0_1
2 R R RIS O RR R GRS SR BA SN AN SRR RR G0 £ 15y A
time time

Complicated to interpret the time responses: what is going on?

Figure 6: Biosynthetic pathway response after 10x increase of precursor syn-
thesis.
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X6 + X5 LA X7
k¢

3ke
7+ X5 e, 8
2ke
X X = X
g+ X5 r 9

6

ke
XQ + X5 m XlO

The higher the number of binding sites for X5, the more effective is the

negative feedback.
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