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1 Chapter 1

Lay, 1.1.1
Carlos Oscar Sorzano, Aug. 31st, 2013

Solve the following equation system applying row operations on the aug-
mented matrix:

1 + 51’2 =7
—2x1 — Texg = =5

Solution: Let us construct the augmented matrix of the equation system

1 ) 7
-2 =7|-5

Now we add twice row 1 to row 2

1 5|7
0 319

Now we divide the second row by 3

1 5|7
0 1|3

Finally, we subtract 5 times row 2 from row 1

1 0|-8
( 0 1| 3 )
This equation system is compatible determinate and its solution is 1 = —8 and
To = 3.
Lay, 1.1.4
Carlos Oscar Sorzano, Aug. 31st, 2013

Find the point of intersection of the lines x1 + 2z = —13 and 3z; —2z5 =1
Solution: Let us construct the augmented system matrix

1 2| -13
3 -2 1
Now, we apply row operations to solve it

1'2(*1‘273[‘1 (

1

0

. 1 —5] 1

I‘2<——§I‘2 0 115
1

ri < ri +or 0

The two lines intersect in a single point (z1,22) = (=3, —5).



Line 1: xl+2x2:—l3

Line 2: 3x1—2x2=1 J

Lay, 1.1.11
Carlos Oscar Sorzano, Aug. 31st, 2013

Solve the equation system

To+brs = —4
T+ 4x9 + 33 = —2
201 + Txo + 123 = -2
Solution: Let us construct the augmented system matrix
01 5|4
1 4 3|2
2 7 1|-2

Now, we apply row operations to solve it

1 4 3]-2
g <> Iy 0 1 5|—4
2 7 1] -2

1 4 3] -2

rz < I3z — 2[‘1 0 1 5| —4

0 -1 -5 2
1 4 3|-2
rs < I3 419 01 5|—4
0 0 0|-2

Last row represents the equation 0 = —2 which is non-sense and, therefore,

there is no solution of the system. The equation system is incompatible.

Lay, 1.1.12
Clara Susana Rey Abad, Oct. 29, 2013

Solve the equation system:



1 —bro +4x3 = —3
23’51 — 7(232 + 31‘3 = =2
—21’1 + T2 +7£L'3 = -1

Solution: Let us construct the augmented system matrix

1 -5 4| -3
2 =7 3|-2
—2 1 7|-1

Now, we apply row operations to solve it

1 -5 4]-3

I'o < Iy +1r3 0 -6 10| -3
-2 1 7 -1

1 -5 4] -3

rz < rz — 2ry 0 —6 10| -3

0 -9 15| -7
1 -5 4| -3

ro < ro+—3 0 -2 10/3 -1
0 -9 15| =7
1 -5 4 -3
r3<rsg—+3 0 -2 10/3 —1
0 -3 5| -7/3
1 =5 4 -3
rg¢1rg-2—rg-3 0 -2 10/3 -1
0 o0 0| -5/3
Last row represents the equation 0 = —5/3 which is non-sense and, therefore,
there is no solution of the system. The equation system is incompatible.
Lay, 1.1.13
Clara Susana Rey Abad, Oct. 30, 2013
Solve the equation system:
Ty —3r3 = 8
2x1 + 229 + 923 = 7
xo +5r3 = —2

Solution: Let us construct the augmented system matrix

1 0 -3 8
2 2 9 7
0 1 51 —2

Now, we apply row operations to solve it



1 0 -3 8

Ty <> I3 0 1 5| —2

2 2 9 7

1 0 -3 8

r3 < rg — 2r; 0 1 5| —2
0 2 15|-9

1 0 -3 8

rz < Irsg — 21‘2 0 1 5| —2
0 0 5| =5

1 0 -3 8

o < Iy — T3 0 1 0 3
0 0 5| —b

r3 <—r3+ +5 100 >
ry < r;+3r3 010 3
0 0 1|-1

Whe can deduce from the reduced echelon form that

r, = 5
T2 = 3
I3 = -1

Therefore, there is a unique solution of the system. The equation system is
compatible determinate.

Lay, 1.1.14
Clara Susana Rey Abad, Nov. 4, 2013

Solve the equation system:

2.131 — 63?3 = =8
To 4+ 2x3 = 3
3$1 + 6302 — 2933 = —4

Solution: Let us construct the augmented system matrix

2 0 —6|-8
01 2 3
3 6 —2| -4

Now, we apply row operations to solve it



1 0 3|4
r{<r;+2 0 1 2 3
3 6 -2| -4
1 0 -3|—-4
r3 < r3 — 3r; 0 1 2 3
0 6 4 8
1 0 3|4
r3r3—=+2 0 1 2 3
0 3 2 4
1 0 3|4
r3 < rg — 3ro 0 1 2 3
0 0 —4]-5
1 0 -3 -4
r3<rz—=+4 0 1 2 3
0 0 —1|-5/4
1 0 -3 —4
Iy < I's + 2r3 0 1 0 1/2
0 0 —1|-5/4
10 0f-1/4
ri < r;— 31‘3 0 1 0 1/2
0 0 —1|-5/4
10 0]-1/4
rs 13+ —1 01 0| 1/2
00 1| 5/4
Whe can deduce from the reduced echelon form that
r, = —]./4
Tro = 1/2
r3 = 5/4

Therefore, there is a unique solution of the system. The equation system is
compatible determinated.

Lay, 1.1.15
Carlos Oscar Sorzano, Aug. 31st, 2013

Determine whether the following system is consistent (do not fully solve the
system).

T —61‘2 =
i) —4333 +x4 =

—T1 +6£172 +x3 +5£E4 =
—xo +b5x3 +4ry =

O W O Ut

Solution: Let us construct the augmented system matrix

1 -6 0 0]5
0 1 -4 1|0
-1 6 1 5|3
0 -1 5 410

Now, we apply row operations to solve it



1 -6 0 0|5
rs ¢ r3+ 1y 0 1 -4 110
0 0 1 5|8
0 -1 5 410
1 0 3 012
Iyt rg 4T 01 0 -3|3
0 0 1 518
0 0 1 510
103 0] 2
Py o1 — 13 01 0 -3 3
0 0 1 5 8
000 0]-8
The system is incompatible since the last row implies the equation 0 = —8.

Lay, 1.1.16
Clara Susana Rey Abad, Nov. 4, 2013

Determine whether the following system is consistent (do not fully solve the
system).

2:61 —41}4 = -10
+3z9 +3x3 = 0

+x3 +dry = 1

73171 +21‘2 +3£l?3 +xr4s = 5

Solution: Let us construct the augmented system matrix
2 0 0 —4]-10
0 33 0 0
001 4| —1
-3 2 3 1 5

Now, we apply row operations to solve it

1 0 0 —-2|-5
. 0 3 3 0 0

ry < r;— 2 00 1 41 -1
-3 2 3 1 5

1 0 0 —-2|-5
. 0 1 1 0 0

o < Io +— 3 0 0 1 4l 1
-3 2 3 1 5

1 0 0 -2 -5

01 1 0 0

ry < ry +3r; 00 1 4 1
0 2 3 —5|-10

1 0 0 -2 =5

0 1 1 0 0

ry < rq4 — 2r9 00 1 A 1
0 0 1 —-5|-10

1 0 0 —2|-5

01 1 0 0

T4 T4— T3 001 4|-1
00 0 —-9|-9



The system is compatible since there are four equations and four leading
entries.
Lay, 1.1.17
Andrea Santos Cortés, Oct. 20th., 2014

Do the three lines 2z1 4+ 3z5 = —1, 621 + 525 = 0 and 2z1 — 5z = 7 have a
common point of intersection? Explain.
Solution: Let us construct the augmented system matrix

2 3] -1
6 5 0
2 =5 7
Now, we apply row operations to determine whether it is compatible or not
2 3|-1
rg < rg—r; 6 5 0
0 8| -8
2 31—-1
g < Iro — 31‘1 0 —4 3
0 81 —8
2 3| -1
r3 < rs + 2ro 0 —4 3
0 0f—-2

The system is incompatible and consequently the three lines do not intersect at
a common point.

Lay, 1.1.18
Carlos Oscar Sorzano, Aug. 31st, 2013

Do the three planes 2z1 + 4xs + 4x3 = 4, x5 — 223 = —2 and 2x1 + 322 =0
have at least one common point of intersection? Explain.
Solution: Let us construct the augmented system matrix

2 4 4] 4
0 1 —-2|-2
2 3 0 0

Now, we apply row operations to determine whether it is compatible or not
2 4 4] 4

rz < r3—rp 0 1 -2 -2
0 -1 —4| -4
2 4 4 4
rs < I's +1I2 01 —2|-2
0 0 —6|-6

The system is compatible determinate and consequently the three planes inter-
sect at a single point.

Lay, 1.1.25

Carlos Oscar Sorzano, Aug. 31st, 2013

Find an equation involving g, h, and k that makes this augmented matrix
correspond to a consistent system.



1 -4 T|lg
0 3 —5|h
-2 5 -9k

Solution: We apply row operations to reduce this augmented matrix

1 -4 7 g
r3 < r3+ 2r; 0 3 —5 h
0 -3 5 2g9+k

1 —4 7 g

rs <—rs+ro 0 3 =5 h

0 0 O0|29+k+h

The system is compatible only if 2g + k£ + h = 0. In this case, the system has
infinite solutions since it is compatible indeterminate.

Lay, 1.1.26

Carlos Oscar Sorzano, Aug. 31st, 2013

Suppose the system below is compatible for all possible values of f and g.
What can you say about the coefficients ¢ and d?

21 +4x0 = f
cx1+dry = g

Solution: Let us construct the augmented matrix and apply row operations to

reduce it
2 4| f
c dl|g
c 2 4 !
T2 & Tz = 3N 0 d-—2c g—%

If the system is compatible for any value of f and g, then it must be that the
coefficient d — 2¢ is different from 0 (if it were 0, then there would be combina-
tions of f and g for which the system would be incompatible).

Lay, 1.1.33

Carlos Oscar Sorzano, Aug. 31st, 2013

An important concern in the study of heat transfer is to determine the
steady-state temperature distribution of a thin-plate when the temperature
around the boundary is known. Assume the plate shown in the figure repre-
sents a cross section of a metal beam, with negligible heat flow in the direction
perpendicular to the plate. Let T, ..., Ty denote the temperatures at the four
interior nodes of the mesh in the figure. The temperature at a node is approxi-
mately equal to the average of the four nearest nodes (to the left, below, right
and above). For instance,

Ty = 3104204+ Tb + Ty)



200 20°

10° 40°

10° 40°

30° 30°

Write a system of four equations whose solution gives estimates for the temper-
atures T4, ..., Ty

Solution: The following equations express the temperatures at each node as
the average of the four surrounding nodes.

%(10 +20+To +Ty)
T2 = %(20+40+T1 +T3)
T5 = %(30+40+Tg +Ty)
Ty = 7(10 430 + Ty + T3)
We may rewrite this equation system as
T —%Tg —1T4 = 7.5
_ZTl +T2 _ZTS == 15
—%Tg +T13 _ZT4 = 175
—iTl —iTg +T, = 10

Lay, 1.2.1
Ignacio Sanchez Lopez, Jan. 12th, 2015

Determine which of the following matrices are in reduced echelon form and
which others are only in echelon form.

1 0 0 0
al0 1 0 O
00 1 1
1 01 0
b {0 1 1 0
0 0 0 1
1 0 0 0
. 01 1 0
00 0 O
0 0 0 1
1 1 0 1 1
d 02 0 2 2
00 0 3 3
00 0 0 4
Solution:

a It is in reduced echelon form.



b It is in echelon form .

¢ It is not in echelon form nor in reduced echelon form because there is a row
full of zeros above another row with elements diferent from zero .

d It is in echelon form.

Lay, 1.2.2
Carlos Oscar Sorzano, Aug. 31st, 2013

Determine which of the following matrices are in reduced echelon form and
which others are only in echelon form.

1 011

alo 1 1 1
0 0

100 0
b (o 2 0 0
00 1 1
000 0
1200
“lo o 1 0
000 1
01 1 1 1
dloo 11
0000 1
0000 0

Solution: Let’s remind the conditions to be in reduced echelon form.

1. Within each row, the first element different from zero (called the leading
entry) is in a column to the right of the leading entry of the previous row.

2. Within each column, all values below a leading entry are zero.

3. All rows without a leading entry (i.e., they only have zeros) are below all
the rows in which at least one element is not zero.

4. The leading entry of each row is 1.
5. The leading entry is the only 1 in its column.

Those matrices meeting only 1-3 are said to be in echelon form. Looking at the
matrices of the exercise.

a It is in reduced echelon.

b It is in echelon form because there is a leading entry in the second column
but it is not 1.

¢ It is not in echelon form nor in reduced echelon form because the first row is
full of zeroes, and there are rows with leading entries below.

10



d It is in echelon form because the leading entries in each row are not the only
non-zero values in their columns.

Lay, 1.2.7
Ignacio Sanchez Lopez, Jan. 14th, 2015

Find the general solution of the system whose augmented matrix is

1 3 4|7
3 9 7|6

Solution: The augmented matrix is row equivalent to
1 3 03
0 0 1|3

$1:73LE2+3
1'3:3

that represents the equations

and there is no constraint for xo Therefore, the set of solutions of the equation
system is

S = {(—3%2 + 371‘2,3) Vag € R}

Lay, 1.2.8
Carlos Oscar Sorzano, Aug. 31st, 2013

Find the general solution of the system whose augmented matrix is

1 -3 0 =5
-3 7 0 9

Solution: The augmented matrix is row equivalent to
1 0 0 4
01 0 3

1’1:4
1’2:3

That represents the equations

and there is no constraint for x3. Therefore, the set of solutions of the equation
system is

S = {(4,371'3) Vag € R}

Lay, 1.2.9
Ignacio Sanchez Lopez,Jan. 14th, 2015

Find the general solution of the system whose augmented matrix is

11



0 1 —6|5
1 -2 716

Solution: The augmented matrix is row equivalent to
1 0 5|16
01 -6 5

T = 75$3+16
T2 :6$3+5

that represents the equations

and there is no constraint for x3. Therefore, the set of solutions of the equation
system is

S = {(—5333 + 16, 6x3 + 5,.733) Vag € R}

Lay, 1.2.10
Ignacio Sanchez Lopez, Jan. 14th, 2015

Find the general solution of the system whose augmented matrix is

1 -2 —-1|3
3 -6 —-2|2

Solution: The augmented matrix is row equivalent to
1 -2 0|4
0 0 1|-7

561:2132—4
1'3:*7

that represents the equations

and there is no constraint for 5. Therefore, the set of solutions of the equation
system is

S = {(2.132 — 4,1‘2, —7) VJ?Q S R}

Lay, 1.2.11
Ignacio Sanchez Lopez, Jan. 17th, 2015

Find the general solution of the system whose augmented matrix is

3 -4 210
-9 12 —-6|0
-6 8 —410

Solution: The augmented matrix is row equivalent to

1 —4/3 2/3]0
0 0 0]0
0 0 0/0

12



That represents the equation
xr1 = 4/3332 — 2/31‘3

and there are no constraints for xs,z3. Therefore, the set of solutions of the
equation system is

S = {(4/31‘2 — 2/31‘3,%2,%‘3) V.’L‘Q,LE3 c R}

Lay, 1.2.18
Carlos Oscar Sorzano, June, 14th 201/

Determine h such that the augmented matrix

(o ) g

corresponds to a consistent linear system.
Solution: If we subtract h times the first row from the second row we get the
augmented matrix

(é 6+ 9 ;h> @

If the system must be consistent then
1. Either 6 +3h #0=h # —2, or
2. 64+3h =0 and —2 — h = 0. These two equations are satisfied by h = —2

Consequently, it does not matter the value h takes, the equation system is al-
ways consistent.

Lay, 1.2.19
Carlos Oscar Sorzano, Aug. 31st, 2013

In the following equation system

T+ haxe =2
4x1 +8x9 =k

choose values for h and k such that it has (a) no solution, (b) a unique solution,
and (c) many solutions.
Solution: The augmented matrix of the equation system is

1 h 2
4 8 k

1k 2
T —dn (g g 4 kg

Let’s reduce it

13



a If 8 —4h =2 and k — 8 # 0, then the equation system has no solution. Two
specific values are h = 3 and k = 0.

b If 8 — 4h # 2, then there is a unique solution. In particular, for h = k = 0,
the equation system has a unique solution.

c If 8—4h =2 and k — 8 = 0, there are infinite solutions. Particularly, this

happens for h = % and k = 8.

Lay, 1.2.25
Carlos Oscar Sorzano, Nov. 4th, 2014

Suppose the coefficient matrix of a system of linear equations has a pivot
position in every row. Explain why the system is consistent.
Solution: Tne only way in which a equation system is inconsistent is if there
is a row in which there is no pivot while the corresponding independent term is
not 0. If the coefficient matrix has a pivot in every row, then the system cannot
be inconsistent, and it is consistent, consequently.
Lay, 1.2.33
Carlos Oscar Sorzano, Aug. 31st, 2013

Find the interpolating polynomial p(t) = ag + a1t + ast? for the data (1,6),
(2,15), and (3,28).
Solution: We need to find ag, a; and as such that

Qg +a1(1) +a2(1)2 = 6 1 1 12 Qg 6
ap+a1(2) +ax(2)? = 15 = 1 2 22 ay = 15
ap+a1(3) +ax(3)2 = 28 1 3 32 as 28
The augmented matrix is
1 1 12]6 1 0 01
1 2 22/15 |~ 01 0][3
1 3 32|28 00 1|2

Consequently, ag = 1, a; = 3 and as = 2. The interpolating polynomial is
p(t) = 1+ 3t + 2t2

The data points as well as the polynomial are represented below

14



p(t)

35 4

Lay, 1.2.34
Carlos Oscar Sorzano, Aug. 31st, 2013

In a wind tunnel, the force on a projectile due to air resistance was measured
at different velocities:

Velocity (100 ft/s) 0 2 4 6 8 10
Force (100 1b) 0 290 148 396 743 119

Find an interpolating polynomial for these data and estimate the force on the
projectile when it is travelling at 750 ft/s. Use f(t) = ag + a1t + agt?® + ast® +
ast* + ast>. What happens if you try to use a polynomial of degree 3?
Solution: Similarly to the previous problem, the equation system is

1 0 0 0 o0t o0° ag 0

1 2 22 23 24 25 ay 2.9
1 4 42 43 44 45 az | | 148
1 6 62 62 6* 6° as |~ | 396
1 8 8 g 8t & ay 74.3
1 10 102 10® 10* 10° as 119

Its solution is
f(t) = 1.7125¢ — 1.1948t2 + 0.6615¢> — 0.0701¢* + 0.0026t°
At a velocity of 750 ft/s, the force on the projectile is

£(7.50) = 1.7125(7.50) — 1.1948(7.50)2 + 0.6615(7.50)3 — 0.0701(7.50)* +
0.0026(7.50)% = 64.6(1001b)

If we try to solve the same equation system with a polynomial of degree 3,

1 0 0% 03 0

1 2 22 23 ag 2.9
1 4 42 43 ar | | 148
1 6 62 6° az | | 396
1 8 8§ g as 74.3
1 10 10% 10° 119

15



we find that there is no solution of the equation system.

Lay, 1.3.1
Carlos Oscar Sorzano, Aug. 31st, 2013

Compute u + v with u = (;) and v = (_?)
Solution:
-1 -3 —4
wre- () (- 3)
Lay, 1.3.2

Marta Monsalve Buendia, Oct. 18th, 201}

Compute u + v and u — 2v with u = (3) and v = <_21>

Solution:

Lay, 1.3.3
Carlos Oscar Sorzano, Aug. 31st, 2013

Draw in a graph u, v, —v, —2v, u+ v, u—v, and u — 2v with u = (_21)

and v = :il%
Solution: Let’s make first all these calculations:
u = (-1 2)
v = (-3 -1
v = —(-3 -1)=(3 1)
-2v. = —2(=3 -1)=(6 2)
ut+v = (-1 2)+ (-3 —-1)=(-4 1)
u-v = (-1 2)—(-3 -1)=(2 3)
u-2v = (=1 2)-2(=3 -1)=(-1 2)+(6 2)=(5 4)

The following figure shows these vectors

16



Lay, 1.3.5
Yolanda Manrique Marcos, Dec. 17th, 2013

Write an equation system that is equivalent to the vector equation:

3 5 2
1| =2 | + 2o 0 =1|-3
8 -9 8

Solution: We may write the following equation system (in matrix form):
3 5 2
—2 0 <x1> = (-3
8 —9) \"? 8

Lay, 1.3.6

Carlos Oscar Sorzano, Aug. 31st, 2013

Write an equation system that is equivalent to the vector equation:

o (B) e (3) 1 () = )

Solution: We may write the following equation system (in matrix form):
37 =2\ (1) _ (0
-2 3 1 21— \o
xs3
Lay, 1.3.7

Carlos Oscar Sorzano, Aug. 31st, 2013

In the following figure

17



write a, b, ¢ and d as a function of u and v.
Solution:

a=u-—2v
b=2u-2v
c=2u-3.5v
c=3u—4v

Lay, 1.3.8
Marta Monsalve Buendia, Oct. 18th, 201}

In the following figure

write w, x, y and z as a function of u and v.
Solution:

w=—-u-+2v
X =—-2u+2v
y = —2u+3.5v
z = —-3u+4v

Lay, 1.3.13
Andrea Santos Cortés, Oct. 15th, 2014

18



1 -4 2 3

Let A = 0 3 5 ] and b = | =7 ). Determine if b is a linear
-2 8 -4 -3
combination of the vectors formed from the columns of the matrix A
1
Solution: The vectors that form the columns of the matrix A area; = | 0 |,
-2
—4 2
as=| 3 | andag = | 5 |. To check whether b is a linear combination of
8 —4

aj,as and a3 all we have to do is to find coefficients z1, xo, and x3 such that
r1a; + roas +x3a3 =b

or what is the same

r1 — 4$2 + 2%3 3
3xo + dx3 = -7
—2x1 + 8wy — 4x3 -3

This is an inconsistent system of equations and, consequently,
b ¢ Span{al, as, a3}
Lay, 1.3.22

Carlos Oscar Sorzano, Nov. 4th, 2014

Construct a 3 x 3 matrix A, with nonzero entries, and a vector b € R3 such
that b is not in the set spanned by the columns of A.

0 1 2 3
Solution: Let b= (0| and A= |1 2 3|. Obviously b is not in the space
1 1 2 3

spanned by the columns of A because the column space of A are all vectors of
the form (z1,z1,21).

Lay, 1.3.25
Carlos Oscar Sorzano, Aug. 31st, 2013

1 0 —4 4
Let A= 0 3 —2|andb= | 1 |. Denote the columns of A as ay,
-2 6 3 —4

ag, and agz, and let W = Span{a;, as, as}

a Is b in {a;,as, a3}? How many vector are in {a;,as,a3}?
b Is b in W? How many vectors are in W7

¢ Show that a; is in W.

Solution:

a No, b is not equal to any of the columns of A. In {a;,as,as} there are only
3 vectors.

19



b In W there are infinite vectors. To check whether b is in W all we have to
do is to find coefficients x1, x2, and x3 such that

T1a; + Toas +x3a3 = b

or what is the same

T, — 4%2 4
3$2 - 21’3 = 1
—2x1 + 629 + 323 —4
Solving the equation system we find: z1 = —4, zo = —1, z3 = =2, i.e.
1 0 —4 4
b=—-4a; —a;—2a3=—4| 0 | —[3]-2[(-2]=]|1
-2 6 3 —4

and, consequently, b € Span{a;, as, as}.

¢ It is enough to observe that

a; = la; + Oay + Oag

Lay, 1.3.27
Carlos Oscar Sorzano, Aug. 31st, 2013

A mining company has two mines. One’s day operation at mine #1 produces
ore that contains 30 metric tons of copper and 600 kg of silver, while one day’s
operation at mine #2 produces ore that containes 4 metric tones of copper and

380 kg of silver. Let vi = < 63000 and vy = 34800

the output per day at mines #1 and #2, respectively.

. Then, v; and v, represent

a What physical interpretation can be given to the vector 5v7

b Suppose the company operates mine #1 for x; days, and mine #2 for o
days. Write a vector equation whose solution gives the number of days each
mine should operate in order to produce 240 tons of copper and 2824 kg of
silver.

¢ Solve the previous equation
Solution:
a bvy is the production of copper and silver of mine #1 after 5 days of operation.

b The vector equation sought is

240
LIV + T2Va = (2824)

or what is the same

20



30x1 + 40xo _ 240
600z1 + 380z ) — \ 2824
¢ The solution of this equation is 1 = 1.7270 and x5 = 4.7048, as can be easily
checked

30-1.7270 +40-4.7048 \ [ 240
600 - 1.7270 + 380 - 4.7048 ) — \ 2824

Lay, 1.3.29
Carlos Oscar Sorzano, Aug. 31st, 2013

Let vq, Vg, ..., v be points in R3 and suppose that for j = 1,2,....k an
object of mass m; is located at point v;. Physicists call such objects as point
masses. The total mass of the system of point masses is

m=mi+mgo+ ...+ mg
The center of gravity (or center of mass) of the system is:
V= %(mlvl + mavy + ... + MpVg)

Compute the center of mass of the system consisting of the following point
masses (see figure):

Point Mass
v =(2,-2.4) 4g
v =(—4.2.3) 2g
vy = (4,0,-2) jg
vy = (1.-6.0) 5g

Solution: Let us calculate the total mass
m=mi+mo+mz+myg=4+2+3+5=14¢g
Now, the center of mass

—_ 1
V = -(m1vi +mava +mavz +myvy) =
2

—4 4 1 171{
Lal-2|+2( 2 |+3l0|+5(-6]|=(-%
4 3 -2 0 g

21



Lay, 1.3.31
Carlos Oscar Sorzano, Aug. 31st, 2013

A thin triangular, metal plate of uniform density and thickness has vertices
vi =(0,1), vo = (8,1), and v3 = (2,4)

Metal Plate

and the mass of the plate is 3g.

a Find the (z,y)-coordinates of the center of mass of the plate. This “balanced
point” of the plate coincides with the center of mass of a system consisting of
three 1-gram point masses located at the vertices of the plate.

b Determine how to distribute an additional mass of 6g at the three vertices to
move the balance point of the plate to (2,2).

Solution:

a Let us calculate the total mass
m=mp+mg+ms=14+1+1=3¢g

Now, the center of mass

vV = L(mivi + move + mgvs) = 1 (1 ((1)> +1 (éi) 1 (i)> B (1%0)

b If we now want to shift the center of masses, let us define as wq, wy and ws
the masses to be added to each one of the vertices, with the constraint

wy + wo + w3 =6
The new center of masses will be

V = 5 ((my + wi)vi + (ma + wa)va + (m3 + w3)vs) =

()= G« () = ()

which gives us the equation system

w1 + w2 +w3 = 6
8wy 4+ 2w3 = 8
wy +we +4wg = 12
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whose solution is w; = 3.5g, we = 0.5g, w3 = 2g.

Lay, 1.4.13
Carlos Oscar Sorzano, Aug. 31st, 2013

3 =5
Let u = (0,4,4) and A= [ -2 6 |. Is u in the plane spanned by the
1 1
columns of A? Why or why not?
*u?
Plane spanned by
2 eu? the columns of A

.
Where is u?

Solution: We need to solve the vector equation
u = cja; + cea2

or what is the same, the equation system represented by the augmented matrix
below

3 =50 3 -5
-2 6|4 |~[0 3
1 114 0 0f0
The system is compatible determinate, meaning that there exist ¢; and c3 so that
the vector equation is satisfied and, therefore, u belongs to the plane spanned
by the columns of A.
Lay, 1.4.18
Carlos Oscar Sorzano, Aug. 31st, 2013

1 4 1 2
01 3 4 . .
Let B = 02 6 Can every row of R* be written as a linear

7
2 9 5 -7

combination of the columns of B? Do the columns of B span R3?

Solution: Let’s see if every column of B has a pivot element. For doing so, we

will compute a row-equivalent matrix by applying row elementary operations:

1 41 2
0 1 3 —4
B~1o 0 0 15
000 0

Not all the columns have a pivot element, for instance, column 3 has not, there-
fore, the columns of B cannot spane R*. The columns of B do not span R?
because they are vectors of R* and not vectors of R3.

Lay, 1.4.26
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Carlos Oscar Sorzano, Aug. 31st, 2013

7 3 5
Letu=[2]|,v=|1],andw = [ 1]. It can be shown that 2u—3v—w =
5 3 1

0. Use this fact (and no row operations) to find x; and xzs that satisfy the
equation:

Solution: We note that the first column of the matrix in the system equa-
tion is u, the second column is v and the vector of independent terms is w.
Consequently, the equation system is trying to find z; and zo such that

iU+ oV =W
Comparing this equation with the fact of the statement
2u-—3v—-w=0=2u—-3v=w

we deduce that z1 = 2 and zo = —3.

Lay, 1.4.27
Carlos Oscar Sorzano, Aug. 31st, 2013

Rewrite the (numerical) matrix equation below in symbolic form as a vector
equation, using vy, va, ... for the vectors and ¢y, ca, ... for scalars. Define what
each symbol represents using the data given in the matrix equation.

Solution: Let us define v; as the first column of the matrix (i.e., vi = <_3));

5
3 ), ..
coefficient in the vector in the left-hand side of the equation (¢; = —3), ¢3 as
the second coefficient (¢ = 1), ...

vy as the second column (vy = Let us also define ¢; as the first

11
C1V1 + CoVa + ... + C5V5 = <_11)

Lay, 1.4.32
Carlos Oscar Sorzano, Aug. 31st, 2013

Could a set of 3 vectors in R* span all of R*? Explain. What about n vectors
in R™ when n is less than m?
Solution: None of the two situations is possible. To span all R* one need at
least 4 vectors (in fact it is enough with 4 linearly independent vectors). The
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same happens with R™, one needs at least m vectors. Any smaller number of
vectors cannot fully span R™.

Lay, 1.4.35

Carlos Oscar Sorzano, Aug. 31st, 2013

Let A be a 5 x 3 matrix, let y be a vector in R3, and let z be a vector in R°.
Suppose Ay = z. What fact allows you to conclude that the system Ax = 5z is
consistent?

Solution: If Ay = z, then multiplying the equation by 5 we get

5(Ay) = bz

Using the properties of scalar, matrix and vector multiplications, we may rear-
range the equation as

A(by) = bz
Now, simply calling x = 5y we get the equation proposed in the problem:
Ax = bz

whose solution is obviously x = 5y.

Lay, 1.4.37
Sarah Rance Lopez, Jan. 12th, 2015

Determine if the columns of the following matrix span all R*

7 2 -5 8
-5 -3 4 -9
A= 6 10 -2 7
-7 9 2 15
Solution: By applying row operations we reach
7 2 -5 8
0 —-11 3 -23
0 O 50 —189
0 O 0 0

AN

This latter matrix has 3 pivot columns (1, 2, 3), therefore, it does not span
R*.

Lay, 1.4.38

Sarah Rance Lopez, Jan. 12th, 2015

Determine if the columns of the following matrix span all R*

4 -5 -1 8
3 =7 —4 2
A= 5 —6 -1 4
9 1 10 7

Solution: By applying row operations we reach

4 -5 -1 8

A 0 -1 -1 24
0 0 72 1084
0 O 0 328
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This latter matrix has 4 pivot columns, therefore, it spans R%.

Lay, 1.4.39
Carlos Oscar Sorzano, Aug. 31st, 2013

Determine if the columns of the following matrix span all R*

10 -7 1 4 6
-8 4 -6 -10 -3
-7 1 -5 -1 =8
3 -1 10 12 12

A:

Solution: By applying row operations we reach

10 -7 1 4 6
A~ 0 -16 —5.2 —6.8 1.8

0 0 —24.125 —24.125 3.0625

0 0 0 0 12.215

This latter matrix has 4 pivot columns (1, 2, 3 and 5), therefore, it spans
R4,

Lay, 1.4.40

Sarah Rance Lopez, Jan. 12th 2015

Determine if the columns of the following matrix span all R*

5 11 -6 -7 12
-7 -3 -4 6 -9
11 5 6 -9 -3
-3 4 7 2 7

A=

Solution: By applying row operations we reach

5 11 -6 -7 12
0 1 -087 -03 0.02
0 0 -1 =099 -0.77
0 0 0 —-0.6 0.07

A~

This latter matrix has 4 pivot columns (1, 2, 3 and 4), therefore, it spans R*.

Lay, 1.5.7
Sarah Rance Lopez,Jan. 12th, 2015

Describe all solutions of Ax = 0 where A is row equivalent to

13 -3 7
B_<014 5)

Solution: Last equation implies that x5 = 4x3—5x4. The first equation implies

T1 = —3To + 3x3 — Txy
Tog = 4.133 — 5334

Considering the last equation we may simplify the first equation:

x1 = —3(4x3 — bxy) + 3x3 — Txy = —923 + 824
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Gathering all this information we deduce that the general solution of Ax = 0 is

*9.%3 + 8564
X = dxg = 524 Vs, zg € R
T3

L4

Note that the free variables (x3, x4) are the non-pivot columns in matrix B.

Lay, 1.5.10
Ignacio Sanchez Lopez, Jan. 12th, 2015

Describe all solutions of Ax = 0 where A is row equivalent to
1 3 0 —4
b= (2 6 0 8 )

Solution: We can clearly see that row 1 and row to are equivalents(row 2 is 2
times row 1), and we can easily deduce

T1 = —3xo + 4x4

Gathering all this information we deduce that the general solution of Ax = 0
is
-3z + 4y
X = T2 Vg, x3,24 € R
Zs3
T4

Note that the free variables (x2,x3,x4) are the non-pivot columns in matrix
B.

Lay, 1.5.11

Carlos Oscar Sorzano, Aug. 31st, 2013

Describe all solutions of Ax = 0 where A is row equivalent to

1 -4 -2 0 3 -5
0 0 1 0 0 -1
B= 0 O 0 01 —4
0 O 0 00 O

Solution: Last equation implies that x5 —4x¢ = 0 or what is the same x5 = 4x¢.
Similarly, the first three equations imply

Tr1 = 41‘2 + 2I3 - 3.’,E5 + 5566
I3 = Tg
Iy = 4.’E6

Considering the last two equations we may simplify the first equation:
T = 41’2 + 2556 - 3(4%6) + 5.’E6 = 41’2 - 5556

Gathering all this information we deduce that the general solution of Ax = 0 is
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41‘2 — 5176

X = Vo, x4,26 € R

Note that the free variables (x2,x4,x¢) are the non-pivot columns in matrix
B.

Lay, 1.5.12

Sarah Rance Lopez,Jan. 12th, 2015

Describe all solutions of Ax = 0 where A is row equivalent to

1 -2 3 -6 5 0
0 0 0 1 4 -6
o 0 0 0 0 1
o 0 0 0 0 O

B =

Solution: We can further reduce the system matrix to

1 -2 3 0 29 0
0 0 01 4 0
B = 0 0 00 0 1
0 0 00 0 O

This set of equations can be rewritten as

ry = 21’2 - 31’3 - 29%5
Ty = —dxs
Tg — 0

Gathering all this information we deduce that the general solution of Ax = 0 is

2$2 - 3.’23 - 291‘5
T2
T3
X = Ay Vg, 23,25 € R
x5
0

Note that the free variables (z2,x3,x5) are the non-pivot columns in matrix
B.

Lay, 1.5.13

Carlos Oscar Sorzano, Aug. 31st, 2013

Suppose the solution set of a certain system of linear equations can be de-
scribed as 1 = 5 + 4x3, xo = —2 — Tx3, with z3 free. Use vectors to describe
this set as a line in R3.

Solution: The general solution of the system of linear equations is

5 +4£L’3 5 4
Xx=|-2—-Txs| =-2| +ax3| -7
I3 0 1
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This is a line that passes through the point xg = (5, —2,0) and whose direction
vector is (4,—7,1).

Lay, 1.5.14

Sarah Rance Lopez, Jan 12th, 2015

Suppose the solution set of a certain system of linear equations can be de-
scribed as 1 = 5xy4, xo = 3 — 224, x3 = 2 + bxy with x4 free. Use vectors to
describe this set as a “line” in R3.

Solution: The general solution of the system of linear equations is

524 0 5

X — 3— 2.1’4 _ 3 s —2
2+ 514 2 o
Ty 0 1

This is a line that passes through the point xo = (0, 3,2,0) and whose direction
vector is (5,—2,5,1).

Lay, 1.5.19

Carlos Oscar Sorzano, Aug. 31st, 2013

Determine the parametric equation of the line through a = (—2,0) and
parallel to b = (-5, 3).
Solution: The requested line can be expressed as a function of a free parameter

teR
-2 -5 —2— 5t
s (3)(3)- (47
Lay, 1.5.21
Carlos Oscar Sorzano, Aug. 31st, 2013

Determine the parametric equation of the line M through p = (3,—3) and
q=(4,1).
Solution: In the following figure, we show how the direction vector of the
requested line is q — p (or p — q).

«+4-P

_p.

X

The requested line can be expressed as a function of a free parameter t € R

o pesan = ()0 (- (3) = (3) ()
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Note that this line is at p for t = 0 and at q for ¢ = 1.
Lay, 1.5.25
Carlos Oscar Sorzano, Aug. 31st, 2013

a Suppose p is a solution of Ax = b, so that Ap = b. Let v, be any solution
of the homogeneous equation Avy, = 0 and let w = p + v;,. Show that w is
a solution of Ax = b.

b Let w be a any solution of Ax = b, and define v;, = w — p. Show that v
is a solution of Ax = 0. This shows that every solution of Ax = b has the
form w = p 4+ v;, with p a particular solution of Ax = b and v, a solution of
Ax = 0.

Solution:

a Let us check whether Aw =b

Aw = A(p+vy) By definition of w
= Ap+ Avy, By distributivy of matrix product
= b+0 By definition of p and vy,
= b Because 0 is the neutral of vector addition

b By definition of w and p we have

Aw =D
Ap=Db

If we subtract both equations, we obtain

Aw —Ap=b—-Db
Alw—-p)=0

Taking into account that v, = w — p, this means
AVh =0

As required by the exercise, we have proven that v, is a solution of the
equation Ax = 0.

Lay, 1.5.26
Carlos Oscar Sorzano, Aug. 31st, 2013

Suppose A is the 3 x 3 zero matrix. Describe the solution set of the equation
Ax =0
Solution: The set of solutions is S = R? since for any vector x € R? we have

0 0O T1 0
Ax=10 0 O zo |l =(0] =0
0 0 O T3 0
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Lay, 1.5.36
Carlos Oscar Sorzano, Aug. 31st, 2013

3 =2
Given A= | —6 4 |, find one nontrivial solution of the equation Ax = 0
12 -8

Solution: We note that the second and third rows of A are multiples of the
first one. So any solution of the form (given by the first row)

31}1 —2.1’2 =0

is a solution. In particular 1 = 2 and x5 = 3 is a solution. We can check that

3 -2 6 —6 0
21-6)+3( 4 | =(-12|+] 12 | ={0
12 —8 24 —24 0

Lay, 1.5.39
Carlos Oscar Sorzano, Aug. 31st, 2013

Let A be a m x n matrix, and let v and w be vectors with the property
that Av = 0 and Aw = 0. Explain why A(v +w) = 0. Then, explain why
A(ev + dw) = 0 for each pair of scalars ¢ and d.

Solution: We know that

Av =0
Aw =0
Adding both equations
Alv+w)=0

As stated by the problem. For showing that A(cv + dw) = 0 we may follow a
different strategy

A(ev+dw) = A(ev) + A(dw) By distributivity of matrix multiplication
¢(Av) + d(Aw) By scalar product property of matrix multiplication
= ¢(0)+d(0) By definition of v and w
=0
Lay, 1.6.5

Carlos Oscar Sorzano, Aug. 31st, 2013

An economy has four sectors: Agriculture, Manufacturing, Services and
Transportation. Agriculture sells 20% of its output to Manufacturing, 30%
to Services, 30% to Transportation, and retains the rest. Manufacturing sells
35% of its output to Agriculture, 35% to Services, 20% to Transportation, and
retains the rest. Services sells 10% of its output to Agriculture, 20% to Man-
ufacturing, 20% to Transportation, and retains the rest. Transportation sells
20% of its output to Agriculture, 30% to Manufacturing, 20% to Services and
retains the rest.
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a. Construct the exchange table of this economy.

b. Find a set of equilibrium prices for the economy if the value of Transportation
is $10,00 per unit.

c. The Services sector launches a successful “eat farm fresh” campaign, and
increases its share of the output from the Agricultural sector to 40%, whereas
the share of the Agricultural production going to Manufacturing falls to 10%.
Construct the exchange table for this new economy.

d. Find a set of equilibrium prices for this new economy if the value of Trans-
portation is still $10,00 per unit. What effect has the “eat farm fresh” cam-
paign had on the equilibrium prices for the sectors of this economy?

Solution:

a. The exchange matrix is given by

0.20 0.20 0.30 0.30
jo 0.35 0.10 0.25 0.20
0.10 0.20 0.50 0.20
0.20 0.30 0.20 0.30

First row implies that the output of Agriculture is sold 20% to Agriculture,
20% to Manufacturing, 30% to Services and 30% to Transportation.

b. In equilibrium the expenses of any of the sectors are equal to its incomes. If
we construct the vector of sector values v, we may express this relationship as

v=Ev=(I-E)v=0

Expanding the different elements

The solution of this homogeneous system is

1 0 00 0.20 0.20 0.30 0.30 VA 0
01 00 0.35 0.10 0.35 0.20 v | |0
0 01 0] 010 020 0.50 0.20 vs | |0
0 0 01 0.20 0.30 0.20 0.30 vr 0
0.80 -0.20 -0.30 —-0.30|0 1 0 0 —-1]0
—0.35 0.90 -035 —-0.20|0 01 0 —-1/0
—0.10 —0.20 050 —020(0 || 0 0 1 —1]0
-0.20 -0.30 -0.20 0700 000 0]0

va=vpy =vs =vpr Yur €R

In particular, since the problem states that vy = 10, we have vy = vy =
Vg = vr = 10.

c. The new exchange table is
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0.20 0.10 0.40 0.30
0.35 0.10 0.25 0.20
0.10 0.20 0.50 0.20
0.20 0.30 0.20 0.30

d. The new augmented matrix is

0.80 -0.10 -0.40 -0.30|0 1 0 0 =10
—0.35 0.90 -0.35 —-0.20|0 01 0 —-1/0
—0.10 —0.20 050 —020(0 || 0 0 1 —1]0
-0.20 -0.30 -0.20 0700 00 0 0]0

Again the solution is
va=vpy =vs =vpr Yor €R

So, the campaign has had no effect on the different prices.

Lay, 1.6.7
Carlos Oscar Sorzano, Aug. 31st, 2013

Alka-Seltzer contains sodium bicarbonate (NaHCOj3) and citric acid (H3CgH507).
When a tablet is dissolved in water, the following reaction produces sodium cit-
rate, water and carbon dioxide (gas):

NaHCO3 + H3CsH507 — NasCgHs07 + Ho0 + COo

Balance this chemical equation.
Solution: Let’s assign a number of molecules to each one of the compounds

r1NaHCO3 + 2o H3CsH507 — x3NazCsHsO7 + 14 H20 + x5CO4

Now let’s count the number of atoms of each kind

Na: .1312333‘3
H: T1 + 39 + Do = Hxg + 224
C: 1’1+61’2:6.’E3+.’E5

O: 321+ Txg = Tws + x4 + 225

The augmented matrix of this equation system is

1 0 -3 0 010 1 0 00 —-110
1 8 -5 —2 00N0100—%0
1 6 —6 0 —-11]0 0 01 0 -3 0
3 7 -7 -1 =210 0O 001 —-110
Letting x5 = 3, we have v1 = x5 = 3, x5 = %x5 =1,x3 = %Ig) =1,x4 = x5 = 3.

Finally, the balanced chemical reaction is

3NaHCOs + H3CeH507 — Na3sCgHs07 + 3H20 + 3CO4
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Lay, 1.6.12
Carlos Oscar Sorzano, Aug. 31st, 2013

Find the general flow pattern of the network shown in the figure. Assuming
that the flows are all nonnegative, what is the smallest possible value for z47

—> 100

Solution: To analyze this network we note that at each node the inputs must
be equal to its outputs. Consequently:

A x4+ z4=29
B x5 =23+ 100
C 3+ 80 = x4

The augmented matrix of this equation system is

1 -1 0 1 0 100 0 20
0 1 -1 0100 |~ 0 1 0 -1 20
0 0 1 —-1]-80 0 0 -1 ] —80

—

The general solution of this equation system is
(z1, 22, 73, 74) = (20,20 + 24, —80 + x4, 4)

If all flows must be nonnegative, 4 must be at least 80, because otherwise, x3
would be negative.

Lay, 1.7.9
Carlos Oscar Sorzano, Aug. 31st, 2013
1 -3 5
Given the vectors vi = | =3 |, va=| 9 |, and v3 = | =7 |. For which
2 —6 h

value of h is the set S = {vy1,va,vs} linearly dependent.
Solution: We need to solve the vector equation

T1Vy1 + X2Vy + X3Vy = 0

and find a non-trivial solution. The augmented matrix of this equation system
is

1 -3 5|0 1 -3 5|0
-3 9 —-7/0 |~ 0 0 8|0
2 =6 h|O 0 0 0|0

This equation system is compatible indeterminate for any value of h, meaning
that the set of vectors is linearly dependent disregarding the value of h. This is
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because vo = —3v;.
Lay, 1.7.39
Carlos Oscar Sorzano, Aug. 31st, 2013

Suppose A is a m xn matrix with the property that for all b in R™, the equa-

tion Ax = b has at most one solution. Use the definition of linear independence
to explain why the columns of A must be linearly independent.
Solution: If Ax = b has at most one solution for all b, then in particular for
b = 0, the equation Ax = 0 has at most one solution. But we already know
that x = 0 is a solution (the trivial solution). So it must be its only solution.
Let us refer to the columns of A as a; (i = 1,2,...,n). The equation Ax = 0
can be rewritten as

r1a1 +x2as + ...+ x,a, =0

Because the trivial solution is its only solution, then the set of column vectors
of A is linearly independent.

Lay, 1.7.40
Carlos Oscar Sorzano, Aug. 31st, 2013

Suppose an m X n matrix has n pivot columns. Explain why for each b € R™

the equation Ax = b has at most one solution. [Hint: Explain why Ax = b
cannot have infinitely many solutions.
Solution: In order to have infinite solutions, we need to have free variables that
correspond to non-pivot columns of the matrix A. If A has n pivot columns,
then there are no free variables, and there cannot be an infinite number of
solutions.

Lay, 1.8.23
Carlos Oscar Sorzano, Aug. 31st, 2013

Define f: R — R by f(x) = mz + 0.
a. Show that f is a linear transformation when b = 0.
b. Find a property of linear transformations that is violated when b £ 0.
c. Why is f called a linear function?
Solution:

a. We need to show that V1,20 € R, Ve € R

o f(z1+mx2) = f(z1) + f(x2)

In this particular case:
flz1 +z2) = m(z1 + z2) = maxr + mae = f(z1) + f(x2)
o f(cxy) =cf(x1)

In this particular case:

flexr) = m(exy) = e(may) = ef (x1)
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b. When b # 0 none of the two properties is fulfilled. Let’s see an example with
the second one:

flexy) = m(exy) + b= cmay + b # emay + cb = ¢(may +b) = cf (x1)

c. fis called a linear function because its graph (x, f(z)) is a line the 2D plane.
However, to be a linear transformation the line needs to pass through the
origin. If b # 0 the line defined by f does not pass through the origin.

Lay, 1.8.25
Carlos Oscar Sorzano, Aug. 31st, 2013

Given v # 0 and p in R™, the line through p in the direction of v has the
parametric equation x = p+tv. Show that a linear transformation 7' : R® — R"
maps this line onto another line or onto a single point (a degenerate line).
Solution: Let’s define y = T'(x) and check whether it is a line or not:

y = T(x) By definition of x
= T(p+tv) By linearity of T'
— T(p)+T(w)

If T(v) # 0, then y describes a line that goes through T'(p) in the direction of
T(v). If T(v) =0, then y is a single point.

Lay, 1.8.26

Carlos Oscar Sorzano, Aug. 31st, 2013

a. Show that the line through the vectors p and q in R™ may be written in
parametric form as x = (1 — ¢)p + tq.

b. The line segment from p to q is the set of points of the form (1—t)p+tq with
0 <t <1 (as shown in the figure below). Show that a linear transformation
maps this line segment onto a line segment or onto a single point.

Solution:

a. It is obvious that the line x = (1 —t)p +tq goes through p (substitute ¢ = 0)
and by q (substitute ¢t = 1). We need to show that the locus of all these
points is a line. To do so we rewrite it as

x=(l-t)p+ta=p+t(qa-p)
that is the parametric form of a line.

b. If we transform the points in the segment y = T'(x) we have

y = T(x) By definition of x
= T(p+tla—p)) By linearity of T’
= T(p)+tT(qa—p) By linearity of T
= T(p)+tT(q) — tT(p)

= (1-0)T(p) +tT(q)
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If T(q — p) # 0, then y describes a line that goes through T(p) in the
direction of T(q — p). If T(q — p) = 0, then y is a single point.

Lay, 1.8.30
Carlos Oscar Sorzano, Aug. 31st, 2013

Suppose vectors vi, Vg, ..., v, span R", and let 7" : R” — R" be a linear
transformation. Suppose T'(v;) = 0 for i = 1,2, ...,p. Show that T is the zero
transformation. That is, show that if x is any vector in R™, then T(x) =0
Solution: If vy, va, ..., v;, span R”, then any vector x € R™ can be expressed
as a linear combination of v;’s:

X =cC1V] + vy + ... + CpVp

Applying the transformation T' to x we get

T(x) = T(c1vi+cava+ ...+ cpvy) By definition of x
= aT(v1)+cT(va2)+ ...+ ¢,T(v,) By linearity of T
= 10+ c0+...4+¢,0 As stated by the problem
=0

Lay, 1.8.34
Carlos Oscar Sorzano, Aug. 31st, 2013

Let T : R3 — R3 be the transformation that reflects each vector x =
(21,29, 23) through the plane x3 = 0 onto T(x) = (z1,x2,—x3). Show that
T is a linear transformation.

Solution: We need to show that Vu,v € R?, Ve € R

o flutv)=f(u)+f(v)

In this particular case:

T(u+v)=T((ur + v1,us + v, uz +v3)) = (u1 + v1, us + va, —usz — v3)
On the other hand:

T(u)+T(v) = (uy,us, —us) + (v1, ve, —v3) = (ug + v1,us + v2, —uz — v3)

which are obviously equal.

e T'(cu) =cT'(u)
In this particular case:

T(cu) = T((cuq, cusg, cuz)) = (cuy, cus, —cuz) = c(uy, uz, —us) = c¢I'(u)
Lay, 1.9.1
Carlos Oscar Sorzano, Aug. 31st, 2013
Find the standard matrix of T : R? — R*, when T(e;) = (3,1,3,1) and

T(e2) = (—5,2,0,0) where e; = (1,0) and e3 = (0, 1).
Solution: The standard matrix of T is
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A= (T(el) T(eg)) =

— W = W
S O N

Lay, 1.9.2
Yolanda Manrique Marcos, December 17th, 2013

Find the standard matrix of T : R® — R?, when T(e;) = (1,4), T(e2) =
(—2,9) and T'(e3) = (3,—8) where ej,e; and e are the columns of the 3 x 3
identity matrix.

Solution: The standard matrix of T is

A= (T(e1) T(e2) T(e:’»))@ _92 —38)

Lay, 1.9.3
Carlos Oscar Sorzano, Aug. 31st, 2013

Find the standard matrix of T : R? — R?, when T is a vertical shear that
maps e; into e; — 3eq, but leaves e; unchanged.
Solution: The standard matrix of T is

A= (T(er) T(ez)) = (13 (1)>

Lay, 1.9.7
Carlos Oscar Sorzano, Nov. jth, 201/
T : R? — R? first rotates points through —?{f radians (clockwise) and then

reflects points through the horizontal x;-axis.
Solution: Let us construct a matrix of the form

A= (T(el) T(eg))

1

After rotating the vector e; = <O

sh-sk-

) by —?jf, the vector becomes (

2).vave
).Ifwe

_ L
reflect through the z;-axis, we have T'(e;) = < iﬁ)
V2

sl

Doing the same with ey = (?) by —%’T, the vector becomes <

1
reflect through the zq-axis, we have T'(e2) = (@)

Finally, the transformation matrix becomes

1
A= (T(er1) Tles)) = ( V2
.

N [V}
ety
~——

Lay, 1.9.17
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Carlos Oscar Sorzano, Aug. 31st, 2013

Let T(x1, 22, x3,24) = (21 + 22,0,229 + 24,22 — 24). Show that T is a
linear transformation by finding a matrix that implements the mapping.
Solution: If we define x = (z1, x2, x5, 24), then we may define T as

1 2 0 O 1
00 0 O T2
02 0 1 T3
01 0 -1 T4

T(x) =

Since this transformation is a matrix transformation of the form T'(x) = Ax,
then it is a linear transformation.

Lay, 1.9.23
Carlos Oscar Sorzano, Nov. 11th, 2013

For each of the following statements determine if they are True or False.
Justify your answer.

1. A linear transformation 7' : R™ — R™ is completely determined by its
effect on the columns of the matrix n x n identity matrix.

2. If T : R2 — R? rotates vectors about the origin through an angle ¢, then
T is a linear transformation.

3. When two linear transformations are performed one after another, the
combined effect may not always be a linear transformation.

4. A mapping T : R™ — R™ is onto R™ if every vector x in R™ maps onto
some vector in R™.

5. If Ais a 3 x 2 matrix, then the transformation x — Ax cannot be one-to-
one.

Solution:

1. True. Since the columns of I,, are a basis of R™, then any vector in R"
can be expressed as:

X =T1€1 + ... + T, X,
Since T is a linear transformation, then
T(x) =T(x1€1+ ... + xpeyn) = 21T (€1) + ... + 2, T(ey)

That is, to calculate T'(x) we only need to know how to transform the
columns of the identity matrix of size n x n.

2. True. As shown in Example 1.9.3, such a rotating transformation can be

expressed as
T(x) = (Z°§§f£§ 225&?) @;)
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That is, it is of the form T'(x) = Ax, that is a linear transformation.

3. False. The composition of two linear transformations is also a linear trans-
formation as shown below:
Let T} : R — R™ and T, : R™ — RP be two linear transformations, and
Ty2 : R™ — R? be defined as (T; o Th)(x) = T2(T1 (%))

e We need to show that for all u,v € R, it is verified that Ti2(u+v) =
T12(u) + T12(V)

T12 (ll + V) = T2 (Tl (ll + V)) By definition
= To(Ti(u) 4+ Ti(v)) T) is a linear transformation
= Ty(Ti(u)) + To(T1(v)) T3 is a linear transformation
= le(u) + T12(V) By definition

4. False. For instance the mapping T : R?> — R3 given by T'(z1,72) =
(71, 22,0) produces a vector in R? for every vector in R?. However, the
transformation is not onto R® because there are vectors in this space that
are not coming from any input vector (for instance, the vector (0,0, 1) is
not the image of any of the vectors in R?).

10
5. False. Consider the matrix A= | 0 1 |. The transformation 7 is, then,
0 0

defined as T'(z1, z2) = (x1,22,0). Let us analyze how many input vectors
map onto each vector y in R3. For doing so, let us analyze the equation
system Ax =y

1 0w
0 1 Y2
0 0 Y3

This equation system has no solution if y3 # 0, and a unique solution
if y3 = 0 (the unique solution is 1 = y; and x2 = ys). Therefore, the
transformation is one-to-one.

Lay, 1.9.33
Carlos Oscar Sorzano, Aug. 31st, 2013

Let T : R® — R™ be a linear transformation. Then, there exists a unique
matrix A such that

T(x) = Ax
In fact,
A= (T(e1) T(es) .. T(en))

where e; is the i-th column of the n x n identity matrix. Show that A is unique.
Solution: Let us assume A is not unique. That is, there exists another matrix
A’ # A such that Vx € R”
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T(x) = A'x
If we now subtract the two equations (T'(x) = Ax and T'(x) = A’x), we have

T(x)—T(x) = Ax — A'x
0=(A-Ax

If this is true for all x is because A — A’ = 0, or what is the same, A = A’. But
this is a contradiction with our hypothesis that A # A’ and, consequently A is
unique.

Lay, 1.9.34

Carlos Oscar Sorzano, Aug. 31st, 2013

Let S : R?P - R™ and T : R" — R be linear transformations. Show that
the mapping x — T'(S(x)) is a linear transformation from R? to R™.
Solution: We need to show that Vx;,x5 € R, Ve € R

o T(S(1 +x2)) = T(S(x1)) + T(S(x2))

T(S(x1+x2)) = T(S(x1)+ S(x2)) Because S is linear
= T(S(x1)) +T(S(x2)) Because T is linear

o T(S(ex1)) =T (S(x1))

T(S(ex1)) = T(cS(x1)) Because S is linear
= T'(S(x1)) Because T is linear

Lay, 1.9.37
Carlos Oscar Sorzano, Aug. 31st, 2013

Let T be a linear transformation whose standard matrix is given by A =
-5 6 -5 6
8 3 —3 8 |.IsT aone-to-one transformation?
2 9 5 -12
Solution: The standard matrix is row-equivalent to

1 0 0 038
01 0 -0.32
00 1 -197

The transformation is not one-to-one (injective) because the columns of the
standard matrix are not linearly independent (the fourth column can be ex-
pressed as 0.38a; — 0.32a, — 1.97a3).

Lay, 1.9.39

Carlos Oscar Sorzano, Aug. 31st, 2013

Let T be a linear transformation whose standard matrix is given by

4 =7 3 7 )
6 -8 5 12 =8
A=|-7 10 -8 -9 14
3 -5 4 2 -6
-5 6 -6 -7 3
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Does T map R® onto R®?
Solution: The standard matrix is row-equivalent to

100 5 0
010 1 0O
0 01 =20
0 00 0 1
000 0 O

The transformation is not onto because there are only 4 pivot columns, i.e., only
4 linearly independent vectors and we need 5 to span R°.

Lay, 1.Suppl.3
Carlos Oscar Sorzano, Jan. 19th 2015

The solutions (z,y, z) of a single linear equation
ar+by+cz=d

form a plane in R? when a, b and ¢ are not all zero. Construct sets of three
linear equations whose graphs (a) intersect in a single line, (b) intersect in a
single point, and (c) have no points in common. Typical graphs are illustrated
in the figure.

Three planes intersecting Three planes intersecting
in a line in a point
(a) (b)
|
L
|
Three planes with no Three planes with no
intersection intersection
() (¢

Solution: The following equation systems show an example of each one of the
situations.

Case a:

—y+2z = 0 0 -1 10 0 -1 110

y+2 = 0 =0 1 1|0 |~[0 0 1|0 |=y=2=0
z = 0 0O 0 110 0O 0 O01f0
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Any vector of the form (z,0, 0) is solution of the equation system. Since the set
of solutions
S ={(x,0,0) VxeR}
is defined by a single free variable, the set of solutions is a straight line.
Case b:

x = 0 1 0 010
y = 0=(01 0|0 |=22x=y=2=0
z =0 0 0 1]0
The only solution of the equation system is the point (0,0, 0).
Case c:
—-y+z =1 0 -1 1|1 0 -1 1] 1
y+z = 1 =10 1 1|1 |~ 0 0 1|1
z = 0 0 0 1]0 0 0 0]-1
The system is incompatible because the last equation states 0 = —1.
Case ¢’
y = 0 0 1 0|0 01 0|0
z = 1=100 1|1 ]~100 1]1
z = 0 0 0 1|0 0 0 0|-1
The system is incompatible because the last equation states 0 = —1.

Burgos, 1.1.a
Carlos Oscar Sorzano, Nov. 4th, 2014

Consider the equation system
n
Zaijxj :bz (’L: 172,...,m)
j=1

Assume that o = (g, aa,...,a,) and 8 = (S, B2, ..., fn) are solutions of the
equation system. Show that

1. a— B is a solution of the equation system
n
Zaijxj =0 (Z = 1,27 7m)
j=1

2. a+ Ma — B) is also a solution for any A € R
Solution:

1. Let us substitute @ — 3 into the homogeneous equation system. For any
i=1,2,...,m we have

D aila;—B) =D aya; =Y aiyBi=bi—b; =0
Jj=1 j=1 j=1

2. Let us substitute a+ A(a — 3) into the nonhomogeneous equation system.
For any ¢ = 1,2, ..., m we have

D aiglag + May = 87) = D aia; + XY ag(ay = B) =bi+0=b;
Jj=1 j=1 j=1
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2 Chapter 2

Lay, 2.1.3
Carlos Oscar Sorzano, Aug. 31st, 2013
2 -5
Let A= 3 2). Calculate 3I; — A and (313)A

e () DG 9-C -5
SRATE R VY E

Lay, 2.1.4
Carlos Oscar Sorzano, Aug. 31st, 2013

Compute A — 515 and (513) A, where

5 -1 3
A=1|-4 3 -6
-3 1 2

Solution:
5 -1 3 1 0 0 5 -1 3 5 0
A—-5I3 = -4 3 —-6|-5|0 1 0l=[—-4 3 —-6]—-10 5
-3 1 2 0 0 1 -3 1 2 0 0
1 0 0 5 -1 3 5 0 0 5 -1
(5I3)A = 510 1 O -4 3 —-6|=10 50 -4 3 -6
0 0 1 -3 1 2 0 0 5 -3 1
Lay, 2.1.5

Andrea Santos Cortés, Oct, Tth, 2014

Given the matrices

s=(4 )

Compute the product AB in two ways:(a) by the definition, where Ab; and
Aby are computed separately, and (b) by the row-column rule for computing

AB.
-1 3 4 -10
5 =3 26

Solution:
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-1 3\ /., 11
Aby 2 4 < 5 > = 8
5 -3 —19
-1 3 -10 11
AB=1|2 4 (42 _32) =1 2 8
5 -3 26 —19

Lay, 2.1.6
Andrea Santos Cortés, Oct, 13th, 201}

Given the matrices

4 =3
A=1-3 5
0 1

p=(s )

Compute the product AB in two ways:(a) by the definition, where Ab; and

Aby are computed separately, and (b) by the row-column rule for computing
AB.

Solution:
4 -3 1 -5
(5 ) ()= (5
0 1 3
4 -3 4 22
Aby=1-3 5 (2>: —929
0 1 -2
4 =3 1 4 -5 22
AB=|-3 5 3 _9)= 12 —-22
0 1 3 =2
Lay, 2.1.7

Andrea Santos Cortés, Oct. 13th, 2014

If a matrix A is 5x3 and the product AB is 5x7, what is the size of B?
Solution: B is a matrix of size 3x7.

Lay, 2.1.8
Carlos Oscar Sorzano, Aug. 31st, 2013

How many rows does B have if BC is a 5 x 4 matrix?

Solution:
Let’s say BC = D.
D will be a 5 x 4 matrix if and only if Bs; and C; 4.
Therefore, B has 5 rows.

Lay, 2.1.10

Carlos Oscar Sorzano, Aug. 31st, 2013
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3 —6 -1 1 -3 -5 .
LetA_(1 2),B—<3 4> andC—<2 1). Verify that
AB = AC and yet B # C.
Solution:

3 -6\ /-1 1 —-21 21 3 -6\ /(-3 -5
=5 )G )= )= DG )
Lay, 2.1.12
Carlos Oscar Sorzano, Aug. 31st, 2013

3 —6
Let A= (_2 4

matrix. Use two different nonzero columns for B
b1 b2

b21 b22

AB = 3 —6 bi1 bio o 3b11 — 6ba1  3b1o — 6boo o 0 0
=2 4 b21 b22 o 4b21—2b11 4b22—2b12 ~\0 O

This matrix equation gives us 4 equations

). Construct a 2 x 2 matrix B such that AB is the zero

Solution: We search for a matrix B = ) such that

3b11 — 6b21 =0
3b12 — 6b22 =0
4byy —2b11 =0
41)22 — 2b12 =0

The augmented matrix of this equation system is

3 0 -6 010 1 0
0o 3 0 610 0 1

-2 0 4 010 00 0 O
0 -2 0 410 0 0

o
|
[\]
oo o

o
o
o

Consequently, b;; = 2bo; and b1o = 2bgy. That is, any matrix of the form
2ba1  2bag
B =
< ba1 bao >
. . 2 2
yields AB = 0. One such example is B = ( )

1 1
Lay, 2.1.17
Ana Pena Gil, Jan. 19th, 201/

1 -3 -3 11 .
If A= (_3 5 ) and AB = ( 1 17 ), determine the first and second

columns of B.

bir b2
bar  bao

AB = 1 -3 b11 blg o b11 — 3b21 b12 — 3b22 o -3 11
“\-3 5 bgl b22 - 5b21 — 3[)11 5b22 — 3b12 - 1 17

This matrix equation gives us 4 equations

Solution: We search for a matrix B = < ) such that
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b1 — 3ba1 = —3
b1g — 3bgy = —11
5by1 — 3b11 =1
5boy — 3b1p = 17

The augmented matrix of this equation system is

1 0 -3 0| -3 1 0 -3 0| -3

0 1 0 —-3]|-11 0 1 0 —-3|-11

-3 0 5 0 1 0 0 —4 0| -8

0 -3 0 5 17 0 0 0 —4|-16
Consequently, b1; = 3, b1 = 1, bo1 = 2 and by = 4. The first and second

columns of B are:
31
5= (3 )
Lay, 2.1.18

Carlos Oscar Sorzano, Aug. 31st, 2013

Suppose the third column of B is all zeros. What can be said about the
third column of AB?
Solution: Let us consider the different columns of B

B=(by by by ..
The product of AB is
AB=A(by by by ..)=(Ab; Aby, Abs ..)
If by = 0, then
Abs; =A0=0

So, the third column is also 0.

Lay, 2.1.19
Carlos Oscar Sorzano, Aug. 31st, 2013

Suppose the third column of B is the sum of the first two columns. What
can be said about the third column of the product AB?
Solution: Let us consider the different columns of B

B=(by by by ..
The product of AB is
AB=A(by by by ..)=(Ab; Aby Abs ..)
If by = by + bg, then
Abz = A(b; + by) = Ab; + Aby
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That is, the third column of AB is also the sum of the first and second columns
of AB.

Lay, 2.1.20

Carlos Oscar Sorzano, Aug. 31st, 2013

Suppose that the first two columns, b; and bs, of B are equal. What can
be said about the columns of AB? Why?
Solution: Let us consider the different columns of B

B=(by by by ..
The product of AB is
AB=A(by by by ..)=(Ab; Aby Abs ..)
If by = b,, then
Ab; = Aby

So, both columns are also equal. Additionally, we may say that the columns of
AB are not linearly independent because there exists a linear combination of
them that produces the vector 0.

1(Aby) — 1(Aby) 4 0(Abs) + 0(Aby) + ... = 0

Lay, 2.1.22
Carlos Oscar Sorzano, Aug. 31st, 2013

Show that if the columns of B are linearly independent, so are the columns
of AB.
Solution: This statement is not true. For instance, the columns of

-3 )

are linearly independent. However, given A = (; i), the columns of

=096 0)-6 9

are not linearly independent because the second column is twice the first one.
AB is linearly independent if the columns of A and B are linearly indepen-

dent.

Lay, 2.1.23

Carlos Oscar Sorzano, Aug. 31st, 2013

Let A be an m x n matrix. Suppose there exists an n X m matrix C such
that CA = I,, (the n x n identity matrix). Show that the equation Ax = 0 has
only the trivial solution. Explain why A cannot have more columns than rows.
Solution: If x satisfies Ax = 0, then

CAx = C(Ax) = C0 = 0.
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But on the other side
CAx = (CA)x = I,x = x.

Consequently, x = 0. This shows that the equation Ax = 0 has no free variables.
A requirement for this is that there are not more columns than rows.

Lay, 2.1.24

Carlos Oscar Sorzano, Aug. 31st, 2013

Suppose A is a 3 x n matrix whose columns span R3. Explain how to
construct an n X 3 matrix D such that AD = I5.
Solution: Let us define a generic matrix D

din diz  di3
D dor  daz  da3
dnl dn2 dn3

We need that AD = I. This gives us 9 (= 3-3) equations to find the matrix D.
If the columns of A span R? and n > 3, the system is compatible indeterminate
and there will be infinite solutions to the problem. If n = 3, there is a single
solution to the problem. In the case that the columns of A did not span R3,
there would not be any solution to the problem.

Lay, 2.1.25

Carlos Oscar Sorzano, Aug. 31st, 2013

Suppose A is an m x n matrix and there exist n x m matrices C' and D such
that CA = I, and AD = I,,,. Prove that m = n and C = D. [Hint: think of
the product CAD.|
Solution: Let us compute

(CA\D=1,D=D
On the other side, let us compute
C(AD)=CI,,=C

But we know that matrix multiplication is associative and, consequently, C' = D.
By Exercise Lay 2.1.23 we know that A cannot have more columns than

rows, and by Exercise Lay 2.1.26 we know that A cannot have more rows than

columns. Consequently, the number of rows and columns must be the same and

m=n.

Lay, 2.1.26

Carlos Oscar Sorzano, Aug. 31st, 2013

Let A be an m x n matrix. Suppose there exists an n X m matrix D such
that AD = I, (the m x m identity matrix). Show that for any b € R™, the
equation Ax = b has a solution. Explain why A cannot have more rows than
columns.

Solution: Let us consider the rows of D = (d1 dy, .. dm). The product
AD is

AD = (Ad1 Ad2 Adm) = Im = (e1 ey ... em)



where e; is the i-th column of I,,. For a particular column, we have
Adl = €;

The columns of I,,, form a basis of R™. Therefore, for any b € R™ it can be
expressed as a linear combination of the e; vectors

i=1 i=1

lingt

So we deduce, there exists a solution to the equation Ax = b that is

If A had more rows than columns, then it would not have a solution for every
b because there would be b’s for which the reduced echelon form has rows full
of zeros and the independent terms are not 0.

Lay, 2.1.27

Carlos Oscar Sorzano, Aug. 31st, 2013

-3 a
Letu=| 2 | andv= | b|. Compute u’v, v'u, uv? and vuZ.
-5 c
Solution:
a
uv. = (-3 2 -5)[b] =-3a+2b—5c
c
-3
viu = (a b c) 2 | =—-3a+2b—5¢c
-5
-3 —3a —-3b —3c
uv? = 2 (a b c): 2a 2b 2¢
-5 —ba —5b —bc
a —3a 2a —b5a
val’ = |b]| (-3 2 -5)=|-3b 2b —5b
c —3c 2¢c —bc
Lay, 2.2.7

Carlos Oscar Sorzano, Aug. 31st, 2013

1 2 —1 1 2 3
Let A = <5 12)5b1(3),b2 (_5),b3 (6>7andb4 <5)

a. Find A~! and use it to solve the four equations Ax = by, Ax = by, Ax = b,
Ax = b4.

b. The four equations in part (a) can be solved by the same set of row opera-
tions, since the coefficients matrix is the same in each case. Solve the four
equations in part (a) by reducing the augmented matrix ( A ‘ b; by bs by )

Solution:
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a. To find A~! we will apply row operations on the augmented matrix exploit-
ing that (A |1 )~ (1]|A).

(1 210) (1 06—1)
5 12|0 1 0 1|-32 3
Now we use this inverse matrix to solve the linear equations
-1\ (-9
— 3 ) \ 4

|
Wl

vt oy Nl 5y
|
Wl =
~__
7N\
-
ot
N
Il
N
| =
ot =
N

b. Now, we will apply row operations on the augmented matrix suggested by
the problem

1 2}-1 1 2 3 1 0
5 12 3 =5 6 5 0 1

Lay, 2.2.11
Carlos Oscar Sorzano, Aug. 31st, 2013

-9 11 6 13
4 -5 -2 =5

Let A be an invertible n x n matrix, and let B be an n X p matrix. Show
that the equation AX = B has a unique solution X = A~ B.
Solution: Consider the columns of X and B:

X:(x1 X9 ... xp)
B:(b1 by .. bp)

The matrix equation AX = B is a simultaneous set of equations:

AX1 = b1
AX2 = b2

Ax, = b,
Since A is invertible, each equation has a unique solution given by

X1 = Ailbl
X9 = A_1b2

Xp = A_lbp

Or what is the same

X = (Ailbl Ailbg Ailbp)
— A'(by by .. by
= A'B
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Lay, 2.2.13
Carlos Oscar Sorzano, Aug. 31st, 2013

Suppose AB = AC, where B and C' are n x p matrices and A is invertible.
Show that B = C'. Is this true, in general, if A is not invertible?
Solution: If A is invertible we multiply on the left by A~! to obtain

A=1(AB) = A"1(AC)
(A~1A)B = (A~1A)C
I1,B = I,C
B=C

If A is not invertible, then the statement is not generally true. For example, let

TR
-G 9006 0

Lay, 2.2.16
Carlos Oscar Sorzano, Nov. 4th 2014

Suppose A and B are n X n matrices, B is invertible, and AB is invertible.
Show that A is invertible. [Hint: Let C' = AB and solve this equation for A|
Solution: If we solve for A in

C=AB=A=CB!'=(AB)B™!

This matrix is well constructed because AB and B~! are both n x n matrices
and can, therefore, be multiplied. Also B! exists because B is invertible.
The inverse of A would be:

A7 = ((AB)B™Y)"! = B(AB)™!

Since AB is invertible (see problem statement), then A~! is also well constructed
and it exists.

Lay, 2.2.17
Carlos Oscar Sorzano, Aug. 31st, 2013

Suppose A, B and C are invertible n x n matrices. Show that ABC' is also
invertible by producing a matrix D such that (ABC)D = I = D(ABC)
Solution: The sought matrix D is

D=C"'BtA-1

Let us check that this matrix is actually the inverse of ABC.

(ABC)D = (ABC)(C~'B~1A~')= AB(CC-1)B~14~1
= ABBlA'=AA"l'=]
D(ABC) = (C-'B~YA=Y)(ABC)=C~'B~Y(A~*A)BC

= OB 'BC=C"C=1
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Lay, 2.2.19
Carlos Oscar Sorzano, Aug. 31st, 2013

If A, B and C are invertible n x n matrices, does the equation C~1(A +
X)B~! = I,, have a solution, X? If so, find it.
Solution: If B and C are invertible, so are B~ and C~!, and their inverses
are B and C|, respectively. In this way, we may multiply on the left by C and
on the right by B to obtain

CC~YA+ X)B~'B=CI,B
A+X=CB
X=CB-A

Lay, 2.2.21
Carlos Oscar Sorzano, Aug. 31st, 2013

Explain why the columns of an n x n matrix A are linearly independent
when A is invertible.
Solution: If A is invertible we have shown (see Theorem 2.2, Chapter 3,
Biomedical Engineering Notes) that for every b € R"™, there is a unique so-
lution of the equation Ax = b. In particular, there exists a solution for the
equation Ax = 0 that is x = A~'0 = 0. Since the only solution of this prob-
lem is the trivial one, then by Theorem 6.1, Chapter 2, Biomedical Engineering
Notes, the columns of A are linearly independent.
Lay, 2.2.25
Carlos Oscar Sorzano, Aug. 31st, 2013

Consider A = (z Z . Show that if ad — bc = 0, then the equation Ax = b

has more than one solution. Why does this imply that A is not invertible?
Solution: Let us reduce the augmented matrix ( Alb ).

a b b\ (a b by

c d by 0 ad—bc aby —cby
In fact if ad — bc = 0, the matrix equation may have infinite solutions (if
abs — ¢by = 0) or no solution at all (if aby — ¢b; # 0). This implies that

A is not invertible because if it were invertible for any b € R? the equation
Ax = b would have a single solution.

Lay, 2.2.34

Use the algorithm from this section to calculate the inverse of

1 0 0 0
2 2 0 0
A=|3 3 3 0
n n n n
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Solution: Let us apply row operations to the matrix ( A ‘ I ) to reduce it to

(1]a™)

1 0 0 0 0[1 0 0 0 0 0
2 2 0 0 0/0 1 0 0 0 0
33 30 00 0 1 0 0 0
4 4 4 4 00 0 0 1 o o |~
non o n o n n|0 0 0 0 .. 0 1
1 0 0 0 o1 0 0 0 0 0
01 0 0 0/-1 12 0 o 00
33 3 0 00 0 1 0 0 0
4 4 4 4 00 0 0 1 00"
n n n n .. n| 0 0 0 0 0 1
1 0 0 0 o1 0 0 0 0 0
01 0 0 0/-1 %+ 0 0 0 0
0 0 1 0 oo -3 & 0 0 0 |
4 4 4 4 00 0 0 1 0 0
n o on o n on n| 0 0 0 0 0 1
1 0 0 0 o1 o o0 0 0 0
0 1 0 0 0/-1 5 0 0 0 0
0 0 1 0 00 -3 1 0 0 0 |
0 0 0 1 00 0 -3 % 0 0
n n n n n| 0 0 0 0 0 1
1 0 0 0 0o[1 0 0 0 0 0
0 1 0 0 0|-1 5 0 0 0 0
00 1 0 00 -3 % 0 0 0
0 0 0 1 0ojo0o o0 -3 1 0 0
000 0 .. 1[0 0 0 O -1 1
Lay, 2.2.36
Carlos Oscar Sorzano, Aug. 31st, 2013
—-25 -9 -—27
Let A= | 536 185 537 |. Find the second and third columns of A~}
154 52 143

without computing the first column.
Solution: Let us reduce the augmented matrix ( A ‘ ey €3 )

-25 -9 =27|0 O 1 0 0] 01126 -0.1559
536 185 537|1 0 | ~| O 1 0] —0.5611 1.0077
154 52 143 |0 1 0 0 1| 0.0828 —0.1915

The last two columns of the latter matrix are the two columns required by the
problem.

Lay, 2.3.13
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Carlos Oscar Sorzano, Aug. 31st, 2013

An m x n upper triangular matrix is one whose entries below the main
diagonal are 0’s. When is a square upper triangular matrix invertible?
Solution: An upper triangular matrix is already in echelon form. It is row-
equivalent to I, and hence invertible, if its diagonal elements are different from
0. If any of the diagonal entries is zero, then there would be free variables in
the equation system Ax = b and the matrix would not be invertible.

Lay, 2.3.15
Ana Pena gil, Jan. 19th 2014

Is it possible for a 4x4 matrix to be invertible when its columns do not span
R%4? Why or why not?

Solution: This is not possible. If an 4x4 matrix does not span R?, then it
means that their columns are not linearly independent. If the columns are lin-
early dependent, the determinant of the matrix is 0, so the matrix cannot be
invertible.

Lay, 2.3.16
Carlos Oscar Sorzano, Aug. 31st, 2013

If an n x n matrix A is invertible, then the columns of A" are linearly
independent. Explain why.
Solution: By the Invertible Matrix Theorem, if A is invertible, so is AT. if
AT is invertible, then by the same theorem, the columns of AT are linearly
independent.
Lay, 2.3.17
Carlos Oscar Sorzano, Aug. 31st, 2013

Can a square matrix with two identical columns be invertible? Why or why
not?
Solution: It cannot be invertible because the two columns are not linearly in-
dependent, and by the Invertible Matrix Theorem, if a matrix is invertible, then
its columns are linearly independent.
Lay, 2.3.18
Ana Pena Gil, Jan. 19th 2014

Can a square matrix with two identical columns be invertible? Why or why
not?

Solution: When the 2x2 matrix has identical columns, we say their columns

are linearly dependent, so its determinant is zero. Because of that, the matrix
is not invertible.

Lay, 2.3.33
Carlos Oscar Sorzano, Aug. 31st, 2013

Let T : R? — R? given by T'(x1,73) = (=5x1 + 912,421 — T22). Show that
T is invertible and find a formula for T-1.
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Solution: We may write the transformation as

T(wr,w2) = (45 97) (ii)

By defining the matrix A = <45 5)7
(—0.0986 0.1268

0.0563 0.0704

) and computing its inverse A7! =

>, we may write the inverse transformation as
T(21,79) = —0.0986 0.1268\ [z
D2 00.0563  0.0704) \ o
Lay, 2.3.41
Carlos Oscar Sorzano, Aug. 31st, 2013

Suppose an experiment leads to the following system of equations

4.521 + 3.1z2 = 19.249
1.6z; + 1.1z = 6.843

a. Solve the previous equation system, and then, the equation system below in
which the data on the right has been rounded to two decimal places.

4.5x1 + 3.1x9 = 19.25

1.6x1 + 1.1z = 6.84
b. The entries in the rounded system of equations differ from those of the exact
system by less than 0.05%. Find the percentage error when using the solution

of the rounded equation system as an approximation to the solution of the
exact system.

Solution:

a. The solution of the exact equation system is

N _ g (19249 _ (394
exact ™ 6.843 /] — \0.49

. The solution of the rounded equation system is

19.25 2.90
— A1 —
Xrounded = A ( 6.84) - (2.00)

b. The error percentage is given for each variable as

_ |21, oxact =%1,rounded| __ |3.94—2.90] _
€1 = 100 Phemset=Thsemacal — 00 BL2290 — 96.40%

€9 = 100|I2,cxact*1’2,rounded| — 100|0-49*2-00| — 30816%

‘$2,exact‘ |O49‘
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Lay, 2.4.1
Ignacio Sanchez Lopez, Dec, 15th, 201/

Assume that the matrices are patitions conformably for block multiplication.
Compute the following product:
I 0
(& 7)

A B
5= (% D)
Solution: Let us compute AB
ap_ (L 0\ (A BY_( 4 B
“\E I C D) \EA+C EB+D

Lay, 2.4.2
Ignacio Sanchez Lopez, Dec, 29th, 201}

Assume that the matrices are patitioned conformably for block multiplica-
tion. Compute the following product:

Solution: Let us compute AB

_(E 0\ (P Q\ _ (EP EQ
1=(5 #)(x §)=(Fr 3
Lay, 2.4.3

Ignacio Sanchez Lopez, Dec, 29th, 201/

Assume that the matrices are patitioned conformably for block multiplica-
tion. Compute the following product:

(0

A B
5-(c 1)
Solution: Let us compute AB

0 I A B C D
= (1) (e 5)-( 3)
Lay, 2.4.4

Ignacio Sanchez Lopez, Dec, 29th, 201}
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Assume that the matrices are patitioned conformably for block multiplica-
tion. Compute the following product:

I 0
=% 7)
W X
Y Z
Solution: Let us compute AB

ap_ (L O\ (W xX\_( W X
“\-e 1)\y z)7\v-EW Z-EXx

Lay, 2.4.15
Carlos Oscar Sorzano, Aug. 31st, 2013

B

When a deep space probe is launched, corrections may be necessary to place
the probe on a precisely calculated trajectory. Radio telemetry provides a

stream of vectors, xi, Xa, ..., X}, giving information at different times about
how the probe’s position compares with its planned trajectory. Let Xj be the
matrix (x1 X9 ... Xk). The matrix Gy = XkX,’;F is computed as the radar

data is analyzed. When xj1 arrives a new Gjy1; must be computed. Since
the data vectors arrive at high speed, the computational burden could be se-
vere. But partitioned matrix multiplication helps tremendously. Compute the
column-row expansions of Gy and G 1, and describe what must be computed
in order to update Gy, to form Gpy1.

Solution: Let’s analyze first Gy:

T
X1
T X5 u T
Gk = Xka = (X1 X2 ... Xk) = Z XiX;
- i=1
Xk

Similarly
T LSS k T T T
Gry1 = X1 X = dxiX; = | 2o xX; |+ Xp+1Xg 11 = Gk + Xpp1Xp 44
i=1 i=1

Thus, it suffices to compute kafo and add it to the previous matrix Gy.

Lay, 2.4.16
Carlos Oscar Sorzano, Aug. 31st, 2013

Ay A
Axp Ago
Aoy A1_11A12 is called the Schur complement of Aq;. Likewise, if Aos is invertible,
the matrix A1 — A12A2_21A21 is called the Schur complement of Ass. Suppose
A1, is invertible. Find X and Y such that

A Ap\ (I 0\ [An O\ (I Y
Ay A)  \X I 0 S/J\o I
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Solution: Let us multiply the matrices on the right

I 0\ [(An O\(/I Y\ [ An O0\[(I Y\
x 1)\o s)lo 1)7\xa, s)lo 1)~
An AnY
XA, XA Y+ S

Comparing this product to A we derive the following equations:
ApY = Ao

XAy = Ay
XAY + 5= Ag

That are solved like

Y = A A
X = Ay AL

We need to check that the last equation is verified

XAY + 5= Ag
(At AT AL (AT Arg) + (Agg — Ag AT An) = Ag
Ag A Arg + Agy — A1 AT Arg = Ags
Ay = Ay

Lay, 2.4.18
Carlos Oscar Sorzano, Aug. 31st, 2013

Let X be an m x n data matrix such that X7 X is invertible, and let M =
I, — X(XTX)7'X7T. Add a column x, to the data to form W = (X xg).
Compute WTW. The (1,1)-entry is X7 X. Show that the Schur complement
(Exercise Lay 2.4.16) of X7 X can be written in the form x! Mxq. It can be
shown that (xI' Mxo)~! is the (2,2)-entry in (WTW)~!. This entry has a useful
statistical interpretation under apropriate hypotheses.

Solution:
XT XTX XTx
Ty, _ _ 0
WTW = (XE)F) (X x0) = <X§X X(;)px())

The Schur complement is defined as S = Ay — A21A1_11A12, that in this partic-
ular case is

S =xIx) —xFTX(XTX) " XTxg = xF (I, - X(XTX)1XT)xg = xt Mx,

Lay, 2.4.19
Carlos Oscar Sorzano, Aug. 31st, 2013

In the study of engineering control of physical systems, a standard set of

differential equations is transformed by Laplace transforms into the following
system of linear equations:

(et 2)()=6)
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where Aisnxn, Bisnxm, C'is m xn and s is a variable. The vector u € R™
is the “input” to the system, y € R™ is the “output” of the system, and x € R™
is the “state” vector. Actually, the vectors u, x and y are functions of s, but
this does not affect the algebraic calculations of this exercise.

Assume A — sI,, is invertible and view the previous equation as a system of
two matrix equations. Solve the top equation for x and substitute in the bottom
equation. The result is an equation of the form W(s)u = y, where W(s) is a
matrix that depends on s. W(s) is called the transfer function of the system
because it transforms the input u into the output y. Find W (s) and describe
how it is related to the partitioned system matrix of the equation above.
Solution: The first equation gives us

(A—sl,)x+Bu=0=x=—(A-sl,) 'Bu
Now we go with the second equation and substitute this value into it

Cx+u=y
C(—(A—sl,) 'Bu)+u=y
(-C(A—sl,) 'B+I,)u=y
(I, —C(A—sl,) 'Blu=y

So, the transfer function is given by the matrix W (s) = I,,, — C(A—sI,) "' B.

Lay, 2.5.Practice
Carlos Oscar Sorzano, Aug. 31st, 2013

2 -4 -2 3
6 -9 -5 8
Find an LU factorization of the matrix A= 2 -7 -3 9
4 -2 -2 -1
-6 3 3 4

Solution: We apply row operations on A to reduce it to an upper triangular
matrix and annotate the different matrices that we needed
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This latter matrix is U and L is

L =
1 0 0

-3 1 0

= -4 1 1

0 -1 1

2 1 -2

Finally, we have

A=LU =

1 0 0

3 1 0

1 -1 1
2 2 -1

-3 -3 2

Lay, 2.5.9

(E9EsE7E¢EsE EsEyEy) ! =

—1

Carlos Oscar Sorzano, Aug. 31st, 2013

Find an LU factorization of the matrix A =

Solution: We apply row operations on A to reduce it to an upper triangular

0 0 1 0
0 0 3 1
0 0 =1 -1
1 0 2 2
0 1 -3 -3
2 -4 -2 3
6 -9 -5 8
2 =7 =3 9 |=
4 -2 -2 -1
-6 3 3 4
0 0 2 -4 =2
0 0 0 3 1
0 0 0 O 0
1 0 0 O 0
0 1 0 0 0
3 1
-9 0
9 9

2

—4
14

matrix and annotate the different matrices that we needed

3 1
-9 0

9 9
3
0
9

This latter matrix is U and L is

2

A= —4

E A

1
3
9

EyE1 A=

EsEsF A=

— —
AR RO 00 N N s NN s

OO WO oW
O W Oy W

L = (E3E2E1)71 = El_
1 00 1
= -3 1 0 0
0 0 1 3

Finally, we have

Iy < ro + 31 Er
rs < rsg — 3r; FEs
r3 < rz — 2rp FEs

62

o= O oo

_ o O O O

= O O = OO

_ o O



3 1 2 1 00 3 1 2
A=LU=|-9 0 -4]=1-3 1 0 0 3 2
9 9 14 3 21 0 0 4
Lay, 2.7.2

Carlos Oscar Sorzano, Aug. 31st, 2013

Use matrix multiplication to find the image of the triangle with data matrix
D = 3 ; g) under the transformation that reflects a point through the
y-axis. Sketch both the original triangle and its image.

Solution: The referred to transformation is the one whose matrix is A =

-4

Lay, 2.7.3
Carlos Oscar Sorzano, Aug. 31st, 2013

Find the 3 x 3 matrix that translate by (2,1) and then rotate by 90° about
the origin in 2D using homogeneous coordinates.
Solution: The required transformation is

R cos(90°)  sin(90°) O 1 0 2 0 1 1
A= | —sin(90°) cos(90°) 0 01 1)]=[-1 0 -2
0 0 1 0 0 1 0 0 1

Lay, 2.7.10
Carlos Oscar Sorzano, Aug. 31st, 2013

Consider the following geometric 2D transformations: D, a dilation (in which
the x and y coordinates are scaled by the same factor); R, a rotation; and T,
a translation. Does D commute with R? That is (D(R(x)) = R(D(x)) for all
x € R?? Does D commute with 7?7 Does T commute with R?
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Solution: The three proposed

transformations can be written as matrix trans-

formations in homogeneous coordinates

r 0 0
Dx)=[0 r 0]x
0 0 1
cos(a) sin(a) 0O
R(x) = | —sin(a) cos(a) 0] x
0 0 1
1 0 Az
Tx)=[0 1 Ay|x
0 0 1
Now we need to check whether D(R(x)) = R(D(x))
cos(a) sin(a) 0 x
D(R(x)) = D —sin(a) cos(a) 0 Yy
0 0 1 1
cos(a)x + sin(a)y r 0 0 cos(a)z + sin(a)y
= D —sin(a)x + cos(a)y =10 r O —sin(a)x + cos(a)y
1 0 01 1
rcos(a)zx + rsin(a)y
= | —rsin(a)z + rcos(a)y
1
On the other side
r 0 0 x
R(Dkx)) = R|[0 » O Y
20
rT cos(ow) sin(a) O rT
= R Ty = | —sin(a) cos(a) 0 Ty
1 0 0 1 1
r cos(a)x + rsin(a)y
= —rsin(a)z + r cos(a)y
1
So D(R(x)) = R(D(x)) and rotation commutes with dilation.

If we repeat the same exercise with dilations and translations
1 0 Ax
0 1 Ay

130)
)Gy

D(T'(x)) D

D y+ Ay
1
re + rix
ry + rAy
1

SO 3
o3 O
= o O

|

On the other side
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L

I

N~
S O 3
o X O

o O
RS

< 8

1 1
rT 1 0 Ax rT
= T rYy =(0 1 Ay Yy
1 0 0 1 1
re + Ax
= ry + Ay
1

So D(T'(x)) # T(D(x)) and translation does not commute with dilation. Repet-
ing once more the exercise with rotation and translation we would reach the
conclusion that they do not commute.

Lay, 2.7.12

Carlos Oscar Sorzano, Aug. 31st, 2013

A rotation in R? usually requires four multiplications. Compute the product
below and show that the matrix for a rotation can be factored into three shear
transformations (each of which requires only one multiplication).

1 tan(%) 0 1 0 0 1 tan(%) 0
0 1 0 —sin(¢) 1 0 0 1 0
0 0 1 0 01 0 0 1

Solution: Multiplying the three matrices we get

1—tan(2)sin(p) tan(2)(2 — tan(2)sin(p))

— sin(¢) 1-— tan(%) sin(¢) 0
0 0 1

At this point, we make use of the trigonometric identity

_ sin(¢) _ l—cos(¢)
tan(%) T 14cos(¢) —  sin(¢)

Then
. sin . 14-cos(¢)—sin? cos? cos
1-— tan(%) sin(¢) = 1-— 1+C0(S¢()¢) sin(¢) = == 15_@)5(@ (@) _ 13?2;(@(4’)
= cos(¢) i‘iﬁfb)z; = cos(¢)

(
Let us simplify now tan(%)(Q - tan(%) sin(¢)):

tan($)(2 — tan($)sin(¢)) = tan(2) (2 — 1;?(2)()‘7)) sin(gb))
= tan(%)(2 — (1 —cos(¢))) = tan(§)(1 + cos(¢))
@5 (1 + cos(¢)) = sin(¢)

oS- NS

In summary

1-— tan(%) sin(¢) tan(%)(Q — tan(%) sin(¢))

—sin(¢) 1 — tan(2)sin(¢) 0] =
0 0 1
cos(¢) sin(¢p) 0
—sin(¢) cos(¢) 0
0 0 1
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That is, the multiplication of the three matrices above is the same as the appli-
cation of a rotation matrix. But applying a rotation matrix involves 4 multipli-
cations, while the application of the three matrices requires only 3.

Lay, 2.7.22

Carlos Oscar Sorzano, Aug. 31st, 2013

The signal broadcast by commercial television describes each color by a
vector (Y, I,Q). If the screen is black and white, only the ¥ coordinate is used
(this gives a better monochrome picture than using CIE data for colors). The
correspondence between Y@ and a “standard” RGB color is given by

Y 0.299 0.587 0.114 R
I]=1059 -0.275 -0.321 G
Q 0.212 —-0.528 0.311 B

(A screen manufacturer would change the matrix entries to work for its RGB
entries.) Find the equation that converts the YIQ data transmitted by the
television station to the RGB data needed for the television screen.

Solution: If we consider the equation above to be

Y R
I |=A(G]|,
Q B
then
R Y 1.0031 0.9548 0.6179 Y
G| =A"1]T1T]=109968 —0.2707 —0.6448 I
B Q 1.0085 —1.1105 1.6996 Q
Lay, 2.8.1

Carlos Oscar Sorzano, Aug. 31st, 2013

Given the set H represented below (bold lines imply that those points belong
to H)

Give a specific reason of why the set is not a subspace of R?

Solution: For instance x = (1,0) belongs to H, but —x = (—1,0) does
not.

Lay, 2.8.2

Carlos Oscar Sorzano, Aug. 31st, 2013

Given the set H represented below (bold lines imply that those points belong
to H)
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Give a specific reason of why the set is not a subspace of R?

Solution: For instance x; = (—1,1) and x2 = (2,0) belong to H, but x; +x3 =
(1,1) does not.

Lay, 2.8.5

Carlos Oscar Sorzano, Aug. 31st, 2013

Let vi = (1,3,—4), vo = (=2,-3,7), and w = (-3, —3,10). Determine if w
is in the subspace of R? generated by v; and v».
Solution: If w is in the subspace generated by v; and vs, then there must
exists two constants c¢; and ¢y such that

W = C1V] + C2Va

We may solve this problem through the augmented matrix

1 -2|-3 1 -2]-3
3 3|-3 |~|20 3 6
—4 7| 10 0 0 0

The equation system is compatible determinate existing a single solution, and
consequently, w belongs to the subspace generated by v; and vs.

Lay, 2.8.11

Carlos Oscar Sorzano, June, 6th 201}

Let A be the matrix

3 2 1 =5
A=[-9 -4 1 7 (3)
9 2 -5 1

Give the values of p and ¢ such that Nul{A} is a subspace of R? and Col{A} is
a subspace of RY.

Solution: Since A is a 3 x 4 matrix, the transformation T'(x) = Ax takes
vectors of R* and transforms them into vectors of R®. Nul{A} is formed by
those vectors in the input space that map onto the 0 vector of the output space.
Consequently, p = 4. In the same way, Col{A} is the subspace of the output
space formed by all those vectors that can be reached by the transformation.
Consquently, g = 3.

Lay, 2.8.13

Carlos Oscar Sorzano, June, 6th 201}
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Let A be the matrix in Exercise 2.8.11. Find a non-zero vector of Nul{A}
and a non-zero vector of Col{A}.
Solution: To find a non-zero vector of Col{ A} we simply take the first column
of A

3
Col{A} 5y = [ -9 (4)
9

This vector is achieved by multiplying A by x =

oo o

To find a non-zero vector of Nul{A} we need to solve the equation system
Ax=0

3 2 1 =510 3 2 1 =510 3 21 -5
-9 —4 1 710 | ~1 O 2 4 -8{0 |~ 0 2 4 -8
9 2 =5 110 0 -4 -8 160 000 O

3 0 -3 3|0 10 -1 110

0 2 4 =80 |~ 01 2 4|0

00 0 010 00 0 010

We see that x3 and x4 are free variables, and that x; and x5 can be calculated

as
X1 = X3 — T4
To = 72133 + 4584 (6)

If we substitute 3 = 1 and x4 = 0 we get the vector

Lay, 2.8.28
Carlos Oscar Sorzano, Nov. 11th, 2013

Construct a 3 x 3 matrix A and a vector b such that b is not in Col{A}.

1 00 0
Solution: Consider the matrix A = [0 1 0| and b = [ 0]. Obviously,
0 00 1

b ¢ Col{A} because there is no way that we can combine the columns of the
matrix A to obtain a 1 in the third component.

Lay, 2.8.35
Carlos Oscar Sorzano, Nov. jth 201}

If B is a 5 x 5 matrix and Nul{B} is not the zero subspace, what can be
said about Col{B}?
Solution: If Nul{B} # {0}, then the columns of B are not linearly indepen-
dent, and consequently we can assess that Col{B} # R® because a basis of
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Col{ B} has less than 5 elements, but to span R® we need 5 linearly independent,
vectors.

Lay, 2.8.36

Carlos Oscar Sorzano, Nov. 4th 2014

What can be said about Nul{C'} when C is a 6 x 4 matrix with linearly
independent columns?
Solution: If the columns are linearly independent the only solution of the
problem Cx = 0 is x = 0. Consequently, Nul{C'} = {0}.

Lay, 2.9.1
Carlos Oscar Sorzano, Aug. 31st, 2013

Given the basis B = {<1) , (_21>} and [x]p = <g) Find x and illustrate

your answer.
Solution: Using the coordinates of x in the basis B we find

G ()2 (3)-()

The following figure illustrates this situation

x

Lay, 2.9.3
Carlos Oscar Sorzano, Aug. 31st, 2013

X = <(7)) is in a subspace H whose basis is B = {by, by} with by = (_23)

andb2<5

). Find the coordinates of x in the basis B.
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Solution: Let us look for the coordinates that satisfy
X = Clbl + Cgbz

For this, we will use the augmented matrix
2 =110 1
-3 5|7 0

So, the coordinates of x in the basis B are [x]p

Lay, 2.9.9
Carlos Oscar Sorzano, Aug. 31st, 2013

_ O

I
N\
N =
~_

1 3 2 -6 1 3 3 2

. 3 9 1 5 . 0 0 5 —7
Consider A = 29 6 -1 9 and its echelon form 00 0 5
5 15 0 14 0 0 0 O

Find bases for Nul{ A} and Col{A}.
Solution: The basis of Nul{A} is found by the equation system Ax = 0 whose
augmented matrix is row-equivalent to

1 3 3 210
0 0 5 =710
0 0 O 510
0 0 O 00
We may calculate its reduced echelon form
1 3 3 210 1 3 0 00
0 0 5 =710 0 01 00 _3B
0 0 O 510 0 0 0 10 |
0 0 O 0]0 0 0 0 00
This implies the following equations:
$1:—3$2
l‘3:0
1‘4:0

So the basis of Nul{A} is given by the non-pivot columns of B, i.e.,
Basis{Nul{4}} = {(-3,1,0,0)}

The basis of Col{A} is given by the pivot columns of B. The basis of the
column space of B is given by its first, third and fourth columns ({by, b3, by}).
Similarly, the basis of the column space of A is given by its first, third and
fourth columns ({a;, a3, a4}), i.e.,

Basis{Col{4}} = {(1,3,2,5),(2,1,-1,0),(—6,5,9,14) }

Lay, 2.9.19
Carlos Oscar Sorzano, Aug. 31st, 2013

If the subspace of all solutions of Ax = 0 has a basis consisting of 3 vectors

and if A is a 5 X 7 matrix, what is the rank of A.
Solution: According to the rank theorem
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Rank{A} + dim{Nul{A}} =n
where n is the number of columns of A. In this particular case,

Rank{A} +3 =7 = Rank{A} =4

Lay, 2.9.23
Carlos Oscar Sorzano, Nov. 11th, 2013

If possible, construct a 3 x 5 matrix such that dim{Nul{4}} = 3 and
dim{Col{A}} = 2.

. . . 111 00
Solution: Consider the matrix A = (0 00 1 1
column space is given by the number of pivot columns (columns 1 and 4 are
pivot columuns), while the dimension of its null space is given by the number of
non-pivot columns (columns 2, 3 and 5 are non-pivot).

Lay, 2.9.27
Carlos Oscar Sorzano, Aug. 31st, 2013

). The dimension of its

Suppose vectors by, by, ..., b, span a subspace W, and let {a;,as,...,a,} by
any set in W containing more than p vectors. Fill in the details of the following
argument to show that {ai,as,...,a,} must be linearly dependent. First, let
B = (b1 bg bp) and A = (a1 as ... aq).

a. Explain why for each vector a;, there exists a vector c; in RP such that
a; = BCj.

b. Let C = (¢1 ¢z ... c¢g). Explain why there is a non-zero vector u such
that Cu = 0.

c. Use B and C to show that Au = 0. This shows that the columns of A are
linearly dependent.

Solution:

a. Each vector a; is in W, that is spanned by the b; vectors. That means that
there exist some coefficients c;; such that

a; = lebl + Cj2b2 + ...+ ijbp

or what is the same

aj = BCj

b. Note that the c; vectors are in R” since they have p components. The problem
stated that ¢ > p, that is there are more c; vectors than p (their dimension).
By Theorem 6.2 of Chapter 2, we have that this set of equations is linearly
dependent, that is, there exist some coefficients (not all of them zero) such
that
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u1C1 + u2€2 + ... +upc, =0
or
Cu=0
c. Let us calculate Au. From point a, we know that A = BC, therefore

Au= (BC)u=B(Cu)=B0=0

Lay, 2.9.28
Carlos Oscar Sorzano, Nov. jth 2014

Use Exercise 2.9.27 to show that if A and B are bases for a subspace W
of R™, then A cannot contain more vectors than B, and, conversely B cannot
contain more vectors than A.

Solution: If A and B are bases of W, then

Span{A} = Span{B} =W

If A has more vectors than B, then the set of vectors A would not be linearly
independent, because there is a basis with fewer vectors. But this is a contra-
diction with the hypothesis that A is a basis, so A cannot have more vectors
than B.

Using the same reasoning we deduce that B cannot have more vectors than

A.
Lay, 2.Suppl.8
Carlos Oscar Sorzano, Jan. 19th 2015

Find a matrix A such that the transformation x — Ax maps (1,3) and (2,7)

into (1,1) and (3, 1), respectively.
Solution: In general, matrix transformations of R? into R? respond to the

equation
y = Ax = (y1> _ (au 012) ($1>
Y2 a1 22 1)
In this case we have
I\ _ (ann a2 (1 N 1 =as; +3ax2
1 as1 ase ) \3 1 = a2 + 3az
3 (a1 a1z 2 N 3 =2a11 + Tais
1) a1 Q99 7 1 = 2a91 + Tass

Or what is the same

1 3 0 0 ai1 1 ail -2
0 0 1 3 a1 o 1 - ai2 o 1
2 700 asny 3 any 4
0o 0 2 7 a2 1 a922 -1

The matrix sought is
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3 Chapter 3

Lay, 3.1.42
Carlos Oscar Sorzano, Aug. 31st, 2013

Let u = (Z) and v = (8)’ where a, b, ¢ are positive (for simplicity). Com-

pute the area of the parallelogram determined by u, v, u+v and 0, and compute
the determinants of the matrices (u v) and (v u). Draw a picture and ex-
plain what you find.

Solution: The area of the parallelogram is base times height. In this case:

15

A=cb
The determinant of (u v) is
Z 8 =a-0—-bc=—bc
The determinant of (v u) is
8 Z =cb—a-0=cb

WeseethatA:abs(|(u v)|):abs(|(v u)|)

Lay, 3.2.14
Carlos Oscar Sorzano, Aug. 31st, 2013

Combine the methods of row reduction and cofactor expansion to compute
-3 -2 1 —4
1 3 0 -3
-3 4 -2 8
3 -4 0 4

the determinant

Solution:
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-3 -2 1 —4
1 3 0 -3
D= -3 4 -2 8
3 -4 0 4
-3 -2 1 —4 1
1 3 0 -3
r3 < r3 + 2ry D= 9 0 0 0l~= (—1)1+31 —g
3 -4 0 4
1 3 -3 3
D=|-9 0 0]|=(-1)>2(-9) 4
3 -4 4
D=93-4—(-3)-(-4))=0
Lay, 3.2.15
Carlos Oscar Sorzano, Aug. 31st, 2013
a b c a b c
Assume | d e f |=7. Calculate| d e f
g h i 59 bh 51
Solution:
a b ¢ a b ¢
d e f = 5|d e f|=5-7T=35
59 bHh 5@ g h 1
Lay, 3.2.16
Marta Monsalve Buendia, Oct. 14th, 201}
a b c a b ¢
Assume | d e f | =7. Calculate | 3d 3e 3f
g h i g h i
Solution:
a b ¢ a b c
3d 3e 3f = 3|d e f|=3-7T=21
g h 1 g h 1
Lay, 3.2.17
Marta Monsalve Buendia, Oct. 18th, 201}
a b c a b c
Assume | d e f |=7. Calculate | g h i
g h i d e f
Solution:
a b ¢ a b ¢
g h i = —|d e f|=-7
d e f g h i
Lay, 3.2.18

Carlos Oscar Sorzano, Aug. 31st, 2013
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a b ¢ g h 1
Assume | d e f |=7. Calculate | a b ¢
g h i d e f
Solution:
g h i a b c a b c
a b c = —|g h i|=|d e f|=7
d e f d e f g h i
Lay, 3.2.19
Carlos Oscar Sorzano, Aug. 31st, 2013
a b ¢ a b c
Assume | d e f |=7. Calculate | 2d+a 2e+b 2f+c
g h i g h i
Solution:
a b c a b ¢ a b c
2d+a 2e+b 2f+c = 2d 2 2f |=2|d e f|=2-T=14
g h i g h 1 g h i
Lay, 3.2.20
Andrea Santos Cortés, Oct. 20th, 201}
a b c a+d b+e cH+f
Assume | d e f | =7. Calculate d e f
g h i g h 1
Solution:
a+d b+e c+f a b ¢ d e f a b c
d e fl=ld e fl|+]|d e f = d e f|=7
g h i g h i g h i g h i

Lay, 3.2.21
Andrea Santos Cortés, Oct. 20th, 201}

Use determinants to find out if the matrix is invertible

2 3 0
A=11 3 4
1 21

Solution: Let’s calculate the determinant

=(2:31)4+(1-2:0)+(3-4-1)—(0-3-1) = (3-1-1) = (2-2-4) = 7

— =N
N W W
i )

The determinant is different from 0 and consequently, this matrix is invert-
ible.
Lay, 3.2.24
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Carlos Oscar Sorzano, Aug. 31st, 2013

4 -7 -3
Use determinants to decide if the set of vectors | 6 |, [ 0 |, and | =5
-7 2 6
is linearly independent.
Solution:
4 -7 -3
6 0 —5|=11
-7 2 6

The three vectors are linearly independent because their determinant is different
from 0.

Lay, 3.2.25

Andrea Santos Cortés, Oct. 21th, 201}

7 -8 7
Use determinants to decide if the set of vectors | —4 |, | 5 |,and [ O
—6 7 -5
is linearly independent.
Solution:
7T -8 7
-4 5 0|=-1
-6 7 =5

The three vectors are linearly independent because their determinant is different
from 0.

Lay, 3.2.31
Carlos Oscar Sorzano, Aug. 31st, 2013

Show that if A is invertible, then det{A™!} =
Solution: If A is invertible, then

AATL =T

1
det{A}

Taking determinants on both sides
det{AA™'} = det{I}
det{A}det{A" '} =1
det{A~1} = rtb}

Lay, 3.2.32
Carlos Oscar Sorzano, Aug. 31st, 2013

Find a formula for det{rA} when A is an n x n matrix.
Solution: Consider the column decomposition of A

A

I
—
2
@
[\
o
\:_/

Then
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rA=(ra; ray . ra,)
det{rA} = |ra; ray .. ra, |
r| a; rasg ... Trap
= r2| a; as .. ra,
= r”’ a; ax .. a, ’
= r"det{A}

Lay, 3.2.33
Carlos Oscar Sorzano, Aug. 31st, 2013

Let A and B square matrices. Show that even though AB and BA may not
be equal, it is always true that det{AB} = det{BA}
Solution: By applying properties of the determinants

det{AB} = det{BA}
det{A} det{B} = det{B} det{A}

Lay, 3.2.34
Carlos Oscar Sorzano, Nov. 4th 2014

Let A and P be square matrices, with P invertible. Show that det{ PAP~'} =
det{A}.
Solution: Since P is invertible, we have

det{P™'} = de&P}
Then,
det{PAP™'} = det{P}det{A}det{P '} = det{P}det{A}ﬁ{P} = det{A}

Lay, 3.2.35

Let U be a square matrix such that UTU = I. Show that det(U) = +1.
Solution:

Ut =1 A= B = det(A) = det(B)

det(UTU) = det(I) | det(l) =1

det(UTU) =1 For square matrices A and B, det(AB) = det(A) det(B)

det(UT) det(U) =1 | det(AT) = det(A)

det(U)det(U) =1

(det(0))? = 1

det(U) = £1

Lay, 3.2.36
Carlos Oscar Sorzano, Nov. 11th, 2013

Suppose that A is a square matrix such that det A* = 0. Explain why A
cannot be invertible.
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Solution: We know that |4%| = 0 = |A|*. This means that |[A| = 0 and conse-
quently, it cannot be invertible.

Lay, 3.2.37
Ana Pena Gil, Jan. 19th 2014

Let A — (3 1). Write 5A. Ts det{54} = 5det{A}?

42
3 1\ (15 5
5A_5(4 2)‘(20 10)

det{5A}‘ 155 ‘50

Solution:

20 10

5det{A}:5' ’:5-2:10

31
4 2
We see that det{5A} # 5det{A}

Lay, 3.3.1
Carlos Oscar Sorzano, Aug. 31st, 2013

Use Cramer’s rule to solve the following equation system

Sx1 + Txo =3
2131 + 4$2 =1
Solution:
i
1 4
_ _34-71 _ 5
T = 5 7| 54-72 " 6
2 4
B
2 1
_ _51-32 _ 1
T2 = 5 7| 54727 76
2 4
Lay, 3.3.2

Laura Zarandieta, Oct. 29th 2013

Use Cramer’s rule to solve the following equation system

dx1 +x2 =06
Sx1+ 210 =7
Solution:
' 6 1
7 2
_ _ 62-71 _ 5
L= 1 T 42-1s T3
5 2
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l

-

T | O

Lay, 3.3.3
Laura Zarandieta, Oct. 29th 2013

Use Cramer’s rule to solve the following equation system

3£E1 — 2582 =7
*5%1 + 6.’£2 =-5

Solution:
S
-5 6 76—(2)(—5) _ 32
T = 3 9 = 3:6—(=2)(=5) = % =4
N
-5 -5 3(=5)—7(—5) 20 10
Ty Ly T ae ey T8 1 20

-5 6

Lay, 3.3.4

Andrea Santos Cortés, Oct. 14th, 201}

Use Cramer’s rule to solve the following equation system

—5x1+ 312 =9
31‘1 — X9 = -5

Solution:

We may write the following equation system (in matrix form):

(7 3)E)-)

3
e
-5 —1 9-(—1)—3-(—5)
I = -5 3 = 7(5()71)7(33 = _%
3 -1
B
3 =5 5. 5
_ —5(=5)—93 _ 1
T2 = 5 3] 5 (D-33 " 2
3 -1

Lay, 3.3.7
Carlos Oscar Sorzano, Aug. 31st, 2013

Determine the values of the parameter s for which the system below has a
unique solution.
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6sx1 +4x0 =5
911 + 2819 = —2

Solution: Applying Cramer’s rule

5 4
T = —2 25 | 526-4(=2) _ 10s48 _ 10(s+15) _ 5(s+15)
YT T6s 4| 652 A0 T T27-36 T 12(s+VE)(s—V3)  6(s+VE)(s—V3)
9 2s
6s 5
e L9 T2 es(c2)-59 | apeas 12044 _
27 T6s 4] G249 T T 127-36 12(s1V3)(s—v3)
9 2s
s+%

T (s+V3)(s—3)

This equation system has a unique solution if the denominator of the frac-
tions above do not vanish, that is, s # 4/3.
Lay, 3.3.11
Carlos Oscar Sorzano, Aug. 31st, 2013

Calculate the adjugate of the matrix A= | 3 0 0 |. Then, use it to

calculate A1,
Solution: For calculating the adjugate of the matrix A we need to calculate all
its cofactors

on = o] Y] =
Co = (capn| 3O
G = (e 20 oy
Co = (=12 ’f ’1 S
Co = (| O 1] L
Cow = (v D T2 o
Co = (—1)3+ —(2) —(1) — 0
Oy = (=1)3+2 g —(1) _ 3
Csy = (_1)3+3 g *g — 6
The adjoint is
0 -3 3

b
*
Il
—_
|
—_
[N



For calculating A~! we need the determinant of A. We use the cofactor expan-
sion along the second row

|A| = a21Ca1 + a22Ca2 + a23C23 =3 -1 =3

Now
0 1 0 0 % 0
A—lzﬁ(A*)T:% -3 -1 -3 | = 1 3 -1
3 2 6 1 2 2

Lay, 3.3.19
Marta Monsalve Buendia, Oct. 18th, 201}

Find the area of the parallelogram whose vertices are (0,0), (5,2), (6,4),
(11,6).
Solution:

Note that this parallelogram has a vertex at 0. Consequently, calling x4 =
(5,2)T, xp = (6,4)T, the sought area is the absolute value of the determinant
of the vectors x4 and xp.

abs(‘ X4 Xp ‘)zabs(‘ g ZD:8

Lay, 3.3.20
Carlos Oscar Sorzano, Aug. 31st, 2013

Find the area of the parallelogram whose vertices are (-1,0), (0,5), (1,-4),
(2,1).
Solution: Let us draw the parallelogram: Calling x4 = (—1,0), xg = (0,5),
xc = (1,—4), the sought area is the absolute value of the determinant of the
vectors xg — X4 and Xg — X 4.

xfoA:(O 5)7(—1 O)
xc—xa=(1 —4)— (-1 0)

abs(‘ XB — XA X¢o —Xa |):abs<

Il
—~
—
ot
~

Il
—~
[N}
|
W
SN—

(SRS
[
=
Nz
I
—_
W

Lay, 3.3.21
Carlos Oscar Sorzano, Aug. 31st, 2013

Find the area of the parallelogram whose vertices are (-1,0), (0,5), (1,-4),

(2,1).
Solution: Let us draw the parallelogram:
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Calling x4 = (—1,0), xp = (0,5), xc = (1, —4), the sought area is the absolute
value of the determinant of the vectors xp — x4 and x¢ — x4.

XB—XA:(O 5)—(—1 O)z(l 5)
xc—xa=(1 —4)— (-1 0)=(2 —4)
12

abs(‘ Xp — XA X —Xa |):abs 5 4 =14

Lay, 3.3.25
Carlos Oscar Sorzano, Aug. 31st, 2013

Use the concept of volume to explain why the determinant of a 3 x 3 matrix

is zero iff A is not invertible.
Solution: From the invertible matrix theorem, we know that a matrix is invert-
ible iff its columns are linearly independent. So the statement of this problem
can be restated as the determinant of a 3 x 3 matrix is zero iff the three columns
of A are linearly dependent. On the other side interpreting the determinant of
A as the volume of the parallelepiped formed by the three columns, the problem
is “the volume of the parallelepiped formed by three vectors is zero iff the three
columns of A are linearly dependent”.

If the three vectors are linearly dependent, they span a subspace of dimension
2 or 1. In both cases, there is no real parallelepiped but a parallelogram or a
segment, and the volume of the parallelepiped is 0.

Let us show that if the volume of the parallepiped is zero, then three columns
are linearly dependent. Let’s assume they are linearly independent. Then, they
would actually span a three-dimensiional space, and the volume of the paral-
lelepiped formed by the three would not be zero. But this is a contradiction
with our hypothesis. So the three vectors have to be linearly dependent.

Lay, 3.3.26
Carlos Oscar Sorzano, Aug. 31st, 2013

Let T : R™ — R™ be a linear transformation, and let p be a vector and
S a set in R™. Show that the image of p + .S under T is the translated set
T(p)+T(S) in R™.
Solution: Any vector of the set p + S is of the form

X=p+s
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where s € S. If we apply T to x and exploiting the fact that T is a linear
transformation, we get

T(x)=T(p+s)=T(p)+T(s)

The set of all vectors of the form T'(s) is actually T'(S), so we have that, as
stated by the problem,

T(x) e T(p)+T(S)

Lay, 3.3.29
Carlos Oscar Sorzano, June, 6th 201}

Find a formula for the area of the triangle whose vertices are 0, vi, and vq
in R2.
Solution: We know that the area of the parallelepiped formed by the vectors
0, vy, vo, and v + vo is given by the determinant of the 2x2 matrix A (see
Theorem 3.3.9)

A= (V1 VQ) .
The area of the required triangle is just one half of this. In this way
AreaOfTriangle = % det {(vl vz) }

Lay, 3.3.30
Carlos Oscar Sorzano, Nov. 4th 2014

Let R be the triangle with vertices (z1,y1), (z2,¥2) and (z3,y3). Show that

1 1 Y 1
Area{R} = 5| %2 ¥ 1
r3 Y3 1

[Hint: Translate R to the origin by subtracting one of the vertices and use
Exercise 3.3.29.]
Solution: Let us translate the triangle to the origin by subtracting the vertex

(z1,y1). The new vertices of the triangle are vi = (xo — x1,y2 — y1) and
vo = (x5 — x1,y3 — y1). By applying Exercise 3.3.29, the area of this triangle is
Area{R} :} T2 —T1 T3 — T2 | _ 1 T2 =21 Y2 — Y1
2| y2—y1 Y3 — Y2 2| T3— T2 Y3 — Y2

Let us now develop the determinant porposed

X1 Y1 1 X1 Y1 1
o 2 1| = Ll a—az po—y O
z3 y3 1 zz3—r1 Yys—y1 O
_1 1| ¥2—y1 O
= sz1(—-1 +
221(=1) ys—y1 0 ‘
1, (42| T2—21 0
i B
%1(_1)1+3 T2 —T1 Y2 — Y1
I3 —T1 Ys— U1
_ 1| T2—T1 Y2— U1
2l w3 -1 Yys—
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Lay, 3.3.32
Carlos Oscar Sorzano, Aug. 31st, 2013

Let S be the tetrahedron in R® with vertices at the vectors 0, e1, e; and ez
and let S’ be the tetrahedron with vertices at vectors 0, vi, vo and v3. See the
figure.

a. Describe a linear transformation that maps S into S’.

b. Find a formula for the volume of the tetrahedron S’ using the fact

Volume of S=1 Area of the base - Height.

Solution:

a. Consider the matrix
A= (Vl Vo V3)

The tetrahedron S is formed by all those points that can be written in the
form

X = A0+ A1eq + dAges + Azes
with
A+ +A+A3<1
If we consider now Ax, we have
Ax = A0+ Meq + Aaes + Azes)
= XNAO0 + N\ Ade; + My Aey + N3 Aes

= X0+ A\vi + Aavo + A3vy

So this is a point in the tetrahedron S’ as required by the problem.

b. The base of the tetrahedron S is a triangle with vertices 0, e; and ey, whose
area is
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Area triangular base = % Base - Height = 51-1

1=
The height of the tetrahedron is the length of e, that is, 1. Finally
Volume of S:% Area of the base - Height =

According to Theorem 5.2 in Chapter 4, the volume of S’ is
Volume of §'=|det{A}| Volume of S=%|det{A}|

Lay, 3.Suppl.9
Carlos Oscar Sorzano, Nov. 11th, 2013

1 a a
Let T be the Vandermonde matrix T = [1 b b2 |. Use row operations
1 ¢ ¢

to show that |T| = (b —a)(c — a)(c —b)
Solution: Let us calculate the determinant of T'

a a
det |1 b 2| =
1 ¢ 2
1 a a?
T2 T3~ 11 det |0 b—a B> —0a?| =
Ts T3~ I 0 c—a c?—a?
—a b —a? _
(020 B -
b2—a?
2R a) (e — a) det 55"22)=
c—a r3 Te—a

(b—a)(c—a)det

ro 4 TIy—1rg (b—a)(c—a)det

(b—a)(c—a)ldet
(b—a)(c—a)(
Lay, 3.Suppl.15
Carlos Oscar Sorzano, Jan. 19th 2015

’Q\Or—\b—‘}—‘HH
o
|
(=

o
|

S

=

Let A, B, C and D be n x n matrices with A invertible.

1. Find matrices X and Y to produce the block LU factorization
A BY (I 0\[(A B
C D) \X I/J\0 Y

A B _
det <C’ D> = det(A)det(D — CA'B)

and then show that

85



2. Show that if AC' = C'A, then

A B
det (C D) = det(AD — CB)

Solution:

1. Let us develop the right-hand side
I 0\(fA BY (A B
X IJ\0 Y/ \XA XB+Y
By comparing to the left-hand side, we see that

XA=C=X=CA""

XB+Y=D=Y=D-XB=D-CA™'B

A B\ (I 0\/[/A B
¢ p)~\cat 1)\0o D-CA'B

The determinant of a triangular block matrix is the product of the deter-
minants of its diagonal blocks. Then

That is

det (é g) = det(I) det(I) det(A) det(D—CA™'B) = det(A) det(D—C A 'B)

2. Let us multiply the block matrix from the left by

I 0\(A BY _ A B
—-¢c A)J\¢ D)~ \-cA+4AC -CB+AD

Since AC' = C'A, we have

(o 4)(e 0)=(0 an’cs)

Taking determinants on both sides

I o A B A B
det (c A) det (C D):det<0 ADC’B)
A B

det(A) det (C’ D

) = det(A)det(AD — CB)

Since A is invertible, its determinant is different from 0 and we can divide
by it

A B
det (C’ D) = det(AD — CB)

Villa, 5.15
Carlos Oscar Sorzano, Nov. jth, 201/
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Calculate the determinant of order n

1+ 1 1 .. 1
1 1+ 1 .. 1
1 1 1 ... 142

Solution: If we add all rows from 2 to n to the first row we have

1+ 1 1 .. 1 n+x n+r n+xr ... n+zx
1 1+ 1 .. 1 _ 1 1+ 1 1
1 1 1 ... 1+«x 1 1 1 .. 142z
1 1 1 1

— (hta) 1 1+x2 1 1

1 1 1 ... 1+zx

We now subtract the first row from the rest of rows and develop the determinant
by the cofactors of the first column:

1 1 1 .. 1 1 1 1 1
(n+ ) 1 142 1 .. 1 — (hta) 0 « O 0
1 1 1 ... 1+ 0o 0 0 .. =z
= (n+x)an !
4 Chapter 4
Lay, 4.1.1

Carlos Oscar Sorzano, Aug. 31st, 2013

Let V be the first quadrant in the zy-plane; that is, let

()]

a. fuand varein V,isu+vin V? Why?

b. Find a specific vector u € V and a specific scalar ¢ such that cu is not in V.
(This is enough to show that V is not a vector space.)

Solution:

a. Let u= <uw> and v = (Uw>, then
Uy Uy
wev= (i) () = ()
Uy Uy Uy + vy

If u, > 0 and v, > 0, then u, 4+ v, > 0. Similarly for u, + v,. Consequently,
u+visalsoin V.
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b. LetVBu:(1

0) and ¢ = —1, then

v )

-(4)

that is not in V.

Lay, 4.1.2
Andrea Santos Cortés, Nov. 11th, 2014

Let W be the union of the first and third quadrants in the zy-plane. That

is, let
T
W = zy >0
{OEE

a. If uisin W and c is any scalar, is cu in W7 Why?

b. Find specific vectors u and v in W such that u + v is not in W. This is
enough to show that W is not a vector space.

Solution:

a. Let u= <uz), then
Uy

cu=c =
Uy Cly
If u, > 0 and u, > 0, then cu is also in W.(regardless of the sign of c)

b. Let W s u= ((1)> and Wav= <_01>,then

wrve (OY 4 (-1 (1
V=l o) \1
that is not in W.

Lay, 4.1.3 (3rd ed.)
Maria Postigo Fliquete, Dec. Tth, 2014

Let H be the set of points inside and on the unit circle in the zy-plane. That

is, let
=)
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Find a specific example-two vectors or a vector and a scalar-to show that H
is not a subspace of R2.

Solution: If u = <1

O)’ and ¢=2, then u is in H, but cu isn’t.

Lay, 4.1.4
Carlos Oscar Sorzano, Aug. 31st, 2013

Construct a geometric figure that illustrates why a line in R? not through
the origin is not closed under vector addition.
Solution:

In the figure above it is clear that vector u and v belong to the line, but u+ v
does not.

Lay, 4.1.5
Carlos Oscar Sorzano, Aug. 31st, 2013

Determine if the set of all polynomials of the form p(t) = at?> Va € R are a
subspace of Ps.
Solution: Let H = {p(t) € Pa|p(t) = at®*}. We need to show that this set
meets the three requirements to be a subspace

e 0cH
This is true because for a = 0 we have p(t) = 0t? = 0.

e Given any two polynomials p;(t),p2(t) € H, p1(t) + p2(t) € H
Assume p; () = a1t? and py(t) = ast?, then

p1(t) + p2(t) = a1t? + ast? = (ay + ao)t?

So pi(t) +p2(t) € H

e Given any polynomial p(t) € H and ¢ € R, ¢p(t) € H
ep(t) = c(at?) = (ac)t?

So cp(t) e H
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Since H meets all properties, H is a subspace of P2,

Lay, 4.1.6
Carlos Oscar Sorzano, Aug. 31st, 2013

Determine if the set of all polynomials of the form p(t) = a +t> Va € R
are a subspace of Ps.
Solution: Let H = {p(t) € Pa|p(t) = a + t*}. We need to show that this set
meets the three requirements to be a subspace

e 0cH
But this is not true for H, there is no value of a such that p(t) = a +t* =
0 VteR

Since H does not meet one of the conditions to be subspace, it cannot be a
subspace of P2.

Lay, 4.1.9

Ana Pena Gil, Jan. 19th 2014

—2t
Let H be the set of all vectors of the form | 5¢ |. Find a vector v in R3
3t
such that H = Span{v}. Why does this show that H is a subspace of R3?

Solution:
—2t -2
VWwweH=v=| 5 |=t]| 5
3t 3

So H = Span{(—2,5,3)}. Since H is generated by a set of vectors of R?, by
Theorem 4.1, H is a vector subspace of R3.

Lay, 4.1.10

Ana Pena Gil, Jan. 19th 2014

3t
Let H be the set of all vectors of the form 0 |, where ¢t is any real
—Tt
number. Show that H is a subspace of R3.
3t 3
Solution: Let u € H. Then, we can write u = 0 =t| 0 |. So
—Tt -7

H = Span{(3,0,—7)} and H is a vector subspace R? because it can be generated
by a vector of R3.

Lay, 4.1.11
Ana Pena Gil, Jan. 19th 2014

2b+ 3c
Let W be the set of all vectors of the form —b , where b and c are
2c
arbitrary. Find the vectors u and v such that H = Span{u, v)}. Why does this
show that W is a subspace of R3?
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Solution: Let w € W. We can write

2b + 3¢ 2 3
w = —b =b|[—-1|+c|O)] =bu-+t+cv
2c 0 2

So, H = Span{(u,v)} = Span{(2,—1,0),(3,0,2)}. W is a vector subspace R?
because it can be generated by a set of vector of R3.

Lay, 4.1.11 (3rd ed.)
Maria Postigo Fliquete, Dec. Tth, 201/

Let W be the set of all vectors of the form

5b + 2¢
W = b
c

where b and ¢ are arbitrary. Find vectors u and v such that W = Spam{u, v}
Why does this show that W is a subspace of R3?

5b + 2¢ ) 2 5
Solution: b =b|1]+c|[0] SoW = Spam{u,v} where u= |1
c 0 1 0

and v =

= O N

Lay, 4.1.19
Carlos Oscar Sorzano, Aug. 31st, 2013

If a mass m is placed at the end of a spring, and if the mass is pulled
downward and released, the mass-spring system will begin to oscillate. The
displacement y of the mass from its resting position is given by a function of
the form

y(t) = ¢1 cos(wt) + ¢ sin(wt)

where w is a constant that depends on the mass and the spring. (See the figure
below.) Show that the set of all functions described above (with fixed w and
c1, o arbitrary) is a vector space.

f—-—
DWWVWWW\{

Solution: Let us call V the set of all functions that can be expressed as
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V = {y®)|y(t) = c1 cos(wt) + ca sin(wt)}

To show that V is a vector space we need to show that Vu,v,w € V and
Ve,d € R

l.u+veV
2. u+v=v+u

3. (u+v)+w=u+(v+w)

4. 30 Vju+0=u

5. YueV 3w e Vju+w =0 (we normally write w = —u)
6. cveV

7. c(u+v)=cu+cv

8. (c+d)ju=-cu+du

9. ¢(du) = (cd)u

10. lu=u

Let’s prove all these properties:

l.u+vevV

(c14 cos(wt) + coy sin(wt)) + (1, cos(wt) + cay sin(wt))
= (C1u + C1v) cos(wt) + (cay + C2) sin(wt) € V

u+v

2. u+v=v+u

(c10 cos(wt) + cay sin(wt)) + (1, cos(wt) + cay, sin(wt))
= (Clv + Clu) COS(Wt) + (C2v + C2u) Sin(Wt)
= (c1u + c1p) cos(wt) + (cau + c2p) sin(wt) =u+v

v+u

3. (u+v)+w=u+(v+w)

(u+v)+w = ((c1cos(wt) + capsin(wt)) + (14 cos(wt) + cay sin(wt))) +
(c1 cos(wt) + oy sin(wt))
(c1u + €1v) cos(wt) + (cay + C2) sin(wt) + (c14 cOs(wit) + oy sin(wt))
(c1u + 10 + C10) cOs(wt) 4 (C2y + C2p + Cou) sin(wt)
u+ (v+w) = (c14cos(wt) + coysin(wt))+
((c10 cos(wt) + cap sin(wt))) + (c1 cos(wt) + cay sin(wt))
(14 cOs(wt) + coy sin(wt)) + (c14 + €10) cos(wt) + (c2p + Cou) sin(wt)
(c1u + €10 —|— Clw) Cos(wt) + (€24 + Cay + Cayy) sin(wt)
(et v)+
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4. 30€Vju+0=u
The addition neutral element is 0 = 0 cos(wt) + Osin(wt). Let’s see why

u+0 = (c14cos(wt)~+ coysin(wt)) + (0 cos(wt) + 0sin(wt))
(c14 + 0) cos(wt) + (cay + 0) sin(wt)
= ciycos(wt) + ey sin(wt) = u

5. YueV 3w e V]ju+w =0 (we normally write w = —u)
If u = ¢4 cos(wt) + coysin(wt), its inverse with respect to addition is
—u = —cyy cos(wt) — cay sin(wt).

u+ (—u) = (c1ycos(wt) + coysin(wt)) + (—c1y cos(wt) — coy sin(wt))
(c14 + (—c14)) cos(wt) + (cay + (—cay)) sin(wt)
0 cos(wt) + Osin(wt) =0

6. cveV

cu ¢(c14, cos(wt) + coy sin(wt))

(cc1y) cos(wt) + (ccay,) sin(wt) € V

7. c(u+v)=cu+cv

clu+v) = c((cru + c1v) cos(wt) + (cay + c2) sin(wt))
= (ec1y + ce1y) cos(wt) + (ceay + ccay) sin(wt)
cutcv = (cery cos(wt) + ceoy sin(wt)) + (cery cos(wt) + ceay sin(wt))

= (ec1y + cc1y) cos(wt) + (ceay + ccay) sin(wt) = c(u+ v)

8. (c+d)ju=cu+du

(c+du = (c+ d)(crycos(wt) + coy sin(wt))

(¢ + d)c1y cos(wt) + (¢ + d)cy, sin(wt)

(ccry + deiy,) cos(wt) + (ceaqy + degy,) sin(wt)

cC1q, cos(wt) + deyy, cos(wt) + ceay sin(wt) + dea,y, sin(wt)
(cc1qy cos(wt) + cegy sin(wt)) + (deqy cos(wt) + degy, sin(wt))
c(e1y cos(wt) + ceay sin(wt)) 4 d(c1q, cos(wt) + oy, sin(wt))
= cu+du

9. ¢(du) = (cd)u

¢(du) c(dery, cos(wt) + degy, sin(wt))
cdeqy, cos(wt) + edea,, sin(wt)
cd(c1q cos(wt) + cay sin(wt))

= (ed)u
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10. lu=u

lu = 1(c1y cos(wt) + coy sin(wt))
= (1-c1y)cos(wt) + (1 - cay) sin(wt)
= ¢y cos(wt) + coy sin(wt)
= u

Lay, 4.1.32
Carlos Oscar Sorzano, Aug. 31st, 2013

Let H and K be subspaces over a vector space V. The intersection of H and
K, written as H N K, is the set of all vectors v € V' that belong to both H and
K. Show that H N K is a subspace of V. (See figure below.) Give an example
in R? to show that the union of subspaces is not, in general, a subspace.

Solution: We need to show that this H N K meets the three requirements to
be a subspace

e 0e HNK
This is true because for 0 belongs to both H and K since both of them
are, in their turn, subspaces.

e Given any two vectors u,ve HNK,u+ve HNK
u and v belong to both H and K. And these sets are subspaces, then

ut+veH
ut+vek

Sou+ve HNK

e Given any vectoru€ HNK and ce R,cu e HNK
u belongs to both H and K. And these sets are subspaces, then

cue H
cue K

Socue HNK

Since H N K meets all properties, H N K is a subspace of V.
The union of subspaces is not, in general, a subspace. For instance in R?, the
following sets are subspaces:
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H = {(z,0) € R?}
K ={(0,y) e R?}

but the union H U K is not a subspace. For instance, u = (1,0) € H U K and
v=(0,1)c HUK,butu+v=(1,1)¢ HUK.

Lay, 4.1.33 (3rd ed.)
Maria Postigo Fliquete, Dec. Tth, 2014

Given subspaces H and K of a vector space V', the sum of H and K, written
as H + K, is the set of all vectors in V' that can be written as the sum of two
vectors, one in H and the other in K ; that is, H + K = {w|w =u+ v} for
some u in H and some v in K

a. Show that H + K is a subspace of V.
b. Show that H is a subspace of H + K and K is a subspace of H + K.
Solution:
a. H + K is a subspace of V because:
e 0c H+ K:since0e HK=0+0=0€ H+ K.

e Let two vectors in H + K be w; = u; + vi and wy = us + vy, with
uj,us € H and vi,vy € K. Then

w1+ wy = (ug +vi)+ (uz + va) = (g + uz) + (vi + va)

since u; + up € H and vy + vy € K (because H and K are subspaces
of V), then wi + wy € H + K.

e Let w=u+ v be a vector in H + K with u e H and v € K. Then
ew =c(u+v) = (cu) + (ev)

since cu € H and ¢v € K (because they are subspaces of V'), then
cw e H+ K.

b. H is a subspace of H 4+ K because any vector of u € H can be written as
w=u+0€ H+ K

consequently H is a subset of H + K. Since H is a subspace of V, H is also
a subspace of H 4+ K. Similarly, any vector v € K can be written as

w=0+veH+ K

and K is a subset of H + K and since K is a subspace of V, then it is also a
subspace of H + K.

Lay, 4.2.1 (3rd ed.)
Maria Postigo Fliquete, Dec. Tth, 2014
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Solution:
3 -5 - 1
6 -2 O 3| =

3 -5 -3

Determine if w= is in Nul{A}, with A = ( 6 -2 0
0
0
-8 4 1 —4 0

So w is in Nul{A}.

Lay, 4.2.2 (3rd ed.)
Maria Postigo Fliquete, Dec. Tth, 2014

3 5 21 19
Determine if w=| —3 | is in Nul{A}, with A= [ 13 23 2
2 8§ 14 1

Solution:
5 21 19 5

0
13 23 2 -3 =10
8 14 1 2 0

So w is in Nul{A}.

Lay, 4.2.3
Carlos Oscar Sorzano, Aug. 31st, 2013

Find an explicit description of the null space of A by listing the vectors that

span it.
1 2 4 0
A= (O 1 3 —2>

Solution: The null space of A is defined as those vectors such that
Ax =0
If we construct the augmented matrix of this equation system we get
<1 2 4 OO)N(I 0 -2 40>
01 3 —-2|0 01 3 —-210
So all points satisfying Ax = 0 are of the form

T, = 2x3 — 4x4

To = —3x3 + 274 }:>X—I3( =3, 1,0) +24(=4,2,0,1)

So a basis of Nul{A} is given by

Basis{Nul{4}} = {(2,-3,1,0),(—4,2,0,1)}

Lay, 4.2.4
Ignacio Sanchez Lopez, Jan. 15th, 2015

Find an explicit description of the null space of A by listing the vectors that
span it.
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(e
Solution: The null space of A is defined as those vectors such that
Ax =0
If we construct the augmented matrix of this equation system we get
(1 —6 4 00>N<1 -6 0 00)
0 0 2 0]0 0 0 1 0]0

So all points satisfying Ax = 0 are of the form

6o 6 0 0
T2 1 0 0
x1:6x2}:>x: s = T2 0 + x5 1 + x4 0
Ty 0 0 1

So a basis of Nul{A} is given by
Basis{Nul{A4}} = {(6,1,0,0),(0,0,1,0),(0,0,0,1)}

Lay, 4.2.5 (3rd ed.)
Maria Postigo Fliquete, Dec. Tth, 2014

Find an explicit description of Nul{ A}, by listing vectors that span the null
1 -2 0 4 0
space. A=(0 0 1 -9 0
0o 0 0 0 1
Solution: The Null space is composed by the set of solutions of the system
Ax =0

1 -2 0 4 0 T9 xr1 — 2$2 + 4934
0 0 1 -9 0 I3 = Trs — 9:[,’4
0O 0 0 0 1 Ty T5

x5

T, — 229 +4x4 0
r3 — 91‘4 = 0
Is 0
That is
Xr1 = —41‘4 + QIQ
Tr3 = 9334
Ty = 0

or equivalently

X1 2332 — 4.1‘4

T2 €2
Nul{dA}sx= |23 | = 9x4 =29

Ty T4

T5 0

+ x4

OO O~ N
o = O o
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2 —4
1 0
So the vectors are | 0 | and | 9 | constitute a basis of the Null space of A.
0 1
0 0

Lay, 4.2.6
Ignacio Sanchez Lopez, Jan. 15th, 2015

Find an explicit description of the null space of A by listing the vectors that
span it.

1 5 -4 -3 1
A=10 1 -2 1 0
0 0 O 0 O

Solution: The null space of A is defined as those vectors such that
Ax =0
If we construct the augmented matrix of this equation system we get

15 -4 -3 1|0 1 0 6 -8 1|0
01 -2 1 0j0 |~ 0 1 =2 1 00
0 0 0 0 0|0 0 0 0 0 0]0

So all points satisfying Ax = 0 are of the form

T = —6.’53 + 81’4 — I5

2
£y = 223 — 24 }:>X$3 (1) + x4
0

+

8

ot
_— o O O

So a basis of Nul{A} is given by
Basis{Nul{A}} = {(—6,2,1,0,0), (8, —1,0,1,0)(—1,0,0,0,1)}

Lay, 4.2.9
Carlos Oscar Sorzano, Aug. 31st, 2013

For the set below, either find an appropriate theorem to show that W is a
vector space or find a specific example to show the contrary.

|p—3q=4s,2p=s+5r

S
|
» 3IQR3

Solution: We can rewrite the two conditions for the vectors in W as
1 -3 0 -4
2 0 -5 -1
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So, W is nothing more than the null space of the matrix A = (; _03 35 _11)

and consequently it is a vector subspace of R*. Since any vector subspace is a
vector space, then W is a vector space.

Lay, 4.2.10
Ana Pena Gil, Jan. 19th 2014
For the set below, either find an appropriate theorem to show that W is a

vector space or find a specific example to show the contrary.

[3a +b=c,a+b+2c=2d

o o R

d

Solution: We can rewrite the two conditions for the vectors in W as
{0
—\0

So, W is nothing more than the null space of the matrix A = G) 1 _21 02)

and consequently it is a vector subspace of R*. Since any vector subspace is a
vector space, then W is a vector space.

QU O o

Lay, 4.2.11
Carlos Oscar Sorzano, Aug. 31st, 2013

For the set below, either find an appropriate theorem to show that W is a
vector space or find a specific example to show the contrary.

s —2t
o 3+ 3s
W = 3s 4t Vs, t € R

2s

Solution: W is not a subspace because R* 5 0 ¢ W. To show why, consider
the vector equation

s—2t 0
3+ 3s 0
3s+t 0
2s 0
The equation for the last component implies
2s=0=s5=0

But for the second component

3+3s=0=s=-1
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Since s cannot take the values 0 and -1 at the same time, we conclude that there
are no values of s and ¢ such that 0 € W, and consequently, the set W cannot
be a vector space.

Lay, 4.2.13 (3rd ed.)

Maria Postigo Fliquete, Dec. 8th, 2014

Use an appropriate theorem to show that the given set, W , is a vector space,
or find a specific example to the contrary.

c—6d
W= d Ve,d € R
¢
Solution:
c—6d 1 —6
d =c|O0]+d| 1
c 1 0
1 —6
That is W = Col{A} for A= |0 1 |,so W is a vector space.
1 0

Lay, 4.2.26
Carlos Oscar Sorzano, Dec. 16th, 2014

Let A be a m x n matrix. Mark each statement True or False. Justify each
answer.

1. The null space of A is a vector space.
2. The column space of A is in R™.

Col{ A} is the set of all solutions of Ax = b.

- w

Nul{A} is the kernel of the mapping x — Ax.
5. The range of a linear transformation is a vector space.

6. The set of all solutions of a homogeneous linear differential equation is the
kernel of a linear transformation.

Solution:

1. True, the null space of a matrix is a vector subspace (see Theorem 4.2.2)
and any vector subspace is a vector space.

2. True, the column space of A is the vector subspace of R™ formed by all
the vectors that can be obtained as linear combinations of the columns of
A (which are of size m).

3. False, see previous answer for the definition of Col{A}.

4. True, the kernel of the proposed transformation are all those vectors in
R™ such that Ax = 0, but this is the defintion of Nul{A}.
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5. True. To show that the range is a vector space, let us first prove that it
is a vector subspace. Let us denote as T to the linear transformation.

e 0 € Range{T'}. We know that for any linear transformation 7'(0) =

0.
e Vyi,y2 € Range{T} = y1 + y2 € Range{T'}. Let us denote as
x; and X2 two vectors in the input space such that T(x1) = y1

and T(x32) = y2. Since the transformation is linear we know that
T(x1 + x2) =y1 + y2. Consequently, y; + y2 € Range{T'}.

o Vy € Range{T'},Vc € R = cy € Range{T'}. Let us denote as x a
vector such that T'(x) = y. Since T is linear we have T'(cx) = cy
and, consequently, cy € Range{T}.

So, Range{T} is a vector subspace of the output vector space, but any
vector subspace is a vector space.

6. True, a homogeneous linear differential equation is one of the form

Fa@)y™ + fusi(@)y™ D + L+ fi(2)y + folz)y =0

Let us define the transformation

T(y) = fu(@)y"™ + faor @)y + .+ fi(2)y + fo(z)y
Let us show that T is a linear transformation

Tyr+y2) = fa(@)(y+y2)" + faoi(@) (g +12) "7 + o+ fi(@) (1 +v2) + fol@) (Y1 + y2)
= i+ s) P @ 4 T) b @)+ 68+ fo(@) (i + v2)

(
Fa(@)y™ + fac1 @)y 4 @)y + fola)yn | +
()

Fa(@)yS™ + fr1(@)ys" Y + o+ fr(@)yh + fo(x)ye

|
—_

= T(y1)+T(y2)
T(cy) = fa@)(e)™ + foo1(@)(ey) ™V + ..+ fi()(cy) + folz)(cy)
= fa@)ey™ + far(@)ey™ T + o+ fi(@)ey’ + fo(z)ey
= C(f(n()ﬂf)y(") + a1 @)y + L+ fi(@)y + folz)y)
= dI'(y

The kernel of this linear transformation is
Ker{T'} = {y|T'(y) = 0}

that is, the set of all solutions of the homogeneous linear differential equa-
tion
Fa(@)y'™ + faoa @)y + o+ fi(@)y + folw)y =0

Lay, 4.2.30
Carlos Oscar Sorzano, Aug. 31st, 2013

Let T : V — W be a linear transformation from a vector space V into a
vector space W. Prove that the range of T is a subspace of W. [Hint: typical
elements of the range have the form T'(u) and T'(v) for u,v € V]

Solution: We need to show that the range of 1" meets the three requirements
to be a subspace
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e Oy € Range{T'}
We know that for any linear transformation 7'(0y) = Oy, so Ow is in the
range of T.

e Given any two vectors T'(u),T(v) € Range{T'}, € T(u) + T(v)Range{T'}
Since T is a linear transformation

Tu+v)=T(u)+T(v)

So T'(u) + T'(v) is also in the range of T.

e Given any vector T'(u) € Range{T} and ¢ € R, ¢T'(u) € Range{T'}
Again, exploiting the fact that T is linear

T(cu) = cT'(u)

So ¢T'(u) is in the range of T

Since Range{T'} meets all properties, Range{T'} is a subspace of .

Lay, 4.2.31
Carlos Oscar Sorzano, Aug. 31st, 2013

Define T : Py — R? by T(p(t)) = (p(0),p(1)). For instance, if p(t) =
3+ 5t + 72, then T(p(t)) = (3,15).

a. Show that T is a linear transformation. [Hint: for arbitrary polynomials p(t)
and ¢(t) in Po, compute T'(p(t) + ¢(t)) and T'(ep(t))].

b. Find a polynomial p(¢) in Py that spans the kernel of T', and describe the
range of T'.

Solution:

a. Let p(t) = ap + bpt + cpt? and q(t) = ay + byt + c,t>. We have

T((ap + byt + Cptz) + (ag + bet + th2))

T((ap +aq) + (by + bg)t + (cp + Cq)tg)

(ap +ag,ap +aq +by +bg + ¢y +¢q)

(ap,ap + by +cp) + (ag, aq + by + ¢4)
= T(p(t)) +T(q(t))

T(ep(t)) = T(clap + byt + cpt?))

= T(cap+ cbpt + ccpt2)

= (cap,cap + cby + ccp)

= clap,ap+by +cp)

= T(p(t))

T(p(t) +q(t))

Since T meets the two conditions to be a linear transformation, it is a linear
transformation.

b. The kernel of T is formed by all those polynomials such that

T(p) = (apap+by+cp) =(0,0)
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for that we need

ap =20
ap +by, +cp=0=c, =—b,

That is, all polynomials in the kernel of 7" are of the form p(t) = byt — b,t?,
in particular

Ker{T} = Span{t — t?}
The range of T is formed by all those vectors of the form

Range{T'} = {(ap,a, + b, + c,)Vap, by, ¢, € R} = R?

Lay, 4.2.33 (3rd ed.)
Maria Postigo Fliquete, Dec. 8th, 2014

Let Msyo be the vector space of all 2x2 matrices, and define

T : Moy — Mayo by T(A) = A+ AT where A = (CC‘ Z)

a. Show that T is a linear transformation.

b. Let B be any element of My such that BT =B. Find an A in M5 such
that T'(A) = B.

c. Show that the range of T is the set of B in My, with the property that
BT = B.

d. Describe the kernel of T'.

Solution:

a. To show that a transformation is linear we need to show that

T(A+B) = (A+B)+(A+B)T=A+B+ AT + BT
= (A+A")+(B+B")=T(A)+T(B)
T(cA) = (cA)+ (cA)T =cA+ cAT = c(A+ AT) = cT'(A)

Let A= %B, then

T
1 1 1 1 1 1

Consider any matrix B such that B = T'(A). Then
BT = (T(ANT = (A+ AT = AT + A=T(A) =B

. The kernel of T is composed by all matrices such that

T(A)=0=A+ AT

This requires that a;; = 0 and a;; = —a;;. Any matrix fulfilling this condition
is in the kernel of T.
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Lay, 4.3.1
Carlos Oscar Sorzano, Aug. 31st, 2013

Determine whether the set B = {(1,0,0), (1,1,0),(1,1,1)} is a basis or not
for R3. If it is not, determine if it is linearly independent.
Solution: B has three linearly independent vectors because if we form the

1 1 1
matrix A= [0 1 1| the unique solution of the equation Ax = 0 is x = 0.
0 0 1

Since B has 3 linearly independent vectors, it spans R? and it is, therefore,
a basis for R3.
Lay, 4.3.2
Carlos Oscar Sorzano, Aug. 31st, 2013

Determine whether the set B = {(1,1,0),(0,0,0), (0,1,1)} is a basis or not
for R3. If it is not, determine if it is linearly independent.
Solution: The set B is not linearly independent because it contains the vector
(0,0,0). So it cannot be a basis for R3.
Lay, 4.3.3
Ana Pena Gil, Jan. 19th 2014

Determine whether the set B = {(1,0,-3),(3,1,—4),(—2,—1,1)} is a basis
or not for R3. If it is not, determine if it is linearly independent.

Solution: B has three linearly dependent vectors because if we form the matrix

1 3 =2
A=10 1 -1
-3 -4 1

its determinant det{A} = 0, which means that A is formed by linearly dependent
vectors.

Since B has 3 linearly dependent vectors, it does not span R? and it is not,
therefore, a basis for R3,

Lay, 4.3.6
Ana Pena Gil, Jan. 19th 2014

Determine whether the set B = {(1,2,—4),(—4,3,6)} is a basis or not for
R3. If it is not, determine if it is linearly independent.

Solution: B does not span R? because it has only two vectors. It needs exactly
three independent vectors to span R3. And therefore, it cannot be a basis for
R3.

The two vectors of the set B are linearly independent because none of them is
a multiple of the other.

Lay, 4.3.7
Andrea Santos Cortés, Nov. 16th, 201/
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Determine whether the set B = {(—2,3,0),(6,—1,5)} is a basis or not for
R3. If it is not, determine if it is linearly independent.
Solution: B does not span R? because it has only two vectors. It needs exactly
three linearly independent vectors to span R® . And therefore, it cannot be a
basis for R3. The two vectors of the set B are linearly independent because none
of them is a multiple of the other

Lay, 4.3.8
Carlos Oscar Sorzano, Aug. 31st, 2013

Determine whether the set B = {(1,-2,3), (0,3,—1),(2,-1,5),(0,0,—1)} is
a basis or not for R3. If it is not, determine if it is linearly independent.
Solution: The set B cannot be linearly independent because in R? there can
be at most 3 linearly independent vectors.
Lay, 4.3.9
Maria Postigo Fliquete, Dec. 8th, 2014

1 0 -3
Find bases for the null space of the matrix [0 1 -5 4

[\)

Solution:
1 0 -3 2 1 0 -3 2
O 1 -5 4 |~|0 1 -5 4
3 -2 1 2 00 0 O
1
1 0 -3 2 " T, — 3x3 + 214 0
01 -5 4 | = (22523 +424 | = |0
o0 o of (" 0 0
T4
T = 3.1‘3 — 2.1‘4
To = bxg — 4xy
Any vector in the null space is of the form
33?3 — 21‘4 3 -2
5173 - 4:134 _ 5 —4
I3 - 1 + 4 0
T4 0 1
3 -2
So a basis for Nul{A} is formed by the vectors ? and _04
0 1
Lay, 4.3.12
Carlos Oscar Sorzano, Aug. 31st, 2013
Find a basis for the set of vectors in R? on the line y = —3ax.

Solution: All these vectors are of the form

= ()=o)
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So, a basis for these vectors is

Lay, 4.3.13 (3rd ed.)
Maria Postigo Fliquete, Dec. 8th, 2014

-2 4 -2 A4
Assumethat A= | 2 -6 -3 1 | isrowequivalentto B =
-3 8 2 =3
Find bases for Nul{A} is and Col{A}.

O O =
S NN O
O oo

Solution:
106 5 il 21 + 623 + 514
02 5 3 2| = [ 220 4 523 + 324
000 0f|* 0
T4
That is
Tr1 = —6(1,‘3 — 51‘4
5 3
T9g = ——T3 — =T
2 %3 = T4
So any vector in Nul{A} is of the form
—6x3 — bxy —6 -5
5 3 5 3
—2T3 T %4 | _ 32 2
I3 - 1 + 24 0
Xy 0 1

A basis for Nul{A} is formed by the set

—6
_5
2

The basis for Col{A} are the colums of A corresponding to the pivot columns
(columns 1 and 2) of B:

2 4
2 ],[-6
—3 8

Lay, 4.3.14
Ana Sanmartin, Dec. 15th, 2014

Assume that A is row equivalent to B. Find bases for Nul{A} and Col{A}.

1 2 3 -4 8 1 20 -2 5
12 0 2 8 00 3 —6 3
A=194 35 10 9|"2=l0 00 0 -7
36 0 6 9 000 0 0
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Solution: If B is the reduced echelon form of A, then, the pivot columns of B
form a linearly independent set. Because the dependence relationships among
columns are not affected by row operations, the corresponding pivot columns of
A are also linearly independent and, consequently a basis of Col{A}:

3 8
0 8
-3]119
0 9

W N~ =

For the basis of Nul{A} we make use of the equations implied by Bx = 0:

Ty + 229 — 224 + 525 =0 T, = —2x9 + 214
3x3 — 624 + 325 =0 = T3 = 214
—71'5 =0 Is = 0
—21‘2 + 2134 -2 2
X9 1 0
Nul{A} DX = 21y = I 0 +x4| 2
T4 0 1
0 0 0
So a basis for Nul{A} is
-2 2
1 0
01,]2
0 1
0 0

Lay, 4.3.24
Carlos Oscar Sorzano, Aug. 31st, 2013

Let B = {v1,Va,...,v,} be a linearly independent set of R"™. Explain why
B must be basis for R”.
Solution: To be a basis for R™ a set needs to be linearly independent (B is
so by hypothesis) and span R™. Let’s check this latter requirement. Let us
form the matrix A = (v1 Vo oo vn). B spans R™ if for any vector b € R"”,
the matrix equation Ax = b has a solution. Since the columns of A are lin-
early independent, by the invertible theorem matrix (Theorem 5.1, Chapter 3),
we know that the matrix equation above has a solution, and consequently, the
columns of A (that is B) spans R".
Lay, 4.3.25
Carlos Oscar Sorzano, Jan. 20th, 2013

Let vi = (1,0,1), v2 = (0,1,1) and v3 = (0,1,0), and let H be the set of
vectors of R? whose second and third entries are equal. Then every vector in
H has a unique expansion as a linear combination of v, vo and vz because
(s,t,t) = s(1,0,1)+(t—s)(0,1,1)+5(0,1,0). Is {vy, va, vs} a basis of H? Why
or why not?

Solution: v; and v do not belong to H (because they do not have the same
values in the second and third position), so they cannot participate of any basis
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of H.
Lay, 4.3.31
Carlos Oscar Sorzano, Aug. 31st, 2013

Let V and W be vector spaces, and T : V' — W a linear transformation
between the two. Let S = {vq,Vva,...,v,} be a subset of V. Show that if S is
linearly dependent in V', then the set of images T'(S) = {T'(v1), T'(va), ..., T(v,)}
is linearly dependent in W. This fact shows that if a linear transformation maps
S onto a linearly independent set of vectors, then S is also linearly independent
(because it cannot be linearly dependent).

Solution: If S is linearly dependent, then there exist coefficients ci, ca, ..., ¢p
not all of them zero such that

1V +Cova + ...+ vy = (1]%
Apply the lienar transformation 7' to both sides yields
aT(vi) + T (va) + ...+ ¢pT(vy) = Ow

that is, there exist coefficients c;, c2, ..., ¢, not all of them zero such that the lin-
ear combination of the transformed vectors is Oy . This means that S’ = T(S)
is a set of linearly dependent vectors.

Lay, 4.3.32

Carlos Oscar Sorzano, Aug. 31st, 2013

Let V and W be vector spaces, and T : V — W a linear transformation
between the two. Let S = {vi,va,...,v,} be a subset of V. Suppose T is a
one-to-one transformation, so that an equation T'(u) = T(v) always implies
u = v. Show that if the set of images T'(S) = {T'(v1),T(v2),....,T(vp)} is
linearly dependent, then S = {vi,vs,...,v,} is also linearly dependent. This
fact shows that a one-to-one linear transformation maps a linearly independent
set onto a linearly independent set (because in this case the set of images cannot
be linearly dependent).

Solution: If T'(S) is linearly dependent, then there exist coefficients ¢, co, ...,
¢p not all of them zero such that

aT(vi) +cT(va) + ... + cpT(vp) = Ow
If T is one-to-one, we infer that it must also be
c1vy +cave + ...+ cpvy, = 0y

that is, there exist coefficients ¢, ca, ..., ¢, not all of them zero such that the
linear combination of the transformed vectors is 0y. This means that S is a set
of linearly dependent vectors.

Lay, 4.3.33

Carlos Oscar Sorzano, Aug. 31st, 2013

Consider the polynomials p;(t) = 1 +t% and pa(t) = 1 — 2. Is {p1(t), p2(t)}
a linearly independent set in P37 Why or why not?
Solution: We may define the linear transformation T : P3 — R* such that
T(a + bt + ct? + dt®) = (a,b,c,d). It can be easily verified that T is a linear
transformation.

The polynomials p;(t) and po(t) are transformed to
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T(pl(t)) = (1a07170)
T(pQ(t)> = (170, _170)

which is clearly a linear independent set in R* and by Exercise Lay 4.3.31, this
implies that {p;(t),p2(¢)} is a linearly independent set in Ps.

Lay, 4.4.1
Andrea Santos Cortés, Nov. 17th, 201/

Given the coordinate [x]p = (5,3) and the basis B = {(3,-5), (—4,6)}, find
the vector x.
Solution: The coordinates of x in the basis B specify the linear combination
of the vectors in the basis B to find x

x =z1b; +22by =5 (35> +3 <_64) = (37>
Lay, 4.4.2

Andrea Santos Cortés, Nov. 17th, 201/

Given the coordinate [x]p = (—2,5) and the basis B = {(3,2), (—4,1)}, find
the vector x.
Solution: The coordinates of x in the basis B specify the linear combination
of the vectors in the basis B to find x

X = {I?lbl + Z'sz =-2 <g) +5 <_14) = <_126>
Lay, 4.4.3

Carlos Oscar Sorzano, Aug. 31st, 2013

Given the coordinate [x]p = (1,0, —2) and the basis B = {(1, -2, 3), (5,0, —2), (4, —3,0)},
find the vector x.
Solution: The coordinates of x in the basis B specify the linear combination
of the vectors in the basis B to find x

1 5 4 -7
X = CElbl —+ ZL’QbQ + iL’gbg =1|-2]+40 0 -2 -3 = 4
3 —2 0 0

Lay, 4.4.4
Andrea Santos Cortés, Nov. 17th, 201/

Given the coordinate [x]5 = (—3,2, —1) and the basis B = {(-2,2,0), (3,0,2), (4, —1,3)},
find the vector x.
Solution: The coordinates of x in the basis B specify the linear combination
of the vectors in the basis B to find x

-2 3 4 8
X:$1b1+$2b2+$3b3 =-3 2 +210 —11-1 = -5
0 2 3 1
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Lay, 4.4.5
Andrea Santos Cortés, Nov. 17th, 201/

Find the coordinates of x = (—1, 1) relative to the basis B = {(1, —2), (3, —5)}
Solution: The coordinates of x in the basis B specify the linear combination
of the vectors in the basis B to find x. We need to find the weights such that

1
X =x1b1 + 22by = 13 (_2> + X2 <_35>

We can solve this problem through the augmented matrix

1 31—-1 1 0 )
-2 =5 1 0 1]-2
The coordinates are [x]p = (5, —2).

Lay, 4.4.8
Carlos Oscar Sorzano, Aug. 31st, 2013

Find the coordinates of x = (0,0, —2) relative to the basis B = {(1, 1, 3), (2,0, 8), (1,—1,3)}
Solution: The coordinates of x in the basis B specify the linear combination
of the vectors in the basis B to find x. We need to find the weights such that

1 2 1
x=x1by +axobs +x3bs =21 [1 ]| +22 |0 ] +23 | —1
3 8 3

We can solve this problem through the augmented matrix

1 2 1 0 100 1
1 0 -1 0]~ 01 0]-1
3 8 3| -2 0 01 1

The coordinates are [x]g = (1, —1,1).
Lay, 4.4.9
Carlos Oscar Sorzano, Aug. 31st, 2013
Find the change-of-coordinates matrix from the basis B = {(1,-3),(2,—-5)}

to the standard basis of R2.
Solution: The matrix sought is the one whose columns are the vectors in the

basis B
1 2
Lay, 4.4.11 (3rd ed.)

Maria Postigo Fliquete, Dec. 8th, 2014

Use an inverse matrix to find [x]p for the given x and B.

s={(5)- (W)}
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2
—6
Solution:

X =

We calculate the inverse matrix
3 =41 0 N 1 0|-9/3 -2
-5 6|0 1 0 1|-5/2 =3/2
1 (-3/9 2
Py —<5/2 _3/2

[x]p = Pg'x

x]p = <:§§g —532> (—26> B (461)
Lay, 4.4.13

Carlos Oscar Sorzano, Aug. 31st, 2013

The set B = {1+t2,t+12 1+ 2t+t2} is a basis for P,. Find the coordinate
vector of p(t) = 1 + 4t + Tt2 relative to B.
Solution: Consider the standard basis of Py ({1,¢,#?}). The change-of-coordinate
matrix from B to the standard basis is the one whose columns are the expression
of each one of the elements in the basis B in the standard basis

1 01
Prep=[(0 1 2
11 1

We use this matrix to convert B-coordinates into E-coordinates
x|g = PeeB[X|B

Conversely, we may invert this equation to find the B-coordinates of the poly-
nomial p(t).

11 1
2 2 2
x|p = Pglplxle = —11 (1) 1
3 3

Lay, 4.4.14 (3rd ed.)
Maria Postigo Fliquete, Dec. 8th, 201/

The set B = {1+t%,t+12,1+2t+t%} is a basis for Py. Find the coordinate
vector of p(t) = 3 + t + 62 relative to B .
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Solution:

3
pt) =3 +t+6t2= [p(t)p= |1
6

B={1+t*t+t*1+2t+t*} = Pp =

—_ O = S~

]
— N =

The following equation relates the coordinates in the standard basis and the B
basis

p(t)|e = Pelp(t)]n

We solve the augmented matrix

10 113 10 0| 4 4
01 2/1|~[010| 3|=pt)s=]|3
11 1|6 00 1]-1 ~1

Lay, 4.4.17
Carlos Oscar Sorzano, Aug. 31st, 2013

The vectors vi = (1,-3), vo = (2,—8) and v3 = (—3,7) span R? but do
not form a basis. Find two different ways to express x = (1,1) as a linear
combination of v, vs, vs.

Solution: We need to find x1, 22, x3 such that

XT1V1 + T2Vy + X3Vy =X
1 2 =31 1 0 -5 5
-3 -8 711 0 1 1] -2

So any linear combination of the form

5 + 51‘3

-2 — T3
Zs3

xr1 =5+ dxg
1‘2:—2—333

is a representation of x as a linear combination of vy, va, vs.

Lay, 4.4.19
Carlos Oscar Sorzano, Aug. 31st, 2013

Let S be a finite set of in a vector space V' with the property that every x
in V has a unique representation as a linear combination of the elements of .S.
Show that S is a basis of V.
Solution: The fact that every x in V' has a representation as a linear combina-
tion of elements of S means that S spans V. The fact that this representation
is unique implies that the set S is linearly independent. These are the two con-
ditions to become a basis and, therefore, the set S is a basis of V.
Lay, 4.4.20
Carlos Oscar Sorzano, Feb. 15th, 201/

Suppose {v1,Vva, V3, vs} is a linearly dependent set spanning a vector space
V. Show that each w in V can be expressed in more than one way as a linear
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combination of vq,va,vs, vy. [Hint: Let w = k1vq + kava + k3vs + kgvy be an
arbitrary vector of V. Use the linear dependence of {v1, vy, v3,v4} to produce
another representation of w as a linear combination of vi,va, v3, vy.]
Solution: Without loss of generality, let us assume that v, is a linear combi-
nation of the rest of the vectors

V4 = a1vVi1 +agva +asvs
Then, we can reexpress w as

W = ]C1V1 + kQVQ + k3V3 + k4V4
k1vi 4 kova + k3vs + ky(a1vi + azva + azvs)
(k’l + k‘4a1)V1 + (k‘g + k4a2)v2 + (kig + k4a3)V3

Lay, 4.4.24
Carlos Oscar Sorzano, Aug. 31st, 2013

Show that the coordinate mapping is onto R™. That is, given any y € R",
with entries y1, y2, ..., Yn, produce a u € V such that [ulp = y.
Solution: Assume that the basis B is formed by the vectors by, bs, ..., b,.
Then the coordinates of the vector

u =y by +yby+..+y,b,

arey.

Lay, 4.4.25
Carlos Oscar Sorzano, Aug. 31st, 2013

Show that the subset {uj, ug, ..., u,} in V is linearly independent if and only
if the set of coordinate vectors {[ui]p, [u2]B, ..., [up| 5} is linearly independent in
R™. Hint: Since the coordinate mapping is one-to-one, the following equations
have the same solution ¢, ca, ..., ¢p:

ciuy + cug + ... + cpu, = Oy
cilwi]p + c2[uz]p + ... + cp[uylp = 0

Solution: Consider the equation
ciuy + coug + ... + cpup = OV

and its solution coefficients ci,ca, ..., cp. Since the coordinate mapping is one-
to-one, the set of solutions is the same as the one for the equation

[clul + coug + ... + cpup]B = [OV]B
and because the coordinate mapping is a linear transformation, we have
cilwi)g + c2lug]p + ... + ¢p[uplp =0

But, by hypothesis, the set {[ui]p,[u2]s,...,[up]s} is linearly independent.
That means that the only solution of the equation is ¢; = c3 = ... = ¢, = 0 and
so is the solution of the first equation in the sequel.

Lay, 4.5.1
Carlos Oscar Sorzano, Aug. 31st, 2013

Find a basis for the subspace below and state its dimension
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s— 2t
S = s+t Vs,t € R
3t

Solution: We may write the set as

1 -2
S=<s|1]+t] 1 Vs, t € R
0 3
Thus, a basis is given by the vectors
1 -2
Basis{S} = 1,11
0 3

Since the basis has two vectors, the dimension of S is 2.

Lay, 4.5.2
Marta Monsalve Buendia, Dic. 4th, 2014
Find a basis for the subspace below and state its dimension

2a
S = —4b Va,b € R
—2a

Solution: We may write the set as

2 0
S=<al 0 |+b|—4 Va,b € R
-2 0

Thus, a basis is given by the vectors

2 0
Basis{S} = 01,4
2 0

Since the basis has two vectors, the dimension of S is 2.

Lay, 4.5.3
Marta Monsalve Buendia, Dic. 4th, 2014

Find a basis for the subspace below and state its dimension

2c
s=312721 vapecer
a b—3c I
a+2b
Solution: We may write the set as
0 0 2
1 -1 0
S=<a 0 +0 1 +c _3 Va,b,c € R
1 2 0
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Thus, a basis is given by the vectors

0 0 2
Basis{S} = (1) , 711 , _03
1 0

Since the basis has three vectors, the dimension of S is 3.

Lay, 4.5.4
Ana Pena Gil, Jan. 19th 2014

Find a basis for the subspace below and state its dimension

p+2q

S = P Vs,t € R
3p—q
p+q

Solution: We may write the set as

1 2
-1 0
S=qp| 5 [+a| ;| YpaeR
1 1
Thus, a basis is given by the vectors

1 2
. -1 0
Basis{S} = 3 [ ] 4
1 1

Since the basis has two vectors, the dimension of S is 2.

Lay, 4.5.5
Ana Pena Gil, Jan. 19th 2014

Find a basis for the subspace below and state its dimension

P—2q

2p + 57
—2q + 2r
—3p + 6r

Vp,q,r € R

Solution: We may write the set as
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1 -2 0
2 0 5
S=<p 0 +4q 9 +7r 9 Vp,q,r € R
-3 0 6
Thus, a basis is given by the vectors

1 -2 0
. 2 0 5
Basis{S} = ol 122l ]2
-3 0 6

Since the basis has three vectors, the dimension of S is 3.

Lay, 4.5.6
Marta Monsalve Buendia, Dic. 4th, 2014

Find a basis for the subspace below and state its dimension

3a —c
—b— 3¢
S=31-7a+6b+5c| "wheER

—3a+c

Solution: We may write the set as

3 0 -1
0 -1 -3
S=<a _7 +b 6 +c 5 Va,b,c € R
-3 0 1
Thus, a basis is given by the vectors
3 0 -1
. 0 -1 -3
Basis{S} = 0% RN P IR
-3 0 1

Since the basis has three vectors, the dimension of S is 3.

Lay, 4.5.13
Carlos Oscar Sorzano, Aug. 31st, 2013

Determine the dimensions of Nul{A} and Col{A} for the matrix

1 -6 9 0 =2
0 1 2 —4 5
A 0 0 0 5 1
0 0 0 O 0
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Solution: The basis of the null space is formed by those non-pivot columns, in
the case of A, the third and fifth columns. So, the dimension of Nul{A} is 2.
The basis of the column space is formed by the pivot columns, in this case, the
first, second and fourth columns. So, the dimension of Col{A} is 3.

Lay, 4.5.15 (3rd ed.)

Maria Postigo Fliquete, Dec. 8th, 2014

Determine the dimensions of Nul{A} and Col{A}
1 09 5
A= (0 0 1 —4>
109 5 (1 0 0 41
00 1 —4 001 —4

The given matrix has two pivot colums so dim{Col{A}} = 2 and two non-pivot
columns so dim{Nul{A}} = 2.

Solution:

Lay, 4.5.17 (3rd ed.)
Ignacio Sanchez Lopez, Jan. 17th, 2015

Determine the dimensions of Nul{A} and Col{A}

Solution:
1 -1 0 1 0 0
0 4 7]~(0 1 0
0 0 5 0 0 1

The given matrix has three pivot colums so dim{Col{A}} = 3 and zero non-
pivot columns so dim{Nul{A}} = 0.

Lay, 4.5.20

Carlos Oscar Sorzano, Jan. 20th, 2014

Mark each statement as true or false. Justify each answer.
1. R? is a two-dimensional subspace of R?

2. The number of variables in the equation Ax = 0 equals the dimension of
Nul{A}.

3. A vector space is infinite-dimensional if it is spanned by an infinite set.
4. If dim{V} = n and if S spans V, then S is a basis of V.
5. The only three-dimensional subspace of R? is R? itself.

Solution:

1. False, R? is not a subpace of R3. Although it is true that R? is isomorph
to a two-dimensional subspace of R3.
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2. False, the number of variables in the equation Ax = 0 equals the number
of columns of A. The dimension of Nul{A} is equal to the number of free
variables in the equation Ax = 0.

3. False, the infinite set must be a basis of A, that is, there cannot be a
proper subset of S that also spans the same vector space.

4. False, for this to be true we also need that S has n vectors.

5. True, R3 is said to be an improper subspace of itself.

Lay, 4.5.21
Carlos Oscar Sorzano, Aug. 31st, 2013

The first four Hermite polynomials are 1, 2¢, —2 + 4t and —12t + 8t3.
These polynomials arise naturally in the study of certain important differential
equations in mathematical physics. Show that the first four Hermite polynomials
form a basis of Ps.

Solution: Consider the standard basis of Ps:

E={1,t,t2,¢3}

In order to know whether the four Hermite polynomials are linearly independent
or not we resort to the following augmented matrix whose columns are the
expression of the Hermite polynomials in the standard basis of P3

1 0 -2 00 1 00 0/0
02 0 -12]0 01000
00 4 o0l0o|Tloo1o0]0
00 0 8|0 000 1]0

So the four Hermite polynomials are linearly independent. Since they are 4
and the dimension of P5 is also 4, then by Theorem 9.4 of Chapter 5, the four
Hermite polynomials are a basis of P3.

Lay, 4.5.22

Carlos Oscar Sorzano, Jan. 20th, 2013

The first four Laguerre polynomials are 1, 1—¢, 2—4t+t? and 6—18t49t% —¢3.
Show that these polynomials form a basis of Ps.
Solution: Consider the standard basis of Ps:

E = {1,t,t2,¢3}

In order to know whether the four Laguerre polynomials are linearly independent
or not we resort to the following augmented matrix whose columns are the
expression of the Laguerre polynomials in the standard basis of Pg

1 1 2 6o 1 00 0]0
0 -1 -4 —18]0 010 00
0o 0o 1 9lo]~ loo0o10]o0
0 0 0 -1]0 000 1]0
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So the four Laguerre polynomials are linearly independent. Since they are 4
and the dimension of P3 is also 4, then by Theorem 9.4 of Chapter 5, the four
Laguerre polynomials are a basis of Ps.

Lay, 4.5.25

Carlos Oscar Sorzano, Aug. 31st, 2013

Let S be a subset of an n-dimensional vector space V', and suppose S contains
fewer than n vectors. Explain why S cannot span V.
Solution: Note that n > 1 because S cannot have fewer than 0 vectors. If S
spans V, then there exists a subset S’ C S that is a basis of V. S’ must have
fewer than n vectors (because S has fewer than n vectors), but by Theorem 9.2
of Chapter 5, this is impossible because all bases of V' have n vectors.
Lay, 4.5.26
Carlos Oscar Sorzano, Aug. 31st, 2013

Let H be an n-dimensional subspace of an n-dimensional vector space V.
Show that H = V.
Solution: Let By be a basis of H. Since H is an n-dimensional vector space,
By must have n vectors. But by Theorem 9.4 of Chapter 5, any set of n linearly
independent vectors of V' is a basis of V. So Bpy is also a basis for V. Since
both spaces have the same basis, both spaces are the same.
Lay, 4.5.27
Carlos Oscar Sorzano, Aug. 31st, 2013

Explain why the space P of all polynomials is an infinite-dimensional space.
Solution: Let us assume that P is finite-dimensional and that its dimension is
n. Consider the set of polynomials of degree n (IP,,). This obviously a subset of
P so the dimension of P is larger than the dimension of P,

P, C P = dim{P,} < dim{P}

The dimension of P, is n + 1, but n + 1 > n so this is a contradiction with our
hypothesis, and P is an infinite-dimensional space.

Lay, 4.5.28

Carlos Oscar Sorzano, Aug. 31st, 2013

Show that the space C(R) of all continuous functions defined on the real line
is an infinite-dimensional space.
Solution: In the previous exercise we showed that the space of polynomials P
is infinite-dimensional. Since all polynomials are continuous functions on the
real line we have P C C'(R). Consequently, C(R) must be infinite-dimensional
since its dimension cannot be smaller than the dimension of P.
Lay, 4.5.31
Carlos Oscar Sorzano, Aug. 31st, 2013

Consider finite-dimensionals spaces V and W, and a linear transformation
T :V — W. Let H be a nonzero subspace of V, and let T(H) be the set
of images of vectors in H. Then T(H) is a subspace of W, by Exercise 35 in
Section 4.2. Prove that dim{7(H)} < dim{H}.
Solution: Let k = dim{T'(H)}. If k = 0, then k < dim{H}. If k¥ > 0, then
T(H) must have a basis formed by k vectors in T'(H) of the form T'(v1), T(v2),
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., T(vy). Since the set {T'(v1),T(v2),...,T(vi)} is linearly independent and T
is a linear transformation, then by Exercise 4.3.31 the set {vy,va, ..., v} is also
linearly independent in H and consequently dim{H} > k.

Lay, 4.5.32
Carlos Oscar Sorzano, Aug. 31st, 2013

Consider finite-dimensionals spaces V and W, and a linear transformation

T:V — W. Let H be a nonzero subspace of V', and let T(H) be the set of
images of vectors in H. Suppose, additionally, that 7" is a one-to-one mapping.
Prove that dim{7T(H)} = dim{H}. If T happens to be a one-to-one mapping
of V onto W, then dim{V} = dim{W}. Isomorphic finite-dimensional vector
spaces have the same dimension.
Solution: If T is a one-to-one mapping, it means that it maps linearly inde-
pendent sets from V' to W and viceversa. If the dimension of H is k, then any
basis of H C V has k linearly independent vectors, that are mapped by 7" onto
k linearly independent vectors of W. So they are also a basis of T'(H), and
consequently dim{T'(H)} = k.

Lay, 4.6.1
Carlos Oscar Sorzano, Aug. 31st, 2013
Assume
1 -4 9 -7 1 0 -1 5
A=(-1 2 -4 1 |~[|0 -2 5 —-6]=BRB
5 —6 10 7 0O 0 0 0

Without calculations list Rank{A} and dim{Nul{A}}. Then find bases for
Col{A}, Row{A}, and Nul{A}.
Solution: The rank of A is the dimension of the column space of A that is
given by the number of pivot columns of A. This is the same as the number of
pivot columns of B, that is, 2 (first and second columns). The dimension of the
null space of A, thanks to the rank theorem, can be calculated as the number
of columns of A minus its rank, in this case, 4 — 2 = 2.

The basis of Col{A} is given by the pivot columns of A, that are the same
as the pivot columns of B:

1 —4
Basis{Col{A}} = -1, 2
) —6

The space spanned by the rows of B is the same as the space spanned by
the rows of A. So a basis for the row space of A is

1 0
. 0 -2
Basis{Row{A}} = 1! o5
5 —6
For the null space of A we write the equations implied by the two rows of B
X 1 -1
5
T1 = X3 — T4 T2 | 5 -3
21y = —Bws+ 624 |as| B[ T 0
X4 0 1
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So the basis of Nul{A}} is given by

Basis{Row{A}} =

O =N =

Lay, 4.6.3 (3rd ed.)
Maria Postigo Fliquete, Dec. 8th, 2014

Assume that the matrix A is row equivalent to B. Without calculations,
list Rank{A} and dim{Nul{A}}. Then find bases for Col{A}, Row{A}, and
Nul{A}.

2 -3 6 2 5
-2 3 -3 -3 -4

4 -6 9 ) 9
-2 3 3 -4 1
2 -3 6 2 5
0 0 3 -1 1
B= 0o 0 0 1 3
0 0 0 0 O

Solution: The matrix has 3 pivot colums so Rank{A} = dim{Col{A}} =3
and 2 non pivot colums so dim{Nul{A}} = 2. The basis of Col{A} is formed
by the columns of A corresponding to the pivot columns of B:

2 6 2
-2 -3 -3
4 1719175
-2 3 -4

The basis of Nul{A} comes from the equations implied by B

21‘1 - 3$2 + 6I3 + 21‘4 + 51’5 =0 I = %1‘2 + %Ig}
3x3 —x4+2x5 =0 = $3:7%Z‘5
x4+ 325 =0 Ty = —3z;5
o 3 2
To 1 0
z3 | =22 | 0| + x5 —%
Xy 0 -3
Ts5 0 1
So the basis of Nul{A} is
3 9
2 2
1 0
4
of,]-4
0 _
0 1
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Finally the basis of Row{A} comes from the rows of B

2 0 0
-3 0 0
6 {,]3].]0
2 —1 1
5 1 3

Lay, 4.6.5
Carlos Oscar Sorzano, June, 6th 201}

If a 4 x 7 matrix A has rank 3, find dim{Nul{A}}, dim{Row{A}}, and rank
of AT,
Solution: According to the rank theorem, the rank of A plus dim{Nul{A}}
must be the number of columns of A. Since the rank of A is 3, dim{Nul{A}}
must be 4. On another side, the rank is defined as the dimension of the row
space of A, so dim{Row{A}} = 3. Finally

rank{ AT} = dim{Row{AT}} = dim{Col{A4}} = rank{A} = 3

Lay, 4.6.13
Carlos Oscar Sorzano, Aug. 31st, 2013

If Ais a 7 x 5 matrix, what is the largest possible rank of A? If Aisa 5 x 7
matrix, what is the largest possible rank of A? Explain your answers.
Solution: In both cases the rank can be 5 at maximum, because for any m x n
matrix the rank meets (Rank Theorem)

dim{Row{A}} = dim{Col{A}} = Rank{A}

In the first case, the rank cannot be larger than 5 because there are only 5
columns. In the second case, the rank cannot be larger than 5 because there
are only 5 rows.

Lay, 4.6.15

Carlos Oscar Sorzano, Aug. 31st, 2013

If Ais a 3 x 7 matrix, what is the smallest possible dimension of Nul{A}?
Solution: By the Rank Theorem we know that for a m x n matrix

dim{Nul{A}} + Rank{A} =n

The rank cannot be larger than 3, so the dimension of Nul{A} cannot be smaller
than 4, i.e., dim{Nul{A}} > 4.

Lay, 4.6.19

Carlos Oscar Sorzano, Aug. 31st, 2013

Suppose the solutions of a homogeneous system of 5 linear equations in 6
unknowns are all multiples of one nonzero solution. Will the system necessarily
have a solution for every possible choice of constants on the right sides of the
equation? Explain.

Solution: The fact that all homogeneous solutions are multiples of one nonzero
solution implies that the null space is 1-dimensional. By the Rank Theorem,
the rank of A (the system matrix) is 5 (so that 5+ 1 = 6). So,
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Rank{A} = dim{Col{A}} =5

Since the matrix A is 5 x 6, its column space must be a subspace of R®. On the
other side, since its dimension is 5, then

Col{A} =R®

and consequently, for every b € R® there is a solution of the equation Ax =
b.

Lay, 4.6.20

Carlos Oscar Sorzano, Jan. 20th, 201}

Suppose a nonhomogeneous system of six linear equations in eight unknowns
has a solution, with two free variables. Is it possible to change some constants
on the equations’ right sides to make the new system inconsistent? Explain.
Solution: If the equation system has a solution with two free variables, it means
that the system matrix has rank 6. By changing the right side we cannot make
the system inconsistent since for this we would need at least one of the equations
to have only 0 coefficients in the left side (which is not possible because the rank
of the matrix is 6).

Lay, 4.6.26
Carlos Oscar Sorzano, Aug. 31st, 2013

In statistical theory, a common requirement is that a matrix be of full rank.

That is, the rank should be as large as possible. Explain why an m x n matrix
with more rows than columns has full rank if and only if its columns are linearly
independent.
Solution: The if there are more rows than columns then m > n and the rank
can be at most n. The rank is n iff the dimension of the column space is n. But
since there are only n columns in the matrix, this can only be achieved if they
are linearly independent.

Lay, 4.6.28
Carlos Oscar Sorzano, Aug. 31st, 2013

Justify the following equalities:
a. dim{Row{A}} + dim{Nul{A}} =n
b. dim{Col{A}} + dim{Nul{AT}} =m
Solution:

a. By the Rank Theorem we know that

dim{Col{A}} + dim{Nul{A}} =n

Since Rank{A} = dim{Col{A}} = dim{Row{A}} we have immediately the
proposed equality.

b. If we apply the Rank Theorem to A7 we get

dim{Col{AT}} + dim{Nul{AT}} =m
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But dim{Col{AT}} = dim{Row{A}} = dim{Col{A}}, and again we have
the proposed equality.

Lay, 4.6.29
Carlos Oscar Sorzano, Aug. 31st, 2013

Use Exercise 28 to explain why the equation Ax = b has a solution for all
b € R™ if and only if the equation A”x = 0 has only the trivial solution.
Solution: If the equation AT”x = 0 has only the trivial solution, then the
dimension of its null space is 0 (dim{Nul{AT}} = 0) and by the proposition b
of Exercise 4.6.28, dim{Col{A}} = m. This means that the columns of A span
R™ and by the Invertible Matrix theorem, there is a solution of the equation
Ax = Db for all b € R™.

This reasoning could be reversed in all its steps to show that if there is a
solution of the equation Ax = b for all b € R™, then the equation ATx = 0
has only the trivial solution.

Lay, 4.6.33
Carlos Oscar Sorzano, Aug. 31st, 2013

Let A be any 2 x 3 matrix such that Rank{A} = 1, let u be the first column

of A, and suppose that u # 0. Explain why there is a vector v € R? such that
A =uv”. How could this construction be modified if the first column of A were
z€ero.
Solution: If Rank{A} = 1, then the dimension of the column space of A is
1, meaning that all columns are multiples of a single vector. Without loss of
generality, we may assume that the first column of A is the basis of the column
space. Then

Moz D A= (u au bu)
The vector v proposed by the problem is

1
v=|a

b

It can be easily verified that A = uv?.

If the first column of A is zero, then the new vector v would be of the form

0
v= |1
a

and now the basis of the column space of A is given by its second column and
not by its first column.

Lay, 4.7.1
Carlos Oscar Sorzano, Aug. 31st, 2013

Let B = {by,by} and C' = {cy,c2} be bases for a vector space V, and
suppose b; = 6¢; — 2¢co and by = 9¢1 — 4co.
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a. Find the change-of-coordinates matrix from B to C.
b. Find [x]¢ for x = —3by + 2by
Solution:

a. The change-of-coordinates matrix is

Poep = ([bile [bﬂC):(_Gg —94>

2
[xX]c = PoeplX]B = (_62 _94> <_23> = <_02)
Lay, 4.7.9

Carlos Oscar Sorzano, Aug. 31st, 2013

b. We note that [x]p = (_3>, then

Let B = {by,bs} and C = {c1,c2} be bases for a vector space R? with

7 -3 1 —2 .
b, = (5)7 by = (1), c = (5>’ and cy = ( 9 ) Find the change-of-

coordinates matrices from B to C' and from C to B
Solution: The change-of-coordinates matrices from B and C' to the standard
basis of R? are given by

7 =3
Pgep=(bilg [ba]g) = (5 1>
1 -2
Prec=(fele leas) = (_5 . )
Now we note that for each one of the basis we have
x|p = PpeplX|p = Ppeclx|lc = [X|lc = Pyl o« Pres[XB
In this particular case
-1
_ 1 -2 7 -3 -3 1
Poep =PpicPpen = (—5 2 ) <5 —1> - (-5 2)
In the other direction
_ -2 1
Ppc = PC<1—B = <_5 3>

Lay, 4.7.13
Carlos Oscar Sorzano, Dec. 16th, 2014

In P, find the change-of-coordinates matrix from the basis B = {1 — 2t +

2,3 — Bt + 42,2t + 3t%} to the standard basis C = {1,¢,¢?}. Then find the
B-coordinate vector for —1 + 2¢.
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Solution: The matrix sought is the one whose columns are the coordinates in
the C coordinate system of the vectors in the basis B

1 3 0
Peep=|-2 -5 2
1 4 3

This matrix can be used to convert coordinates in B into coordinates in C
x]e = Peslx]s

Conversely
x| = Pl slxle

In the case of the example of this problem

-1 -23 -9 6\ /-1 5
Xs=Plsl2|=|8 3 —=2||2]=[-2
0 -3 -1 1 0 1

Lay, 4.Suppl.4
Carlos Oscar Sorzano, Jan. 19th 2015

Explain what is wrong with the following discussion: Let f(¢) = 3 + ¢ and
g(t) = 3t +t2. Note that g(t) = tf(t). The set {f, g} is linearly dependent
because g is a multiple of f.

Solution: g is not a multiple of f. To be a multiple it should be g = kf.
Actually, g and f are linearly independent because their ratio is not constant

Tt

Lay, 4.Suppl.9
Carlos Oscar Sorzano, Jan. 19th 2015

Let T : R™ — R™ be a linear transformation.

1. What is the dimension of Range{T} if T is a one-to-one mapping? Explain.

2. What is the dimension of Ker{T'} if 7" maps R™ onto R”? Explain.
Solution:

1. If T is a one-to-one mapping, it means that there are vectors in R™ that
do not come from any vector in R™. So the dimension of Range{7T} would
be at most m — 1. For being linear, we also know that Range{T'} can be
at most n. So we have

dim{Range{T}} < min(n,m)
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2. If T is surjective, it means that all vectors in R™ come at least from 1
vector in R™. Since T is linear and the dimension of Range{T} can be at
most n, it means that

dim{Range{T}} =m <n

The difference between n and m must be the dimension of the kernel of
T.
dim{Ker{T}} =n—m

Note that this dimension can be 0 if n = m.

Lay, 4 Suppl. 12

Show from parts (a) and (b) that rank(AB) cannot exceed the rank of A
and the rank of B. (In general, the rank of a product of matrices cannot exceed
the rank of any factor in the product.)

e Show that if B is n x p, then rank(AB) < rank(A). [Hint: Explain why
every vector in the column space of AB is in the column space of A.]

e Show that if B is n x p, then rank(AB) < rank(B). [Hint: Use part (a)
to study rank((AB)7).]

Solution:

e Let b; be one of the columns of the matrix B. The product Ab; is a linear
combination of the columns of A with the weights given by the elements
of the vector b; and, consequently, it belongs to the column space of the
matrix A. For the same reason, all columns of the product AB also belong
to the column space of the matrix A. The rank of a matrix is the dimension
of the column space of that matrix. Since all the columns of AB are in

the column space of A, the rank of AB cannot be larger than the rank of
A.

e (AB)T = BTAT. Applying the same reasoning as above the rank of
(AB)T cannot be larger than the rank of AT. On the other side, we
know that the rank of a matrix is equal to the rank of its transponse.
Consequently

Rank(AB) = Rank((AB)”) < Rank(A”) = Rank(A)

Lay, 4 Suppl. 13

Show that if P is an invertible m x m matrix, then Rank(PA) = Rank(A).
[Hint: Apply 4.Suppl. 12 to PA and P~1(PA).]
Solution: Applying 4.Suppl. 12 we have that

Rank(A) = Rank(P~!(PA)) < Rank(PA) < Rank(A)
That is
Rank(A) < Rank(PA) < Rank(A) = Rank(PA) = Rank(A)
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5 Chapter 5

Lay, 5.1.1
Carlos Oscar Sorzano, Aug. 31st, 2013

Is A = 2 an eigenvalue of (3 2 ? Why or why not?

3 8
Solution: To check whether A = 2 is an eigenvalue or not, we test whether it
is a solution of the equation

3 2 3 2 10 12
(O R R R O R E B

Since we have got an identity (0 = 0), A = 2 is a solution of the eigenvalue
problem and it is an eigenvalue of the proposed matrix.
Lay, 5.1.2 Yolanda Manrique Marcos, Dec. 17th, 2013

Is A = —3 an eigenvalue of _61 3 ? Why or why not?
Solution: To check whether A = —3 is an eigenvalue or not, we test whether it

is a solution of the equation

-1 4
(3 4)n]-0e

-1 4 10
(3 0) (o h)|=os
2 4
’6 m‘zO@
0=0
Since we have got an identity (0 = 0), A = —3 is a solution of the eigenvalue

problem and it is an eigenvalue of the proposed matrix.

Lay, 5.1.3
Carlos Oscar Sorzano, Aug. 31st, 2013

Is (é) an eigenvector of (é :i) ? If so, find the eigenvalue.

Solution: To check whether <Z1’)) is an eigenvector or not, we test whether it
has the property

CE - (-0

1) . . . . . .
So, <3 is an eigenvector and its associated eigenvalue is —2.

Lay, 5.1.4
Ana Pena Gil, Jan. 19th 2014
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Is (_11) an eigenvector of (g 2)7 If so, find its eigenvalue.

Solution: To check whether ( is an eigenvector or not, we test whether it

1
1
has the property

Av = v

GG - ()0

-1\ . . . . . .
So, < ) is an eigenvector and its associated eigenvalue is 3.

1
Lay, 5.1.5
Marta Monsalve Buendia, Dic. 6th, 2014
3 -4 3 3
Is [ —2 | an eigenvector of | 2 —3 —2 |7 If so, find the eigenvalue.
1 -1 0 -2
3
Solution: To check whether | —2 | is an eigenvector or not, we test whether
1
it has the property
Av = v
-4 3 3 3 —15 3
2 -3 =2 -2 = 10 | =-5[-2
-1 0 =2 1 -5 1
3
So, | —2 | is an eigenvector and its associated eigenvalue is —5.
1
Lay, 5.1.9

Carlos Oscar Sorzano, Aug. 31st, 2013

Find a basis for the eigenspace corresponding to each of the eigenvalues of

3 0
A= Ooamis

Solution: We need to find the set of vectors such that for each eigenvalue they
meet

Av=JX v=(A-A)v=0

(B 2) - 2))v=
i D)o

The general solution of this homogeneous equation system is v = (f ) This is
2

the eigenspace associated to the eigenvalue A = 1 and one of its basis is {(0,1)}.
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(G 9)-2( 1))v=o
(0 2)v-0

The general solution of this homogeneous equation system is v = (;2) This
2

is the eigenspace associated to the eigenvalue A = 3 and one of its basis is

{(1,1)}.
Lay, 5.1.17
Carlos Oscar Sorzano, Aug. 31st, 2013
0 0 0
Find the eigenvalues of A= [0 3 4
0 0 -2
Solution: We solve for A the equation
|[A—X|=0
= 0 0
0 3—2AX 4 1 ==-X3=-XN(-2-X)=0

0 0 —2-2X

whose roots are A =0, A = 3, and A = —2.

Lay, 5.1.18
Marta Monsalve Buendia, Dic. 6th, 2014

5 0 0
Find the eigenvaluesof A= 0 0 0
-1 0 3

Solution: We solve for A the equation

A= \|=0
5-A 0 0
0 -\ 0[=G-NENE-N)=0
-1 0 3—2A

whose roots are A =0, A =5, and A\ = 3.

Lay, 5.1.19
Carlos Oscar Sorzano, Aug. 31st, 2013

1
For A= |1 , find one eigenvalue, with no calculation. Justify your
1

N NN
W W W

answer.
Solution: The determinant of A is zero because it has duplicated rows. On
the other hand, the determinant is the product of the matrix eigenvalues, so at
least one of the eigenvalues of A must be zero.

Lay, 5.1.20

Carlos Oscar Sorzano, Aug. 31st, 2013
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Without calculation, find one eigenvalue and two linearly independent vec-

2 2 2
torsof A= {2 2 2. Justify your answer.
2 2 2

Solution: The determinant of A is zero because it has duplicated rows. On
the other hand, the determinant is the product of the matrix eigenvalues, so at
least one of the eigenvalues of A must be zero. The eigenspace associated to the
eigenvalue A = 0 is the set of vectors satisfying Ax = 0. Since the three rows are
the same, we can eliminate the last two by subtracting the first one. To find the
eigenvectors we note that if we subtract the first column to the second column
we get a null vector (the corresponding eigenvector is (—1,1,0)). Similarly, if
we subtract the first column to the third column, we again get a null vector (a
second eigenvector is (—1,0,1)).

Lay, 5.1.21

Ana Sanmartin, Jan. 16th, 2015

Mark each statement as True or False.
e If Ax = Ax for some vector x, then )\ is an eigenvalue of A.
e A matrix A is not invertible if and only if 0 is an eigenvalue of A.

e A number c is an eigenvalue of A if and only if the equation (A—cl)x =0
has a non trivial solution.

Finding an eigenvector of A may be difficult, but checking whether a given
vector is in fact an eigenvector is easy.

e To find the eigenvalues of A, reduce A to echelon form.
Solution:

e FALSE, this is true as long as the vector x is not the zero vector.

e TRUE, we need to prove it in both ways such that:

— If A is not invertible, then 0 is an eigenvalue. Proof: If we assume
that A is not invertible, then Ax = 0 does not have only the trivial
solution. So by the equation Ax = 0 = 0x we can obtain that by
definition, 0 is an eigenvalue.

— If 0 is an eigenvalue, then A is not invertible. Proof: if A were
invertible, by the invertible matrix theorem, there would only be the
trivial solution to the problem Ax = 0, that is x = 0. But the
eigenvector associated to the eigenvalue 0 is a non-zero vector that
fulfills Ax = 0. Since the solution to the problem Ax = 0 is not
unique, A is not invertible.

e TRUE, we may rearrange (A — cI)x = 0 as Ax — ¢x = 0 or, what is the
same, Ax = cx. Since the first problem, (A — ¢I)x = 0 has a non-trivial
solution, so does the problem Ax = c¢x. But this is the definition of x
being an eigenvector associated to the eigenvalue c.
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e TRUE, to find an eigenvector of A we need to look for the eigenvalues of
A, and then solve an equation system. But for cheking is a given vector is
in fact an eigenvector, we just need to see if Ax is a scalar multiple of x.

e FALSE, by row reducing we make the matrix easier to participate in equa-
tion systems, but this operation changes the eigenvectors and eigenvalues.

Lay, 5.1.23
Carlos Oscar Sorzano, Aug. 31st, 2013

Explain why a 2 x 2 matrix can have at most two distinct eigenvalues. Ex-
plain why a n X n matrix can have at most n distinct eigenvalues.
Solution: The eigenvalue problem

A= \|=0

implies finding the roots of a polynomial of degree n (]A — AI). Since a polyno-
mial of degree n can have at most n distinct roots, then A can have at most n
distinct eigenvalues.

Lay, 5.1.25

Carlos Oscar Sorzano, Aug. 31st, 2013

Let A be an eigenvalue of an invertible matrix A. Show that A~! is an
eigenvalue of A1, [Hint: suppose a non-zero x satisfies Ax = \x.]|
Solution: Suppose

Ax = \x
Let’s multiply on both sides by A~!
x = A" !x
A lx=A"1x

So A71 is an eigenvalue of A~! and x is its associated eigenvector. It is note-
worthy to see that x is an eigenvector of A and of A~1,

Lay, 5.1.26
Carlos Oscar Sorzano, Aug. 31st, 2013

Show that if A2 is the zero matrix, then the only eigenvalue of A is 0.
Solution: Suppose A is an eigenvalue of A

Ax = Mx
Let’s multiply on both sides by A

A?x = MAx
0= XA(\x)
0= )\2x

But x is non-zero (by the definition of eigenvector). Then, A\?> = 0 and this
implies that the only eigenvalue of A is 0.

Lay, 5.1.27
Carlos Oscar Sorzano, Aug. 31st, 2013
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Show that ) is an eigenvalue of A if and only if ) is an eigenvalue of AT
[Hint: Find out how A — Al and AT — I are related.]
Solution: Let us calculate the transpose of the matrix A — AT

(A= M)T = AT — \IT = AT — AT

Now, by Theorem 6¢ of Section 2.2, (A — M) is not invertible if and only
if A — Al is not invertible. If A is one of the eigenvalues, then A — A\I is not
invertible. So (A —AI)T = AT — AT is not invertible neither, and \ is one of the
eigenvalues of AT,

Lay, 5.1.29

Carlos Oscar Sorzano, Feb. 15th, 201/

Consider an n xn matrix A with the property that the row sums all equal the
same number s. Show that s is a eigenvalue of A. [Hint: Find an eigenvector.]
Solution: We will show that the vector v = (1,1,...,1)7 is an eigenvector of
A. The product Av is equal to

J=1
ail a2 A1n 1 n S 1
asy a22 . A9n 1 Z a2; S 1
AV = = j=1 = = S
Anl Ap2 ... Qpn 1 S 1

Lay, 5.2.1
Carlos Oscar Sorzano, Aug. 31st, 2013

Find the characteristic equation and the real eigenvalues of the matrix A =

2 7
7T 2)
Solution: The characteristic equation is |[A — AI| = 0. In this particular case

2—A 7

2 =

(2= A)2—49=0

A4 X2 4N —49 =0

A2 —4X—45=0
>\4i\/1g+W4i14{ 9

2 -5

The two real eigenvalues are A =9 and A = —5.
Lay, 5.2.2
Andrea Santos Cortés, Nov. 25th, 201/

Find the characteristic equation and the real eigenvalues of the matrix A =
-4 -1
6 1
Solution: The characteristic equation is |[A — AI| = 0. In this particular case
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—4-)\ -1
6 1-x|70
(—4=A)-(1=XN+6=0
A+ A=A+ XN +6=0

N +3X2=0
N = —3£v0-42 _ 341 _ -1
= 2 =72 T3 -9
The two real eigenvalues are A = —1 and A\ = —2.

Lay, 5.2.3
Andrea Santos Cortés, Nov. 25th, 2014

Find the characteristic equation and the real eigenvalues of the matrix A =
—4 2
(¢ 2)
Solution: The characteristic equation is |A — AI| = 0. In this particular case

4N 2
6 7-a| Y
(4= \)-(T—X)—12=0
S84 AN~ TA+AZ—12=0
A28\ —40=0

N 3vo T _ 313 _ | 8
2 2 —5
The two real eigenvalues are A = 8 and A = —5.

Lay, 5.2.4
Andrea Santos Cortés, Nov. 25th, 2014

Find the characteristic equation and the real eigenvalues of the matrix A =
8 2
(5 3)
Solution: The characteristic equation is |[A — AI| = 0. In this particular case

88—\ 2

‘ 3 3—A‘_0
(8=XN)-3-XN)—-6=0
24 —8A—3A+X2—-6=0

A2 —110+18=0

A\ = 11+121—-4-18 _ 1147 __ 9
- 2 -2 2

The two real eigenvalues are A =9 and A = 2.

Lay, 5.2.5
Andrea Santos Cortés, Nov. 25th, 201/

Find the characteristic equation and the real eigenvalues of the matrix A =

(i &)

Solution: The characteristic equation is |[A — AI| = 0. In this particular case

‘S—A 4



(8—A\)2—-16=0
64+ A2 — 16A — 16 = 0
A2 —16A+48 =0

)\ 16+v256-148 _ 168 _ [ 4
o 2 T2 T 12
The two real eigenvalues are A =4 and A = 12.

Lay, 5.2.9
Carlos Oscar Sorzano, Aug. 31st, 2013

Find the characteristic equation and the real eigenvalues of the matrix A =
4 0 -1

0 4 -1
10 2
Solution: The characteristic equation is |A — AI| = 0. In this particular case
4-A 0 -1
0 4-Xx -1 |=0
1 0 2—-A

We calculate this determinant by expanding the factors and cofactors of the
second column. Disregarding the cofactors multiplied by a zero value, we have

(4_”‘ ! 1A 2—1>\ =0
A-NE-NMN2-XN+1)=0
Now, we factorize the term (4 — A)(2 — ) +1
A=N2-XN)+1=8+X2 =67\ +1=X2—-6)A+9=()\—3)2
So the characteristic equation is
4-XN(A=3)?2=0

whose solutions are A = 4 and A\ = 3 (with multiplicity 2).

Lay, 5.2.13
Ana Sanmartin, Jan. 16th, 2015

Find the characteristic polynomial using either a cofactor expansion or the

6 -2 0
special formula of 3 x 3 determinants of the matrix A= | -2 9 0
5 8 3

Solution: The characteristic polynomial is |A — AI| = 0. In this particular
case:
6— A\ -2 0
-2 9—-A 0=0
5 8 3—-A
We calculate this determinant by expanding the factors and cofactors of the
third column. Disregarding the cofactors multiplied by a zero value we have
6— A -2
-2 9—-A

B=N(6-=X)O9-X)—-4)=0
Now we factorize the term (6 — \)(9 — \) — 4

(3- ) —0
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(6—XN)(9—X)—4=(54—15X+ %) —4 =50 — 151+ A2 = (A — 10)(\A — 5)
So the characteristic equation is
B-XNA-10)(A=5)=0

whose solutions are A = 3, A = 10 and A = 5.

Lay, 5.2.18
Carlos Oscar Sorzano, Aug. 31st, 2013

It can be shown that the algebraic multiplicity of an eigenvalue X is always
greater than or equal to the dimension of the eigenspace corresponding to .
Find A in the matrix A below such that the eigenspace of A = 4 is two dimen-
sional.

14
2

OO O

O O NN

O = w
w

Solution: Let’s calculate the eigenspace associated to the eigenvalue A = 4.
For doing so we solve the homogenous equation (A — AI)x = 0 making use of
the augmented matrix below

0 2 3 310 0 1
0 -2 h 310 N 0 0
0 0 0 1410 0 0
0 00 —-210 0 0
Note that we have not made the elements a135 = 0 and as3 = 1 because for doing
that we would need to perform the row operations
3
ry < r;— %HI'Q
o < %Jr?)rz
which are not allowed if h = —3. If h # —3, then the eigenspace is formed by
all the vectors of the form {z1,0,0,0} whose dimension is 1. If h = —3, then

the eigenspace is formed by all the vectors of the form {z1, 7%.%3, x3,0} whose
dimension is 2.

Lay, 5.2.19
Carlos Oscar Sorzano, Aug. 31st, 2013

Let A be an n xn matrix, and suppose A has n real eigenvalues, A1, Aa, ..., Ap,
repeated according to multiplicities, so that

det{A— AT} = (A1 = A)(A2 — A)e.(An — A)

Explain why det{A} is the product of the n eigenvalues of A. (This result is
true for any square matrix when complex eigenvalues are considered.)
Solution: Since the equation above is true for any value of A\, we simply take
A =0 to obtain

det{A} = A Ao A,
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Lay, 5.2.20
Carlos Oscar Sorzano, Aug. 31st, 2013

Use a property of determinants to show that A and A” have the same char-
acteristic polynomial.
Solution: The characteristic polynomial of A is given by

det{A — A}
For any matrix X, we know that det{X} = det{X7T}, then
det{A — A} = det{(A — AD)T} = det{AT — AIT} = det{AT — AI}

But this latter expression is the characteristic polynomial of AT

Lay, 5.2.23
Carlos Oscar Sorzano, Aug. 31st, 2013

Show that if A = QR with @ invertible, then A is similar to A; = RQ.
Solution: We remind that the matrices A and B are similar if there exists
an invertible matrix P such that B = P1AP (with A, B,P € M,x,). This
means that we need to find an invertible matrix P such that

Al = P-lAP
RQ = P-'QRP

If we make P = @, since Q is invertible, we have P! = Q! and
RQ=Q'QRQ = RQ

So, we have proven that A and A; are similar.

Lay, 5.2.24
Carlos Oscar Sorzano, Aug. 31st, 2013

Show that if A and B are similar, then det{A} = det{B}.
Solution: If A and B are similar, then there exists an invertible matrix P such
that

B=P AP
Applying the determinant on both sides we have

det{B} = det{P AP} =det{P~'}det{A}det{P}
= ﬁ det{A} det{P} = det{A}
Lay, 5.3.1
Carlos Oscar Sorzano, Aug. 31st, 2013

2 3 0 3
Solution: If A= PDP~!, then

Let A= PDP~! with P = <1 2) and D = (1 0). Calculate A*.
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A* = PDAp!
(1 2\ [1* 0\ /-3 2
- (3o )& 2
(321 160
— (480 —239)

Lay, 5.3.3
Carlos Oscar Sorzano, Dec. 16th, 201}

Calculate A* with

=l 3)=6 D6 ) (5 0)

Solution: Since A = PDP~! we can calculate A* as

okt (1 0\ [a* 0 1 0\ ak 0
AT=FD7F (2 1)(0 bk) (—2 1)(2(akbk) b

Lay, 5.3.17
Carlos Oscar Sorzano, June, 6th 2014

Diagonalize the matrix A =

Solution: The characteristic polynomial is

2-X 0 0
det(A—A)=det| 2 2-X 0 |=(2-1)p3
2 2 2-)

whose only root is A = 2 with multiplicity 3. We now analyze the eigenvectors
of the matrix A — 27

00 0
(A—2Dx=[2 0 0|x=0
2 2 0

It can be easily seen that the corresponding eigenspace has x1 = x2 = 0, while
0

xg is free. That is, x is of the form x = | 0 |. Consequently, the dimension
z3

of this eigenspace is 1. But to be diagonalizable we need that the sum of the

dimensions of all eigenspaces is equal to the number of columns of the matrix

A (see Theorem 5.3.7), so we conclude that the matrix A is not diagonaliz-

able.

Lay, 5.3.23

Carlos Oscar Sorzano, Aug. 31st, 2013

Ais a 5 x5 matrix with two eigenvalues. One eigenspace is three-dimensional,
and the other eigenspace is two-dimensional. Is A diagonalizable? Why?
Solution: According to Theorem 6.3.7, if the sum of the dimensions of the
different eigenspaces is equal to the number of columns of A, then A is diago-
nalizable. This is the case of the matrix A of the problem for which 3 + 2 =5,
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and consequently A is diagonalizable.

Lay, 5.3.24
Carlos Oscar Sorzano, Aug. 31st, 2013

Ais a 3x 3 matrix with two eigenvalues. Each eigenspace is one-dimensional.
Is A diagonalizable? Why?
Solution: According to Theorem 5.3.7b, a matrix is diagonalizable if and only
if the sum of the dimensions of all the eigenspaces is equal to the number of
rows and columns of the matrix A. Since in this case 1 +1 = 2 # 3, A is not
diagonalizable.
Lay, 5.3.26
Ana Sanmartin, Jan. 16th, 2015

Ais a 7Tx7 matrix with three eigenvalues. One eigenspace is two-dimensional,

and one of the other eigenspaces is three-dimensional. Is it possible that A is
not diagonalizable? Justify your answer.
Solution: The matrix A will be diagonalizable if vi, vy are two independent
eigenvectors for the first eigenvalue, wi, wy, w3 are three independent eigen-
vectors for the second eigenvalue, and p;, p2 are two independent eigenvectors
for the third eigenvalue. We have to diagonalize A, so we will write A such as
A = PDP~!. Let us define

P:(V1 V2 W1 W2 W3 D1 P2)

Then, A is diagonalizable if it can be written as

M 0 0 0 O 0 0

0 M 0 0 0 0 0

0 0 X 0 0 0 O
A=P| 0 0 0 X O 0 0 |P!

0 0 0 0 X 0 O

0 0 0 0 0 X 0

0 0 0 0 0 0 X

If A is diagonalizable, then P must be invertible, and for that p; and ps must
be linearly independent. If p; and po are linearly dependent, then A is not
diagonalizable. In other words, A may be non-diagonalizable if the dimension
of the 3rd eigenspace is not 2.

Lay, 5.3.27
Carlos Oscar Sorzano, Aug. 31st, 2013

Show that if A is both diagonalizable and invertible, then so is A~}
Solution: If A is diagonalizable, then there exist an invertible matrix P and a
diagonal matrix D such that

A=PDP!
If A is invertible, then
At =(PDP Yl =(p Y 'D Pl =pD 1p-!

So, D is also invertible and we see that A1 is also diagonalizable.

Lay, 5.3.28
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Carlos Oscar Sorzano, Aug. 31st, 2013

Show that if A has n linearly independent eigenvectors, then so does A”.
[Hint: Use the Diagonalization Theorem.]|
Solution: The Diagonalization Theorem states that A is diagonalizable if and
only if it has n linearly independent eigenvectors, and that in that case, A can
be expressed as

A=PDpP1,

where the columns of P are the n linearly independent eigenvectors. Taking the
transpose in both sides, we have

AT — (PDP—I)T — (P—I)TDTPT — (PT)—IDTPT

So, AT is also diagonalizable and, by the Diagonalization Theorem again, it
must have n linearly independent eigenvectors.

Lay, 5.3.29
Carlos Oscar Sorzano, Aug. 31st, 2013

The diagonalization of a matrix is not unique. Given the following diago-
nalization of the matrix A

(- E N

Now consider a new factorization of the form A = Py D, Pfl with Dy = (g g) .

Find the matrix P;.
Solution: P; is simply the reorganization of the columns in P such that each
eigenvector is in the same column as its corresponding eigenvalue in D;

1 1
()
Lay, 5.3.31

Carlos Oscar Sorzano, Aug. 31st, 2013

Construct a 2 x 2 matrix that is invertible but not diagonalizable.
Solution: The matrix A below is such a matrix

=0 )
=y 1)

But it is not diagonalizable. Let’s see why. Let’s calculate the eigenspace
associated to A = 1.

Its inverse is



whose set of solutions is formed by all vectors of the form v = (x1,0) and its
basis is {(1,0)}. Since the dimension of the eigenspace is 1 and there are 2
columns in A, by Theorem 6.3.7, the matrix is not diagonalizable.

Lay, 5.3.32
Carlos Oscar Sorzano, Aug. 31st, 2013

Construct a 2 x 2 matrix that is diagonalizable but not invertible.

Solution: Consider P = <(1) ?) and D = <(1) 8) Now let us construct the

matrix

10
- -1 _
A=PDP " = (0 0>

It is obviously diagonalizable by construction, but it is not invertible because
one of its eigenvalues is 0, and D is not invertible.

Lay, 5.4.1
Carlos Oscar Sorzano, Aug. 31st, 2013

Let B = {by,ba,bs} and D = {d;,d2} be bases for vector spaces V and W,
respectively. Let T : V' — W be a linear transformation with the property that

T(by) = 3d; — 5d,
T(by) = —d; + 6d,
T(bs) = 4d,

Find the matrix of T relative to B and D
Solution: The matrix sought is

M = ([T(b)]p [T(bg)lp [T(b3)lp) = (_35 _61 2)
We can apply it as

[T(x))p = M[x]s

Lay, 5.4.3
Carlos Oscar Sorzano, Aug. 31st, 2013

Let £ = {e}, ez, e3} be the standard basis for R?, let B = {b;,bs, b3} be a
basis for a vector space V, and let T : R® — V be a linear transformation with
the property that

T(x1,72,73) = (223 — T2)b1 — (2x2)ba + (71 + 3z3)bs
a. Compute T'(e1), T'(e2) and T'(es).
b. Compute [T'(e1)]s, [T'(e2)]s and [T'(es)]5.
c. Find the matrix for T relative to £ and B

Solution:
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a. Applying the transformation T' to the three standard vectors we get

T(e1) =T(1,0,0) = b3
T(eg) = T(O, 170) = 7b1 - 2b2
T(eg) = T‘(O,O7 ].) = 2b1 + 3b3

B = (070, 1)
[T(e2)]s = (—1,-2,0)
[T(es)]s = (2,0,3)

0 -1 2
M=|0 -2 0
1 0 3

Lay, 5.4.5
Carlos Oscar Sorzano, Aug. 31st, 2013

Let T : Py — P3 be the transformation that maps a polynomial p(¢) into the
polynomial (¢ + 3)p(t).

a. Find the image of p(t) = 3 — 2t + 2

b. Show that 7" is a linear transformation

c. Find the matrix for 7 relative to the bases {1,¢,t?} and {1,t,t2 3}.
Solution:

a. T(3—2t+t2)=(t+3)3—-2t+t3) =9 -3t +t2+¢3

b. We need to show that T'(p1(t) +p2(t)) = T'(p1(t)) + T (p2(t)) and T'(c(p(t)) =
cT'(p(t))

o T(pi(t) +p2(t)) = T(p1(t)) + T(p2(t))
T(p1(t) +p2(t)) = (E+3)(p(t) +p2(t) = (¢ +3)p1(t) + (¢ + 3)pa(t)
= T(p1(t)) + T(p2(t))
e T(c(p(t)) = T'(p(1))

T(e(p(t)) = (t+3)(ep(t)) = c(t +3)p(t) = c((t +3)p(t)) = cT(p(t))

c¢. We need to calculate the transformation of each of the elements in the basis
{1,4,6%}

T(1) = (t+3)1=t+3
T{t) = (t+3)t=1>+3t
T(*) = (t+3)t2 =13 +3¢t2
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The matrix sought is

SO = W
O = W o
= w o o

Lay, 5.4.9

Carlos Oscar Sorzano, Feb. 15th, 201/
Define T': Py — R® by T(p(t)) = (p(—1),p(0),p(1))".
1. Find the image under T of p(t) = 5 + 3t.
2. Show that T is a linear transformation.

3. Find the matrix for T relative to the basis {1,t,¢?} for P, and the standard
basis of R3.

Solution:
1. T(5+3t)=(5+3-(-1),5+3-0,5+3-(1))T =(2,5,8)T
2. To show that T is a linear transformation we will show that

T(kip1(t) + kap2(t)) = kiT(p1(t)) + k2T (p2(2))

T(k1p1(t) + kap2(t)) ((k1p1 + k2p2)(—1), (k1p1 +/€2P2)( ), (kipr + kap2)(1))T
(k1p1(—1) + kapa(—1), klpl( +k’2p2( ), k1ip1 (1) + kapa(1))T
(k1p1(—1), k1p1(0), k‘lpl( NT + (kapa(—1), kap2(0), kapa (1))
= ki(pi(=1),p1(0),p1(1))" + k2 (p2(—1),p2(0), p2(1))”

k1T (p1(t)) + k2T (p2(t))

3. Let us refer to {1,¢,t?} as {po(t),p1(t),p2(t)}. The required matrix is

given by
po(=1) pi(=1) p2(-1) 1 -1 1
M= (T(po(t)) T(p(t)) T(p2(t) = | po(0)  pi(0) p2(0) | ={1 0 0
po(1)  pi(1)  p2(1) 11 1
Lay, 5.4.13
Carlos Oscar Sorzano, Aug. 31st, 2013
0 1

Define T : R? — R? by T'(x) = Ax with A = < ) Find a basis B for

-3 4
R? with the property [Tz is diagonal.
Solution: Let’s diagonalize A

0 1
- -1 _ -
A=PDP <3 4>

—0.3162 —0.7071\ (3 0\ (—0.3162 —0.7071\
—0.9487 —-0.7071) \0 1/ \—-0.9487 —-0.7071
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If we construct the basis B = {(—0.3162,—0.9487), (—0.7071,—0.7071)} is a
basis in which the matrix of T relative to B is

3 0
T]s = <0 1>
Lay, 5.4.18

Carlos Oscar Sorzano, Aug. 31st, 2013

Define T : R?® — R3 by T'(x) = Ax, where A is a 3x 3 matrix with eigenvalues
5, 5 and -2. Does there exist a basis B for R? such that the B-matrix of T is a
diagonal matrix? Discuss.
Solution: It depends on whether A is diagonalizable or not. Since A does
not have all its eigen values distinct, the condition is (see Theorem 5.3.7) that
the dimension of the eigenspace associated to eigenvalue 5 is 2, and that the
dimension of the eigenspace associated to eigenvalue -2 is 1.

Lay, 5.4.21
Carlos Oscar Sorzano, Dec. 16th, 2014

Show that if B is similar to A and C is similar to A, then B is similar to C.
Solution: If B and C are similar to A is because there exist two invertible
matrices Pg and Pg such that

B =P;'APg
C =P 'APc
From the second equation we see that
A=PcCP;"
Substituting into the first one
B = Py'PcCP;' Py = (P;'Pg)~'C(P;' Pp)

From which it can be seen that B is similar to C because there exists an invert-
ible matrix P = PchPB such that B can be written as

B=P'CP

Lay, 5.4.22
Carlos Oscar Sorzano, Aug. 31st, 2013

If A is diagonalizable and B is similar to A, then B is also diagonalizable.
Solution: If A is diagonalizable, there exist an invertible matrix P and a
diagonal matrix D such that

A=PDpP!
If B is similar to A, then there exists an invertible matrix @ such that

B=QAQ!
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Combining both results we have
B=Q(PDP HQ ' = (QP)D(P'Q™1)
So B is also diagonalizable since it can be expressed as
B=PD/P)!

being P’ = QP an invertible matrix and D a diagonal matrix.

Lay, 5.4.23
Carlos Oscar Sorzano, Aug. 31st, 2013

If B= P 'AP and x is an eigenvector of A corresponding to an eigenvalue

), then P~!x is an eigenvector of B corresponding also to an eigenvalue \.
Solution: Let’s check whether the statement proposed by the problem is true
or not. If it is true, it means that

B(P~'x) = A\(P~'x)
According to the problem we have that B = P~1AP, so

B(P~'x) = (P7'AP)(P~'x) = P~ '4x
But by hypothesis x is an eigenvector of A corresponding to an eigenvalue A,
that is Ax = Ax. Consequently,
P 1Ax = P71 (\x) = \(P~1x)

Finally, we have proven that, as stated by the problem,

B(P~'x) = A\(P~'x)

Lay, 5.4.25
Carlos Oscar Sorzano, Aug. 31st, 2013

The trace of a square matrix A is the sum of the diagonal entries in A and is
denoted as tr{A}. It can be verified that tr{ FG} = tr{GF'} for any two n x n
matrices F' and G. Show that if A and B are similar, then tr{A} = tr{ B}.
Solution: If A and B are similar, then there exists an invertible matrix P such
that

B=PAP!
Taking the trace of both sides
tr{B} tr{ PAP~'}
tr{P(AP~1)} |by trace property|
tr{(AP~1)P}
tr{A(P~1P)}
= tr{A}

Lay, 5.4.26
Carlos Oscar Sorzano, Aug. 31st, 2013

It can be shown that the trace of a matrix equals the sum of its eigenvalues.
Verify this statement for the case when A is diagonalizable.
Solution: If A is diagonalizable, then A = PDP~1!, that is D is similar to A.
Then, by Exercise 5.4.25
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{A} = tr{D} = i A

Lay, 5.4.27
Carlos Oscar Sorzano, Aug. 31st, 2013

Let V be R™ with a basis B = {by, ba, ..., b, }; let W be R™ with the standard
basis, denoted here by £; and consider the identity transformation I : V — W,
I(x) = x. Find the matrix for I relative to B and £. What was this matrix
called in the context of coordinate systems (Section 4.4)?

Solution: The transformation matrix is given by

M E[I(bl)]f [I(b2)le .. [I(bn)le)
— (b1 by .. by)

This was the change of coordinates matrix in Section 4.4, denoted as Pg, p.

Lay, 5.5.1
Carlos Oscar Sorzano, Aug. 31st, 2013

1
1
for each of the eigenspace in C2.

Solution: The eigenvalues are the solutions of the characteristic equation

|A—\|=0
=(1-NB-MN)+2=0

Let the matrix A = < 32> act on C2. Find the eigenvalues and a basis

1-X =2
1 3—-A

To solve this equation we multiply the two monomials to get
[A= X=X —4\+5=0= ) =2+

The two eigenvalues are complex, and the characteristic polynomial can be
factorized as

[A=M|=A-2+0)A=(2-17)

Let’s find now a basis for each one of the eigenspaces.

A=2+1

We need to solve the homogeneous equation system (A —A[)v =0
<1—(2+z) -2 )v:O

1 3—(241)
We use the augmented matrix below

-1-3 =210 1 1—-40
1 1—7|0 0 0 0

All vectors in this eigenspace are of the form v = ((—1+4)z2,22) x2 € R. One
of its bases is {(—-1+14,1)}

A=2—1
We need to solve the homogeneous equation system (A — AI)v =0
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<1_(%_i) 3(_22i)>V:0

We use the augmented matrix below
—-14+¢ -2 1|0 1 1440
1 14410 0 0 |0
All vectors in this eigenspace are of the form v = ((—1—4)z2,22) 22 € R. One
of its bases is {(—-1 —14,1)}
In fact this is a general result, if A and A* are two complex conjugate eigen-
values, then their corresponding bases are also related by a complex conjugate
operation.

Lay, 5.5.3
Ignacio Sanchez Lopez, Dec. 15th, 2014

1 5
-2 3
for each of the eigenspace in C2.
Solution: The eigenvalues are the solutions of the characteristic equation

A=A =0
=(1=ANB=AN+10=A-(2+3))(A—(2-30)) =0

Let the matrix A = ( > act on C2. Find the eigenvalues and a basis

1—A 5

-2 3-=A
The two eigenvalues are complex. Let’s find now a basis for each one of the
eigenspaces.

A=2+3
We need to solve the homogeneous equation system (A — A[)v =0

<1_(32+3i) 3—(25+3z’)>"0

We use the augmented matrix below
0
0

-1-3 5 |0 1 —1+3i
-2 1—-3:1(0 0 0
All vectors in this eigenspace are of the form v = ((3 — 3i) w2,22) 2 € C.
One of its bases is {(1 — 3i,2)}

A=2-—3i
For the second eigenvalue, we do not need to perform the same analysis because
the two eigenvalues are complex conjugate (because they come from a real-
valued matrix). Consequently, the two eigenspaces are also complex conjugates.
All vectors in this eigenspace are of the form v = ((% + %z) zg,xg) T € R.
One of its bases is {(1 + 3i,2)}.
Lay, 5.5.7
Carlos Oscar Sorzano, Aug. 31st, 2013

\{:7, \_/%) Consider the transformation T : R2 — R?

defined as T'(x) = Ax. T is the composition of a scaling and a rotation. Give
the scaling factor and the rotation angle.
Solution: The eigenvalues of A are

Let the matrix A = (
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|A—\|=0
A -1
\/?;1 J3—a =(V3-X?+1=0
V3—A==i
A= 3+i=2eE50

The scaling factor is 2 and the rotation angle 30° or -30°(in fact looking only
at the eigenvalues we cannot determine the sign of the rotation). However We

note that
A V3 =1\ _ (2 0) (cos(30°) —sin(30°)
“\1 v3)  \0 2/ \sin(30°)  cos(30°)
So, the rotation angle is 30°.

Lay, 5.5.13
Carlos Oscar Sorzano, Aug. 31st, 2013

1 -2

Let the matrix A = <1 3

). Find an invertible matrix P and a matrix C'

of the form Z —ba> such that A = PCP~1.

Solution: As in Exercise 5.5.1, the eigenvalues of A are A = 2 £ 4. A basis of
the eigenvalue A = 2—4is {(—1—14),1}. According to Theorem 5.5.9, A = a —bi
and v is a basis of its eigenspace, we find the P and C matrices as

P = (Re{v} Im{v})

b a

In this case,

It can be easily verified that

1 -2 1 -1\ /2 -1\ /-1 -1\"
A<1 3)(1 0)(1 2)(1 0>
Lay, 5.5.21

Carlos Oscar Sorzano, Feb. 15th, 201/

0.5 —0.6
Let 4 = (0.75 1.1
determine the eigenvectors associated to the eigenvalue 0.8 — 0.6: are

>, whose eigenvalues are 0.8 & 0.6¢. The equation to

(—0.3 + 0.6i)z; — 0.6z, =

A-(08-06i)v=0« 07527 + (0.3+0.6i)zs =

0
0
Solve the first equation above for x5 and from that produce the eigenvector

v = (2,—1+ 2i). Show that v is a (complex) multiple of vi = (=2 — 44, 5).
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Solution:

o T0BH06E 1
27 0.6 72 !

The corresponding eigenvector is, therefore,

= ()= (at)
V= (—13L 2i>

Let k be such that v = kv;. That means

(—13—22’) - <(_25_k4i)k)

For x1 = 2 we get

From where

2=(-2—-4i)k
—1+42{ =5k
and .
b — —1+2¢ ——1+gi
5 5 5
We still need to prove that
2=(-2—-4i)k

Lay, 5.5.23
Carlos Oscar Sorzano, Aug. 31st, 2013

Let A be an n x n real matrix with the property that A7 = A, let x be any
vector in C", and let ¢ = (x*)T Ax. Show that ¢ is a real number.
Solution: We need to show that ¢* = q.

¢ = ()TAX) [(AB)* = A'B* (x*)T = (x7)")
= xTA*x* [by hypothesis A is real]
= xTAx* [¢7 = q; (ABC)T = CT BT AT]
= (x*)TATx  |by hypothesis AT = A]
= (x")TAx
= 4q
Lay, 5.5.24

Carlos Oscar Sorzano, Aug. 31st, 2013

Let A be an n x n real matrix with the property that A” = A. Show that
if Ax = Ax for some nonzero vector x € C”, then, in fact, A is real and the real
part of x is an eigenvector of A. [Hint: Compute (x*)T Ax and use Exercise
5.5.23. Also, examine the real part of Ax.|
Solution: Let us calculate ¢ = (x*)7 Ax
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¢ = (x)TAx=(x")"(4Ax) = (x*)"(Ax) = A[x]*

Since ||x||? is a real number and q is a real number, then X is a real number.
Let us calculate the real part on both sides of the equation Ax = Ax

Real{Ax} = Real{A\x} [A and X are real]
AReal{x} = MReal{x}

So Real{x} is an eigenvector of A.
Lay, 5.5.25
Carlos Oscar Sorzano, Aug. 31st, 2013

Let A be a real n x n matrix, and let x € C". Show that Real{Ax} =
AReal{x} and Imag{Ax} = AImag{x}.
Solution: Consider

x = Real{x} + iImag{x}

Multiplying on both sides by A on the left

Ax A(Real{x} + iImag{x})

AReal{x} + iAlmag{x}

Now simply by taking the real and imaginary parts of Ax and taking into
account that A is a real matrix, we get the properties proposed:

Real{Ax} = AReal{x}
Imag{Ax} = Almag{x}

Lay, 5.5.26
Carlos Oscar Sorzano, Jan. 20th, 201}

Let A be a real 2 x 2 matrix with a complex eigenvalue A = a — bi (b # 0)
and an associated eigenvector in v € C2,

1. Show that AReal{v} = aReal{v}+blmag{v} and Almag{v} = —bReal{v}+
almag{v} (Hint: Write v = Real{v} + iImag{v} and compute Av.)

2. Verify that if A is diagonalized as A = PCP~!, then AP = PC.
Solution:

1. Let us calculate Av

Av = v
= (a—bi)Real{v} + iImag{v} (8)
= aReal{v} + ialmag{v} — biReal{v} + blmag{v}

(aReal{v} + bImag{v}) + i(almag{v} — bReal{v})

2. It suffices to multiply by P on the right to get

AP = (PCP™Y)P = PC(P~'P) = PC (9)
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Lay, 5.Suppl.2
Carlos Oscar Sorzano, Jan. 19th 2015

Show that if x is an eigenvector of the product AB and Bx # 0, then Bx is
an eigenvector of BA.
Solution: Let us calculate

BA(Bx) = B(AB)x
Since x is an eigenvector of AB it must be
ABx = Ax
Consequently
BA(Bx) = BAx = \(Bx)

that means that Bx is eigenvector of BA and its eigenvalue is A.

Strang, 6.2.28
Carlos Oscar Sorzano, Jan. 19th 2015

Heisenberg’s uncertainty principle. In quantum mechanics the position
matrix P and the momentum matrix @@ do not commute. In fact QP — PQ = I.
Then, we cannot have Px = 0 and at the same time @x = 0 (unless x = 0).If
we know the position exactly, we could not also know the momentum exactly.
This is Heisenberg’s uncertainty principle

1Px]| [|@x]]

[l Il

1
>
-2
Assume that P = P7 and Q = —Q”. Then

xTx =xT(QP — PQ)x = x" (QP)x — xT (PQ)x
Use Schwarz inequality to show why
xTx < 2| P Qx|
or what is the same

1 Px]| [|@x]]

[ Il

1
> -
-2

Solution: Let us rewrite
xT(QP)x = (x"Q)(Px) = (Q"x)"(Px) = (-Qx)"(Px) = — (Qx, Px)

—x'(PQ)x = —(x" P)(Qx) = —(P"x)"(Qx) = —(Px)"(@x) = — (Px,Qx)

Then
%[> = x"(QP)x — x" (PQ)x = —2(Qx, Px)

from where 1
(@x, Px) = —5 |Ix]?
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Taking absolute values on both sides

1
[(Qx, Px)| = X
Schwarz inequality states that
1
3 [xl1* = [{@x, Px) | < [|@x]|| Px]|
or what is the same
[Px| lex| _ 1
Il [l — 2

6 Chapter 6

Lay, 6.1.15
Carlos Oscar Sorzano, Aug. 31st, 2013

Let a = <_85> and b = (:;) Determine if both vectors are orthgonal.

Solution: a is orthogonal to b if their inner product is 0
a-b=0
8- (=2)+(-5)-(-3)=-16—-15=-31#0

So, they are not orthogonal.

Lay, 6.1.16
Carlos Oscar Sorzano, Aug. 31st, 2013

12 2
Letu= | 3 | and v= [ —3 ]. Determine if both vectors are orthgonal.
-5 3

Solution: u is orthogonal to v if their inner product is 0
u-v=_0
12-(2)+3)-(=3)+(=5)-(3)=24—-9-15=0

So, they are orthogonal.

Lay, 6.1.22
Carlos Oscar Sorzano, Aug. 31st, 2013

Let u = (u1,us,us). Explain why u-u > 0. When is u-u = 0?
Solution:
u-uzu%—i—u%—i—u%

Any real number squared is non-negative, and the sum of non-negative num-
bers is also non-negative. So, u-u > 0. u-u = 0 if all its terms are 0, that is,
u; = us = uz = 0, or what is the same, if u = 0.

Lay, 6.1.24

Carlos Oscar Sorzano, Aug. 31st, 2013

Verify the Parallelogram Law for vectors u and v in R™:
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[+ vI[Z + flu = v = 2][uf + 2| v|?

Solution: We know that ||x||> = x-x. In R” the most standard inner product
is defined as

X y=x'y
Then,

[u+v]?+[u—v|? (u+v)'(utv)+(u—-v)"(u—-v)

() + [[v]]2 +2u-v) + (Jul? + [[v]? - 2u-v)

= 2[ul® +2||v|?
Lay, 6.1.26
Carlos Oscar Sorzano, Aug. 31st, 2013
5
Let u= [ —6 |, and let W the set of all x € R? such that u-x = 0. What
7

theorem of Chapter 4 can be used to show that W is a subspace of R3? Describe
W in geometric language.

Solution: We may use Theorem 4.2.2 in which it is stated that the null space
of an m X n matrix is a subspace of R". We simply need to use the matrix
A =u”. Its null space is formed by all those vectors such that

T

Ax=u'x=u-x=0

Geometrically, W is formed by the plane through the origin and perpendicular
5

to the vector u= | —6
7

Lay, 6.1.27

Carlos Oscar Sorzano, Feb. 15th, 201/

Suppose a vector y is orthogonal to vectors u and v. Show that y is orthog-
onal to u+v.
Solution: If y is orthogonal to u and v, then y -u =0 and y - v = 0. We now
calculate the dot product between y and u+ v

y-(u+v)=y-u+y-v=0+0=0

Lay, 6.1.28
Carlos Oscar Sorzano, Aug. 31st, 2013

Suppose y is orthogonal to u and v. Show that y is orthogonal to every w in
Span{u,v}. [Hint: An arbitrary w in Span{u, v} has the form w = cyu+cav.]
Solution: Let us calculate the inner product between y and w

y-w = y-(cqu+cav)
= cy-utcy- v
= ¢1:-04c¢c-0
= 0
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where we have made used of the fact that y is orthogonal to u and v, that is,
y-u=y-v=0.

Lay, 6.1.30

Carlos Oscar Sorzano, Aug. 31st, 2013

Let W be a subspace of R™, and let W+ be the set of all vectors ortohogonal
to W. Show that W+ is a subspace of R™ using the following steps:

a. Take z € W+ and let u represent any vector in W. Then, z - u = 0. Take
any scalar ¢ and show that cz is orthogonal to u. (Since u is any arbitrary
vector in W, this will show that cz is in W=.)

b. Take z1,2zo € W, and let u be any vector in W. Show that z; + z, is
orthogonal to u. What can you conclude about z; + z2? Why?

c. Finish the proof that W+ is a subspace of R™
Solution:

a. Let us calculate (cz) - u

(cz) - u=c(z-u)=c-0=0

So cz is orthogonal to any vector u in W, and consequently cz belongs to
W,

b. Let us calculate (z1 4+ z2) - u

(z1+22)-u=2z-u+2z2,-u=04+0=0

So z1 + zo is orthogonal to any vector u in W, and consequently z; + zs
belongs to W+.

c. We still need to show that 0 € W+

0-u=0
So0c W,
Lay, 6.2.1
Carlos Oscar Sorzano, Aug. 31st, 2013
-1 ) 3
Letu;=| 4 |,uo=|2],and us = [ —4|. Is the set S = {u;, us,us}
3 1 -7

orthogonal?
Solution: To check whether S is orthogonal, we calculate all possible inner
products to check if they are 0 or not
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111'112:6
111‘113:740
112'113:O

Only uy is orthogonal to us. The rest of vectors are not orthogonal to each
other, and consequently, the set .S is not orthogonal.

Lay, 6.2.2

Carlos Oscar Sorzano, Aug. 31st, 2013

1 0 -5
Letu;=|—-2],up=(1],and uz = [ =2 |. Is the set S = {u;,us,uz}
1 2 1

orthogonal?
Solution: To check whether S is orthogonal, we calculate all possible inner
products to check if they are 0 or not

ucup=1-0+(-2)-141-2=0+(-2)+2=0
uz=1-(-5)+(-2)-(-2)+1-1=(-5)+4+1=0
ucu3=0-(=5)+1-(-2)+2-1=0+(-2)+2=0

All vectors are orthogonal to each other, and consequently, the set S is orthog-
onal.

Lay, 6.2.3

Carlos Oscar Sorzano, Aug. 31st, 2013

2 —6 3
Letuy = -7 |,us=|-3],andug=| 1 |. Istheset S = {uj,us, us}
-1 9 -1

orthogonal?
Solution: To check whether S is orthogonal, we calculate all possible inner
products to check if they are 0 or not

ucug=2-(=6)+(=7)- (=3)+(-1)- 9—0
111'113:2'3+(*7) 1+( ) ( )

U is not orthogonal to us. Therefore, S is not orthogonal.

Lay, 6.2.4
Marta Monsalve Buendia,Dic. 13th, 2014

2 0 4
Letuy=|—-5],us=(0],and ug = | =2 |. Is the set S = {uy,us,us}
-3 0 6

orthogonal?
Solution: To check whether S is orthogonal, we calculate all possible inner
products to check if they are 0 or not

u1-u2:0
u1-u9,:—5
UQ'U3:0

u; is not orthogonal to uz. The rest of vectors are orthogonal to each other,
and consequently, the set S is not orthogonal.

Lay, 6.2.5
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Carlos Oscar Sorzano, Aug. 31st, 2013

3 -1 3
-2 3 8
Let u; = L and us = .k Is the set S = {u;,us,uz}
3 4 0
orthogonal?

Solution: To check whether S is orthogonal, we calculate all possible inner
products to check if they are 0 or not

u1-u2:O
u1-U3:2

u; is not orthogonal to us. Therefore, S is not orthogonal.

Lay, 6.2.6
Carlos Oscar Sorzano, Aug. 31st, 2013

5 —4 3
—4 1 3
Let u; = o [Fw=1_5| and ug = 5 | Is the set S = {u;,us,uz}
3 8 -1
orthogonal?

Solution: To check whether S is orthogonal, we calculate all possible inner
products to check if they are 0 or not

u cu=5-(—4)+(—4)-1+0-(-3)+3-8=-20—-4+24=0
upcu3=5-3+(-4)-3+0:-54+3-(-1)=15-12-3=0
ucug=(—4)-3+1-3+(-3)-5+8-(-1)=-12+3-15—-8=—-32

uy is not orthogonal to us. Consequently, the set S is not orthogonal.
Lay, 6.2.9
Carlos Oscar Sorzano, Aug. 31st, 2013

1 -1 2
Let uy = [0, us = | 4 |, and us = 1 |. Show that the set B =
1 1 -2
8
{uy,uy,uz} is an orthogonal basis of R3. Let x = | —4 |. Express x as a linear
-3

combination of the u;’s.
Solution: To check whether B is orthogonal, we calculate all possible inner
products to check if they are 0 or not

u1~u2:0
Lll'll3:0
UQ-U3:0

So, the set B is orthogonal. To express x as a linear combination of the u;’s

we construct the matrix A = (u1 us u;:,) and solve the equation system
Alxlp =x

1 -1 2 8 1 -1 2\ ' /8 2.5

0 4 1l | [xls=|-4|=>xlz=|0 4 1 -4 =1|-15

1 1 =2 -3 1 1 =2 -3 2
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Lay, 6.2.10
Carlos Oscar Sorzano, Aug. 31st, 2013

3 2 1
Let uy = [ -3 ], uy = 2 |,and uz = [ 1]. Show that the set B =
0 -1 4
5
{uy,uy,uz} is an orthogonal basis of R3. Let x = | —3 |. Express x as a linear
1

combination of the u;’s.
Solution: To check whether B is orthogonal, we calculate all possible inner
products to check if they are 0 or not

u1~u2:O
u1~u3:0
ng-ll3:0

So, the set B is orthogonal. To express x as a linear combination of the u;’s
we construct the matrix A = (u; uz ug) and solve the equation system
Alxlg =x

-1

3 2 1 5 3 2 1 5 %

-3 2 1 [X]B =|-3] = [X]B =|-3 2 1 -3 | = §

0 -1 4 1 0 -1 4 1 i
Lay, 6.2.15

Carlos Oscar Sorzano, Aug. 31st, 2013

Let y = (3,1) and u = (8,6). Compute the distance from y to the line
through u and the origin.
Solution: Let’s compute the first the projection of y onto u.

. 8 24
— _ 30 _
Yo = ful = foo <6) - (1.8>

The distance asked by the problem is the distance between y and y,:

o= |-G I

Lay, 6.2.16
Carlos Oscar Sorzano, Aug. 31st, 2013

Let y = (—3,9) and u = (1,2). Compute the distance from y to the line

through u and the origin.
Solution: Let’s compute the first the projection of y onto u.

vo=tmu=2(3)=3(3) = (})

The distance asked by the problem is the distance between y and y,:
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st () Q)] - v

Lay, 6.2.25
Carlos Oscar Sorzano, Aug. 31st, 2013

Prove the following theorem:
Let U € M,,«,, be an orthonormal matrix and Vx,y € R", then

a. [|Ux]| = ]|
b. (Ux) - (Uy)=x-y
c. (Ux)-(Uy)=0&x-y=0
Solution: Let’s prove first point b:
(Ux)-(Uy) = (Ux)T(Uy)=xTUTUy =x¥ =x-y

where we have made used that for any orthonormal matrix UTU = I.
Let’s prove now point a:

1Ux[* = (Ux)- (Ux) =x-x= x|
Taking the square root
U] = [Ix]|

Finally, point ¢. From point b we know that (Ux) - (Uy) = x-y. So, it is
obvious that (Ux) - (Uy)=0iff x-y =0.
Lay, 6.2.26
Carlos Oscar Sorzano, Aug. 31st, 2013

Suppose W is a subspace of R™ spanned by n non-zero orthogonal vectors.
Explain W = R"™.
Solution: A set of orthogonal vectors is always linearly independent (see The-
orem 6.2.4). We also know that any set of n linearly independent vectors is a
basis of R™ (see Theorem 4.5.12). So, the same set spans W and R™, so both
sets are equal.
Lay, 6.2.27
Carlos Oscar Sorzano, Feb. 15th, 201/

Let U be a square matrix with orthonormal columns. Explain why U is
invertible.
Solution: If U has orthonormal columns, they are linearly independent (The-
orem 6.2.4) and its determinant must be different from 0 (Theorem 6.2.6; since
UTU =1 = [UTU| = |I| =1 = |UT||U| = |U|? = |U| = £1). Consequently,
the matrix U is invertible (Theorem 5.2.3).
Lay, 6.2.29
Carlos Oscar Sorzano, Aug. 31st, 2013

Let U and V be nxn orthogonal matrices. Explain why UV is an orthogonal

matrix.
Solution: Let’s calculate (UV)~1
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wv)—t V~-1U~! Properties of matrix inverse; U,V are invertible
= vIiyTr U and V are orthogonal matrices

= (UV)T  Properties of matrix transpose

So, UV is invertible and its inverse is (UV)7.

Lay, 6.3.1
Carlos Oscar Sorzano, Aug. 31st, 2013

You may assume that {uj,us,u3,us} is an orthogonal basis of R*. Let
u = (0,1,-4,-1), us = (3,5,1,1), ug = (1,0,1, —4), ug = (5,—3,—1,1). Let
x = (10,—8,2,0). Write x as the sum of two vectors, one in Span{uj, us,us}
and the other in Span{uy}.

Solution: We project x onto Span{uj,us, us}

X123 = qparWt gosUz + i us
3 1 0
1 5 0 —2
_ —16 —8 12 —
= s g T[Tl 1T 4
-1 1 —4 -2
5 10
-3 -6
. x _ 72 _
X4 - u4-111144u4_% —1 - -2
1 2

It can be easily verified that x = x723 + x4.

Lay, 6.3.2
Carlos Oscar Sorzano, Aug. 31st, 2013

You may assume that {u;,us,u3,us} is an orthogonal basis of R*. Let
w = (1,2,1,1), uy = (=2,1,-1,1), ug = (1,1,-2,—1), uy = (=1,1,1,-2).
Let v = (4,5,—3,3). Write v as the sum of two vectors, one in Span{u;} and
the other in Span{us,us,us}.

Solution: We project v onto Span{u;} and then onto Span{uzs4}:

1 2
2 4
v-ugp _ 14 _
Vi - uj-ujp 1= i ]_ 2
1 2
Vasa = ohbup+ ibug 4 uy
—2 1 -1 2
1 1 1 1
_ 3 12 -8 _

A T R DY R o A 5
1 —1 —2 1

It can be easily verified that v = vi + va34.

Lay, 6.3.5
Ignacio Sanchez Lopez ,Dic. 15th, 2014

Verify that uj,us is an ortogonal set, and then find the ortogonal proyection
-1 3 1
of y onto Span{uj,us}. y=1 2 |,uy=|-1],andus = | -1
6 —2 2
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Solution: To check if {u;,us} is an ortogonal set we compute u; - us to seee if
its inner product is 0 or not.

U1UQ:31+(*1)(71)+2(72)

u; is orthogonal to us. Then we calculate the ortogonal proyection of y onto
W = Span{uj,uz}.

y-u VU —-17 3 9 1 1 —15
Xw = u; + Ug = 1 —1 + = —1 :? -2
up - ug Uz - U2 1 _9 6 9 38
Lay, 6.3.7

Carlos Oscar Sorzano, Aug. 31st, 2013

Let W be the space spanned by u; = (1,3,—2) and uy = (5,1,4) and let
y = (1,3,5). Write y as the sum of a vector in W and a vector orthogonal to
w.
Solution: We project y onto Span{uj,uz}

X-uq X-Usg

W= Gy e, 2
1 5 13—0
0 28
-2 4 S

To find the vector perpendicular to W, we simply calculate
7

3

Xwit = X—Xw =

WI~ol~y,

By construction, we have x = xy + Xyyo.

Lay, 6.3.15
Carlos Oscar Sorzano, Aug. 31st, 2013

Let y = (5,—9,5), u; = (—3,-5,1) and uy = (—3,2,1). Find the distance
from y = (5,—9,5) to the plane in R? spanned by u; and u,.
Solution: We project y onto Span{u;,us}

yw = amwt il
-3 -3 3

35 —28
= m|O)tam 2=
1 1

To find the vector perpendicular to W, we simply calculate

O N

Yws = Y—-Yw =

=2}

The required distance is simply the norm of this vector that is 1/40.
Lay, 6.3.22
Carlos Oscar Sorzano, June, 6th 2014

Matk each statement as true or false. Justify your answer.

160



1. If W is a subspace of R" and if v is in both W and W+, then v must be
the zero vector.

2. In the Orthogonal Decomposition Theorem (see Theorem 6.3.8), each term
of the formula

G — Yu
y = u1~u1ul + ...+

y-up
Up-up

up

is itself a projection of y onto a subspace of W.

3. If y = z; + 2 where z; is in a subspace W and z, is in W, then z; must
be the orthogonal projection of y onto W.

4. The best approximation to y by elements of a subspace W is given by the
vector y — Projy {y}.

5. If an n x p matrix U has orthonormal columns, then UU”x = x for all
x € R™.

Solution:

1. True. O is the only vector that belongs simultaneously to W and W=,

2. True. The term y‘ull u; is the orthogonal projection of y onto the vector

ui-u
space spanned by u;. This latter space is a subspace of W (the space
spanned by the vectors vy, ..., v,).

3. True, because it is an orthogonal decomposition (z; L vs) and accord-
ing to the Orthogonal Decomposition Theorem(see Theorem 6.3.8), this
decomposition is unique. Consequently, v; must be the orthogonal pro-
jection of y onto W.

4. False. The best approximation is Projy,{y}. The proposed vector, y —
Projy {y}, is called the residual: the part of y that cannot be explained
by W.

5. False. If U has orthonormal columns, then UU”x is the projection of
the vector x onto the subspace spanned by the columns of U. Unless x
is already in W, in general, x is different from its projection onto W.
Consequently, in general, UUTx # x.

Lay, 6.3.23
Carlos Oscar Sorzano, Aug. 31st, 2013

Let A be an m x n matrix. Prove that every vector in x € R™ can be written
in the form x = p 4+ u, where p is in Row{A} and u is in Nul{A}. Also, show
that if the equation Ax = b is consistent, then there is a unique p in Row{A}
such that Ap = b.

Solution: First, we’ll show that Row{A} and Nul{ A} are orthogonal subspaces.
Let a; (i = 1,2,...,m) be the rows of matrix A. Any vector u in Nul{A} is such
that

Au=0
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In particular, we may consider the multiplication of the i-th row of A and u

T

aju=0=a;-u=0=a; Lu

Any vector p in Row{A} can be written as a linear combination of the rows
of A

P = ci1a; +ceag + ... + cpan,
Let’s calculate the inner product between p and u
Pp-u=ca;-ut+caz-u+..+cpa,-u=_0

So p L u for any p in Row{A} and any u in Nul{A}.

Since, both spaces are orthogonal to each other we may orthogonally project
x € R™ onto Row{ A} (obtaining p) and onto Nul{A} (obtaining u). By the Or-
thogonal Decomposition theorem we know that x can be uniquely decomposed
as a vector in Row{A} and a vector in (Row{A})* = Nul{A}. This proves that
X=p-+u

For the second part of the problem, let us presume that there are two distinct
solutions p; and py in Row{A} such that

Ap1=Db
Apgib

Subtracting both equations we have
A(p1—p2) =0

That means that p; — p2 is in Nul{A}. But at the same time it is in Row{A}
(because it is the linear combination of two vectors in Row{A} and Row{A} is
a vector space). The only vector that belongs both to Nul{A} and Row{A} is
the zero vector so

P1—P2=0=p1=p2

which is a contradiction to our hypothesis that both solutions were distinct, and
therefore, there is a single solution p in Row{A} of the problem Ap = b.

Lay, 6.3.24

Carlos Oscar Sorzano, Aug. 31st, 2013

Let W be a subspace of R™ with an orthogonal basis {wi, wa, ..., w,}, and
let {v1,Va,...,v,} be an ortohogonal basis for W=.

a. Explain why {w1,wq,...,wp, v1,Va,...,v,} is an orthogonal set.
b. Explain why the set in part (a) spans R”.

c. Show that dim{W} + dim{W1} =n

Solution:

a. Since both sets {w1, wo,...,w,} and {vy,va, ..., v,} are orthogonal bases, all
products w; - w; = 0 = v; - v; (for ¢ # j). We still need to show that the
products w; - v; = 0 for any ¢ € {1,2,...,p} and j € {1,2,...,q}. But this is
true since w; € W and v; € wt.
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b. Since W and W+ are perpendicular spaces contained in R™ by the Orthogonal
Decomposition Theorem (Theorem 6.3.8) we have that any vector can be
decomposed as a sum of a vector in W and a vector in W+. But any vector
in W can be expressed as a linear combination of the w; vectors and any
vector in W+ can be expressed as a linear combination of the v; vectors. So
the combined set {wi,wa,..., W, V1, Va, ..., Vg} can generate both parts of
the orthogonal decomposition, and consequently, can generate any vector in
R™. In fact, since all the vectors in the set are orthogonal, the set is a basis
of R™.

c. We know that dim{W} = p and dim{W~} = ¢. We need to show that
p—+ g = n. But this is true since the set in part (a) has p 4 ¢ vectors, and we
have stated in part (b) that these p 4 ¢ vectors is a basis for R™, so it must
have exactly n vectors.

Lay, 6.4.7
Carlos Oscar Sorzano, Aug. 31st, 2013

The set B = {x1,%x2} = {(2,-5,1),(4,—1,2)} is a basis for a subspace W.
Use the Gram-Schmidt process to produce an orthogonal basis for W. Then,
normalize it to have an orthonormal basis.

Solution: In Gram-Schmidt process, the first vector is any of the vectors in
the basis, let’s say

2
V1 = X1 = -5
1

The second vector is calculated as any other vector in the basis minus its pro-
jection onto the already explained subspace

V2 = Xz PrOjSpan{vl}{XZ}
= x— P
2 3
— 15 _ 3
2 1 5

The set {vy1,vs} is an orthogonal basis of W. To produce an orthonormal basis,
we have to normalize each vector

2
u =4 =- -5
L= Twall — V30 )
3 3
vy 1 3 _ 2 3
Ug = = = = 2
27 Tvall Z | 3 27 | 3
2 2

Lay, 6.4.13
Carlos Oscar Sorzano, Aug. 31st, 2013
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- P

Let A = _13 _75 and Q = _% E . The columns of Q) were ob-
6§
1 5 i =

tained by applying the Gram-Schmidt process to the columns of A. Find an
upper triangular matrix R such that A = QR.

Solution: Since @ is an orthogonal matrix, its inverse is its transpose Q7 Q = I.
Then, we simply multiply the decomposition A = QR by Q7 on the left to obtain

A=QR
QTA=R
5 9
5 L _3 1 1 7 6 12
SRR ERAR )
(—é ¢ 5 8|3 b 0 6
1 5

Lay, 6.4.19
Carlos Oscar Sorzano, Aug. 31st, 2013

Suppose that A = QR where Q is m x n and R is n X n. Show that if the
columns of A are linearly independent, then R must be invertible. [Hint: Study
the equation Rx = 0 and use the fact that A = QR.]

Solution: Since @ is orthogonal and meets that Q7 Q = I we have

A=QR
QTA=R

Then, the equation Rx = 0 becomes
QTAx =0
Multiplying both sides by @ we have
Ax=0Q0=0

Since the columns of A are linearly independent, the only solution of this prob-
lem is x = 0 (see Equation 1.7.3) and, consequently, the only solution of Rx = 0
is also x = 0. But this implies, by the Invertible Matrix Theorem, that R is
invertible.

Lay, 6.4.20

Carlos Oscar Sorzano, Feb. 15th, 201/

Suppose A = QR where R is an invertible matrix. Show that A and @ have
the same column space. [Hint: Given y in Col{A}, show that y = @x for some
x. Also, given y € Col{@}, show that y = Ax.]|
Solution: Consider an arbitrary y in Col{A}, that is, there exists a vector b
such that

y = 4b = (QR)b = Q(Rb) = Qx

where x = Rb. That is y belongs to the column space of Q.
Alternatively, consider any y in Col{Q@}, that is, there exists a vector b such
that

y=0Qb



Remind that A = QR. Since R is invertible, we can write AR™! = Q. Conse-
quently, we can rewrite the equation above as

y = (AR b = A(R™'b) = Ax

where x = R~'b. That is, y belongs to the column space of A.

Lay, 6.4.22
Carlos Oscar Sorzano, Aug. 31st, 2013

Let {ui,...,u,} be an orthogonal basis for a subspace W of R", and let
T : R* — R" be defined by T(x) = Projy,{x}. Show that T is a linear
transformation.
Solution: Since {uj,us,...,u,} is an orthogonal basis of W, the projection
onto W can be calculated as

Xllp
Up-up Up

T(x) = Projy {x} = S‘llﬁlul + ...+

To show that T is linear let us show that T'(ex) = ¢T'(x)

_  (ex)u (ex)-u
T(CX) - u)i Slllu + + Up uppup
= Cugut +c up
= e(Em e+ )
= T(x)
and that T(x; +x2) = T'(x1) + T(x2)
- %u L +%u
= () ()

T(Xl) + T(XQ)

Lay, 6.5.1
Carlos Oscar Sorzano, Aug. 31st, 2013

Find a least-squares solution of Ax = b by constructing the normal equations

-1 2 4
for X and solving for it with A= 2 —3] andb= |1
-1 3 2
Solution: The normal equations are given by
ATAx = ATb

In this particular case

4

-1 2 1) N (1 2 1)
2 3|x= 1
(2 -3 3 1 3 2 -3 3 9



Note that

The error vector is

R 3
e=b—-b= 1
-1
and its norm
o2 = |e| = VII

Lay, 6.5.2
Ignacio Sanchez Lopez, Dec. 15th, 2014

Find a least-squares solution of Ax = b by constructing the normal equations

2 1 -5
for X and solving for it with A= | -2 0] and b= [ 8
2 3 1
Solution: The normal equations are given by
ATAx = ATb

In this particular case

(2 -2 2) 22(1)&_(2 -2 2) 9
Lo 3/, 4 1o 3/,
8

Lay, 6.5.9
Carlos Oscar Sorzano, Dec. 16th, 201}

Find the orthogonal projection of b = (4, -2, —3)” onto the column space

1 5
of A= | 3 1. Then, using this result find a least squares solution of the
-2 4

problem Ax = b.
Solution: It can be seen that the two columns of A are orthogonal to each
other, so to project b onto the column space of A we simply calculate

_ b b-
b = pjrat pEa
1 5
_ 4.1—-2.3—3-(—2) 4-5—2-1-34
T 1374 (—2)? 32 T Ty
5
— 4 6 —
= 3|+l =1
-2 4 0
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To solve the least-squares problem we need to solve the problem

Ax =D
whose augmented matrix is
1 51 10 %
3 1|1 |~ 0 1|z
-2 410 0 00
So, the least-squares solution is
. 1 /2

Lay, 6.5.19
Carlos Oscar Sorzano, Aug. 31st, 2013

Let A be an m x n matrix. Use the steps below to show that a vector x € R™
satisfies Ax = 0 if and only if ATAx = 0. This will show that Nul{A} =
Nul{AT A}.

a. Show that if Ax =0, then ATAx =0

b. Suppose AT Ax = 0. Explain why x7 A” Ax = 0, and use this to show that
Ax =0

Solution:

a. Let us assume that
Ax =0
Multiplying on the left by AT, we get
ATAx = AT0o=0
b. Let us assume that
ATAx =0
Multiplying both sides by x”, we get
xTATAx =xT0=0
But this means that the norm of Ax is null because
xTATAx = || Ax||?> =0

So Ax = 0.
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Lay, 6.5.20
Carlos Oscar Sorzano, Aug. 31st, 2013

Let A be an m x n matrix such that AT A is invertible. Show that the
columns of A are linerly independent. [Careful: You may not assume that A is
invertible; it may not even be square.]

Solution: By the Invertible Matrix Theorem (see Section 2.9), if ATA is in-
vertible, then Nul{ AT A} = 0, that means that the only solution of the problem

AT Ax = {0}

is the vector x = 0. In Exercise 6.5.19 we showed that Nul{AT A} = Nul{4},
so the only vector in Nul{A} = {0}, that is the only solution of the problem

Ax =0

is x = 0, and consequently, the columns of A are linearly independent.

Lay, 6.5.21
Carlos Oscar Sorzano, Aug. 31st, 2013

Let A be an m x n matrix whose columns are linearly independent. [Careful:
A need not be square.]

a. Use Exercise 6.5.19 to show that AT A is an invertible matrix.
b. Explain why A must have at least as many rows as columns.
c. Determine the rank of A.

Solution:

1. If the columns of A are linearly independent, then the only solution of the
problem

Ax =0

is x = 0, that is, Nul{A} = {0} and by Exercise 6.5.19, Nul{ AT A} = {0}.
By the Invertible Matrix Theorem (see Section 2.9) this implies that A7 A
is invertible.

2. A has at least as many rows as columns if m > n. Note that AT A is of
size n x n and we need its rank to be n (so that it can be inverted). The
rank of a matrix meets:

Rank{AT A} = Rank{A} = Rank{AT} = Rank{AAT}
Note also that the rank of A is at most the minimum between m and n,

so if AT A is invertible, it must be m > n because otherwise the rank of A
would be m < n and AT A would not be invertible.

3. See response to previous point, Rank{A} = n.
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Lay, 6.5.24
Carlos Oscar Sorzano, Aug. 31st, 2013

Find a formula for the least-squares solution of Ax = b when the columns
of A are orthonormal.
Solution: The standard solution of the least-squares problem is
x=(ATA)"1ATb

Consider the column decomposition of A and its implications in the computation
of ATA

A:(a1 a, .. a,

T

e

AT — | A2

T

an
al alfa; alay, .. ala,
T T T T
a aza; azaz .. aza
ATA= "2 (a1 a2 .. a,)=|"271 7272 28n
T T T T
a, a,a; a,as .. a,a,

Since the columns of A are orthonormal all products al'a; with i # j are equal
to 0 and the products ala; are equal to 1. Thus, we have

1 0 .. 0
ATA_ |0 1 0
0 0 .. 1

Then (AT A)~1AT = AT. Finally, the least-squares solution is

al alb

T T
%= (ATA) ' ATb = | |p= 2P
al alb

which is nothing more than the orthogonal projection of the vector b onto each
one of the orthonormal columns of A.

Lay, 6.6.1
Carlos Oscar Sorzano, Aug. 31st, 2013

Find the equation y = Sy 4+ 1z of the least-squares line, that better fits the
points (0,1), (1,1), (2,2), (3,2).
Solution: We need to solve the overdetermined equation system

0
)e-
21 \A

3

which is of the form X =y. Its least-squares solution is

— =
DN DN =
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B=(XTX)1XTy

= (64)

That is, the least-squares line is defined as

that in this case is

y=0.9+ 0.4z

Lay, 6.6.5
Carlos Oscar Sorzano, Aug. 31st, 2013

Let X be the design matrix used to find the least-squares line to fit data
(z1,11), (x2,92), vy (Tn,yn). Use a theorem in Section 6.5 to show that the
normal equations have a unique solution if and only if the data include at least
two points with different z-coordinates.

Solution: Theorem 6.5.15 states that if the columns of A are linearly indepen-
dent, then A can be factorized as A = QR and the least-squares solution of the
problem Ax = b is unique and given by x = R~'Q”b.

If the data points do not have two different z-coordinates, then the design
matrix of the least-squares will be of the form

1 X
A— 1 X
1 il

It can be easily seen that its two columns are not linearly independent because
az = riajg.

Lay, 6.6.9
Carlos Oscar Sorzano, Aug. 31st, 2013

A certain experiment produces the data (1,7.9), (2,5.4) and (3,-0.9). Describe
the model that produces a least-squares fit of these points by a function of the
form

y = Acos(z) + Bsin(x)
Solution: For each one of the data points we have a linear equation

7.9 = Acos(1) 4+ Bsin(1)
5.4 = Acos(2) 4+ Bsin(2)
—0.9 = Acos(3) + Bsin(3)

This can be rewritten in matrix form as

cos(2) sin(2) =| 54

cos(1) sin(1) 7.9
cos(3) sin(3) (A> ~0.9
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so we are back to the framework of least-squares fittings and we can solve for A
and B by using the normal equations of the problem.

Lay, 6.6.19
Carlos Oscar Sorzano, Dec. 16th, 2014

Consider a design matrix X with two or more columns and a least-squares
solution 3 of y = X 3. Consider the following numbers:

e |XB|2: the sum of the squares of the “regression term”. Denote this
number by SS(R).

e |y — X3||> the sum of the squares for the “error term”. Denote this
number by SS(E).

e |ly|[?: the total sum of the squares of the y-values. Denote this number

by SS(T).

To simplify matters, assume that the mean of the y-values is zero. In this case,
SS(T) is proportial to what is called the variance of the set of y-values.
Justify the equation

SS(T) = SS(R) + SS(E)

This equation is extremely important in Statistics, both in regression theory
and in analysis of variance.
Solution: The equation

SS(T) = SS(R) + SS(E)

can be rewritten as . A
lyll> = IX8]* + lly — X8I

This is the orthogonal decomposition of the vector y on its projection on the
column space of the matrix X (i.e., XB) and its residual (y — X,G'), which
is orthogonal to the column space of X. Thanks to the orthogonality of the
residual to the column space of X, the Pythagorean theorem applies. This
theorem is just

Iy[I* = 1XB]1* +lly — X8I
that is, the SS equation proposed by the problem.

Lay, 6.7.1
Carlos Oscar Sorzano, Aug. 31st, 2013

Let u = (ug,us) and v = (v1,v2) be two vectors in R2. Let us define the
inner product in R? as

u- v =4uv + dugvs
Let x =(1,1) and y = (5, —1).
a. Find ||x||, |y|l and |x -y

b. Describe all vectors that are orthogonal to y.
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Solution:

a. To find the required quantities we use their definition in terms of the dot
product

x|l =vx-x=/(1,1)-(1,1)=v4-T-T+5-1T-1=9
Iyl = vy ¥y =61 -6G.-1)=yI55+5 (-1 (-1) = V105
x-y=(1,1)-(5,-1)=4-1-5+5-1-(-1) =15
|x - y|? =[15]* = 225

b. Let w = (wy, ws) be an arbitrary vector in R? orthogonal to y. It must fulfill

w-y=0
w-(5,-1)=0
4’11)1(5) + 5’LU2(—1) =0
(105} 24’[1)1

So, any vector w orthogonal to y according to the proposed inner product
must be of the form (w1, 4w ).

Lay, 6.7.13
Carlos Oscar Sorzano, Aug. 31st, 2013

Let A by any invertible n X n matrix. Show that for u and v in R™, the
formula (u,v) = (Au)?(Av) defines an inner product in R™.
Solution: To show that the proposed operation is an inner product we need to
show all the properties below:

a. (u,v) = (v,u)

(u,v) = (Au)T(Av) [by definition]

ul AT Av

(uT AT Av)T  the result of the inner product is a scalar
v AT Au

(Av)T(Au)

= <V7 u>

b. (u+v,w)=(u,w)+ (v,w)

(utv,w) = (Au+v))"(Aw)
= (Au+ Av)T(Aw)
(uT AT + vT AT)(Aw)
= uwlATAw +vT AT Aw
= (Aw) (Aw) + (Av)T (Aw)
{u, W) + (v, w)

[by definition]

c. (cu,v) =c(u,v)

{cu,v) = (A(cu))T(Av) [by definition]
= (cAu)T(Av)

cul AT Av

c(Au)T (Av)

= c(u,v)
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(u,u) = (Au)T(Au) [by definition]
= [|Aul* =0

e. (u,u) =0iff u=0.
(u,u) =0= [[Aul|?* =0= Au=0
According to the requirement of inner products, it must be that
Au=0&u=0

This means that it must be Nul{A} = {0}. For an n x n matrix, this only
happens if and only if A is invertible (as stated by the problem; see the
Invertible Matrix Theorem).

Since the proposed inner product meets all the conditions, it is a true inner
product.

Lay, 6.7.16
Carlos Oscar Sorzano, Aug. 31st, 2013

Show that if S = {u, v} is an orthonormal set in V', then [[u — v|| = v/2.
Solution: If S is orthonormal, then |lu|| = ||v|| =1 and u- v = 0. Then,

lu—v| = Vu-v) (u-v)
= Yyu-u+v-v—-2u-v
= VIulP+[v[?-2u-v
= V14+1-2-0
= V2

Lay, 6.7.18
Carlos Oscar Sorzano, Aug. 31st, 2013

Show that [[u+ v|]? + [[u— v|? = 2||u|* + 2|v|*.
Solution:
(Wt v) (W4 v) + (u—v) (u—v)
(||u|\z + HV||22+ 2u-v) + ([[ul]®* + [[v[* - 2u-v)
= 2[uf]* +2[|v]

o v + flu = v

Lay, 6.8.1
Carlos Oscar Sorzano, Aug. 31st, 2013

Find the least-squares line y = Sy + SB1x that best fits the data (-2,0), (-
1,0), (0,2), (1,4), and (2,4), assuming that the first and last data point are less
reliable. Weight them half as much as the three interior points.

Solution: The Weighted Least Squares solves the normal equations of the
problem

WAB =Wy
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being W the weight matrix, A the design matrix, 8 the unknown vector and y
the observed vector. In this case,

100 0 0\ /1 -2 100 0 0\ /0
0100 O0ff1 -1 0100 0]]o0
0010010<5°>:001002
0001 0]t 1|V 0001 0ff4
0000 3/ \1 2 0000 3/ \4

The normal equations of this problem are
(WATWAB = (WA)TWy
and its solution
B = (WA)TWA) (W AT Wy

In this particular case,

That is, the WLS line is y = 2 + %x that is represented below along with the
original data

Lay, 6.8.2
Carlos Oscar Sorzano, Dec. 16th, 2014

Suppose that 5 out of 25 measurements in a weighted least-squares problem
have a y-measurement that is less reliable than the others, and they have to
be weighted half as much as the other 20 points. One method is to weight the

1
20 points by a factor 1 and the other 5 by a factor =. A second method is to

weight the 20 points by a factor 2 and the other 5 by a factor 1. Do the two
methods produce different results? Explain.

Solution: The two methods produce the same solution. To show why let us
call Wj to the weight matrix of the first method and W5 to the weight matrix of

174



the second. We see that Wy = 2W;. The solution of the weighted least-squares
problem is the least-square solution of the equation system

WAx =Wy

In particular, for the second method

WQAX = Wgy
2W1AX = 2W1y
WlAX = le

That is, both methods are solving the same equation system:.

Lay, 6.8.6
Carlos Oscar Sorzano, Aug. 31st, 2013

Let’s define the inner product in the set of all continuous functions within
the range [0, 27] as

(f(2),9(1)) = bf f(t)g(t)dt
Show that the functions sin(mt) and cos(nt) are orthogonal for all positive
integers m and n.
Solution: Let us solve first the indefinite integral

f Sin(mt) COS(TLt)dt _ _ nsin(mz) sin(nil);-:r;‘zcos(mx) cos(nx)

Let us compute now the inner product

(sin(mt), cos(nt)) = 2fsin(mt)cos(nt)dt

n sin(ma) sin(nz)+m cos(mz) cos(nz) 2
- m2_n2

m2—n2

- __m __ (_L)
= m2—_n2 m2—n2
- 0
So the two functions sin(mt) and cos(nt) are orthogonal.

Lay, 6.8.8
Carlos Oscar Sorzano, Aug. 31st, 2013

Find the third-order Fourier approximation to f(¢) = ¢ — 1 within the range
[0, 27] with the inner product defined in Exercise 6.8.6.
Solution: The approximation we seek is of the form

3 .
£t) ~ (J]l(ltﬁ;l) s (M cos(nt) + Mm(nﬂ)
n=1

[l cos(nt)]|? [ sin(nt)[|?

Let us calculate the different terms
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(t—1,1) = 7(t7 1)dt = 2n(r — 1)
0

1)2 = f 12dt = 2

2
(t—1,cos(nt)) = [ (t—1)cos(nt)dt =0
0

2

(t—1,sin(nt)) = [ (t —1)sin(nt)dt = —(ﬂzl)
L 0

|| sin(nt)||* = f sin?(nt)dt =

Gathering all together, we have

2m(m—1) —(7+1)

_ (=t (r+1)
t—1 = 5— + ———sin(t) + —2— sin(2t) + —=— sin(3t)
= (m—1)— = (sin(t) + § sin(2t) + & sin(3t))

We have both functions represented below

t-1 4
Third-order Fourier approximation|

0 1 2 3 4 5 6 7
t

Lay, 6.8.11
Carlos Oscar Sorzano, Aug. 31st, 2013

Find the third-order Fourier approximation to sin®(t) without performing
any integration calculations.

Solution: We know by trigonometric relationships that
sin®(t) = § — 1 cos(2¢t)

This is in fact the Fourier approximation of order 2, in this case, the approxi-
mation is exact.

Lay, 6.Suppl.4
Carlos Oscar Sorzano, Jan. 19th 2015

Let U be a n x n orthogonal matrix. Show that if {vq,va,...,v,} is an
orthogonal basis of R™, then so is {Uvy,Uvs,...,Uv,}
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Solution: Let us calculate the dot product between any two vectors in the
proposed set. Let us denote w; = Uv;.

(wi,wj) = (wi)"(w;) = (Uvi)T (Uvy) = v]UTUv;,
Since U is an orthogonal matrix, we have UTU = I and consequently
(wi,wj) = v{v; = (vi,v;)

If the set {v1, va, ..., v, } is an orthogonal basis of R"™, then so is {w1, wa, ..., w,}
because as shown in the previous equation any pair of distinct w; vectors are
orthogonal to each other.

7 Chapter 7

Lay, 7.1.1
Marta Monsalve Buendia, Dic. 24th, 2014

Determine if the matrix A = (g _57) is symmetric.
Solution: A matrix A is symmetric if A = AT. So A is symmetric.
Lay, 7.1.2

Marta Monsalve Buendia, Dic. 2/th, 2014

-5 3
Solution: A matrix A is symmetric if A = A”. So A is not symmetric because
aiz # as1.

Lay, 7.1.3
Marta Monsalve Buendia, Dic. 24th, 2014

Determine if the matrix A = < 5) is symmetric.

Determine if the matrix A = (i i) is symmetric.

Solution: A matrix A is symmetric if A = A”. So A is not symmetric because
aiz # as1.

Lay, 7.1.4
Marta Monsalve Buendia, Dic. 24th, 2014

0 8 3
Determine if the matrix A= |8 0 —2| is symmetric.
3 -2 0
Solution: A matrix A is symmetric if A = AT. So A is symmetric.
Lay, 7.1.5
Marta Monsalve Buendia, Dic. 2/th, 2014
-6 2 0
Determine if the matrix A= 0 —6 2 | is symmetric.
0 0 -6

Solution: A matrix A is symmetric if A = A”. So A is not symmetric because
aiz # az1 and a3 # asz.
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Lay, 7.1.6
Carlos Oscar Sorzano, Aug. 31st, 2013

1 2 1 2
Determine if the matrix A= |2 1 2 1] is symmetric.
1 2 1 2

Solution: A matrix A is symmetric if A = A”. So one necessary condition to
be symmetric is that A is a square matrix. Since the matrix in the problem is
not square, it cannot be symmetric.

Lay, 7.1.7
Carlos Oscar Sorzano, Aug. 31st, 2013

0.6 0.8

Determine if the matrix A = (0.8 0.6

) is orthogonal. If it is, find its

inverse.
Solution: A matrix A is orthogonal if all its columns are orthogonal to each
other and they are of unit norm. In this case

((0.6,0.8), (0.8, —0.6)) = 0.6 - 0.8 + 0.8 - (—0.6) = 0
1(0.6,0.8)||2 = 0.6-0.6 + 0.8- 0.8 = 1
1(0.8,—0.6)||2 = 0.8 - 0.8 + (—0.6) - (—0.6) = 1

Since the two columns are orthogonal to each other, A is an orthogonal matrix.
The inverse of an orthogonal matrix is its transpose. In this case

0.6 0.8
—1 _ AT _
AT =4 _<0.8 —0.6)

Lay, 7.1.9
Marta Monsalve Buendia, Dic. 24th, 2014

2 5
Solution: A matrix A is orthogonal if all its columns are orthogonal to each
other and they are of unit norm. In this case

<(_5’2))<275)> = (_5) 2242-5=0

1(=5,2)|I” = (=5) - (=5) +2-2 =29
1(2,5)[?=2-2+5-5=29

Determine if the matrix A = (_5 2) is orthogonal. If it is, find its inverse.

The two columns of A are orthogonal to each other but they are not unit norm
so A is not an orthogonal matrix.

Lay, 7.1.13
Carlos Oscar Sorzano, Aug. 31st, 2013

Orthogonalize the matrix A = (i’ ;) giving a matrix P and a diagonal

matrix D.
Solution: Let’s find first the eigenvalues of A
|[A—X|=0
1 3\ =@B-N—-1=X-6A+8=A—-2)(A—4)=0
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Let’s find now the eigenvalues associated to each eigenspace
Eigenspace A = 2
Let’s solve the vector problem

(A-2I)v=0

11
(1 1)"_0

whose solution are all vectors of the form v = (vy,—wvp). In particular v; =
(%, f%) is unit vector of this subspace.
Eigenspace A = 4

(A—4l)v =0
(_11 —11) v=0

whose solution are all vectors of the form v = (vq,v1). In particular vo =
(%, %) is unit vector of this subspace.
The eigendecomposition of matrix A is, therefore,

1 A :1PDPi1 1 1
3 1 vz 2 0 7z
1 3 - L)\ 4)\ L L
V2 V2 V2 V2
Note that we can find an orthogonal matrix for P (and consequently P~! = PT)
because A is a symmetric.

Lay, 7.1.17
Ana Sanmartin, Jan. 18th, 2015

Orthogonally diagonalize the matrix
1 1 3
1 3 1
3 11

giving an orthogonal matrix P and a diagonal matrix D. The eigenvalues are:
5,2, -2.

Solution: To orthogonally diagonalize a matrix, we follow the structure A =
PDPT being P orthogonal (P! = PT). Firstly, we have to look for the
eigenvectors, following the formula

(A—X)v=0
A=5
4 1 3 10 -1 7
(A=bDvi=0= (1 -2 1 |vi=[0 1 -1|vi=0=vi=|5
31 —4 00 0 -+
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11 3 10 -1 7
(A-2D)va=0= [ 1 1 1 |va=[0 1 2 |va=0=vy=|-%
_ 1
31 -1 00 0 =%
A=-2

1

31 3 10 1 -7

(A+2])V3:0:> 1 5 1]vs=[0 1 0]vy3=0=v3= 0
31 3 00 0 =

Now, we can diagonalize A by setting the eigenvectors as the columns of the
matrix P and the corresponding eigenvalues in the diagonal of D:

1 1 1 1 1 1
F AN (e A E) .
Sl RN O I U Il Bl
VY I\ Y %
Lay, 7.1.23
Carlos Oscar Sorzano, Aug. 31st, 2013
3 1 1 1
Let A=[1 3 1| andu= [1]. Verify that 5 is an eigenvalue of A and
1 1 3 1

u is its eigenvector. Then, orthogonally diagonalize A.
Solution: Let’s verify that u is an eigenvector of A

3 11 1 5) 1
Au=|1 3 1 11=1[5]=5]|1
1 1 3 1 ) 1

The other two vectors needed to orthogonally diagonalize A must be orthogonal
to u, let’s call them v and w. They must meet

u-v=(L1L1)-v=v+ve+v3=0=v3=—v1 — 02
u'W:(17171)'W:’w1—|—’w2—|—’w3:O:}waZ_wl_w2

Additionally, they must be orthogonal to each other so

v-w = (v1, V3, —v1 —U2) - (W1, Wa, —w1 —ws) = 201w +2Vaws +v1wa + V2w = 0
2wy + (21]2 + ’U1)’LU2 +vow; =0
_ _ 2viwi+vowy
w2 = 2vo+vq
So the two vectors must be of the form
V= (Ul,U2, —U1 — U2)
_ _ 2vywitvowy 2vi w1 +va2wy
w= (wl’ 2ua+v; wy + 2v2+v1 )

Giving the values v; = 1, v3 = 0, and w; = 1, we get

v=(1,0,-1)

w=(1,-2,1)

The eigenvalue associated to these eigenvectors are 2 and 2 because
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3 1 1 1 2 1
Av=1[1 3 1 0O]=(10]=2[20
1 1 3 -1 -2 -1
3 11 1 2 1
Aw= |1 3 1 —2|=-4]1=21-2
1 1 3 1 2 1

For an orthogonal diagonalization we need the vectors to be unitary so, we
normalize them

w = = oe(1,1,1)
V= v =5(1.0,-1)
/1 _ 1

1 1 1

B2 Vg 5 0 0
P = % 0 —% and D=0 2 0

e U U 0 0 2

V3 v2 V6

Lay, 7.1.27
Carlos Oscar Sorzano, Aug. 31st, 2013

Suppose A is a symmetric n X n matrix and B is any n X m matrix. Show
that BT AB, BT B and BB” are symmetric matrices.
Solution: Let’s calculate the transpose of each one of the matrices and show
that they are equal to the original matrices

(BTAB)T = BTAT(BT)T = BT AB
(BTB)T — BT(BT)T — BTB
(BBT)T — (BT)TBT — BBT

Lay, 7.1.29
Carlos Oscar Sorzano, Aug. 31st, 2013

Suppose A is invertible and orthogonally diagonalizable. Explain why A~!
is also orthogonally diagonalizable.
Solution: If A is orthogonally diagonalizable, then A = PDPT. Then,

A1 = (PDPT)"' = (PT)~'p~'p~! = pp—1PT
So, A1 is orthogonally diagonalizable.

Lay, 7.1.30
Carlos Oscar Sorzano, Feb. 15th, 201/

Suppose A and B are both orthogonally diagonalizable and AB = BA.
Explain why AB is orthogonally diagonalizable.
Solution: According to Theorem 7.1.2, a matrix is orthogonally diagonalizable
if and only if it is symmetric. So, matrices A and B are symmetric. Let us
compute (AB)T:
(AB)T = BTAT = BA

181



But according to the problem statement BA = AB, so (AB)T = AB, that is,
AB is symmetric, and consequently orthogonally diagonalizable.

Lay, 7.1.31
Carlos Oscar Sorzano, Dec. 16th, 2014

Let A = PDP~!, where P is orthogonal and D is diagonal, and let X\ be
an eigenvalue of multiplicity k. Then A\ appears k times on the diagonal of D.
Explain why the dimension of the eigenspace for A is k.
Solution: The diagonalization theorem (5.3.5) states that if A is diagonalizable,
and in this case it is, then the columns of P are linearly independent eigenvec-
tors of A, so P has exactly k eigenvectors corresponding to the eigenvalue .
These k eigenvectors form a basis of the eigenspace associated to A.

Lay, 7.1.35
Carlos Oscar Sorzano, Aug. 31st, 2013

Let u be a unit vector in R”, and let B = uu”.

a. Given any x € R™, compute Bx and show that Bx is the orthogonal projec-
tion of x onto u, as described in Section 6.2.

b. Show that B is a symmetric matrix and B? = B.
c. Show that u is an eigenvector of B. What is the corresponding eigenvalue?
Solution:

a. The orthogonal projection of x onto u is defined as

Proj,{x} = H’:

u
[k

Since u is unitary, ||u/|?> = 1, then

Proj,{x} = (x-u)u [inner product is commutative]
= (u-x)u [by definition of inner product]
= (u'x)u [u”x is a scalar]
= u(u’x [assoc1at1v1ty of matrix multiplication]
= (uul)x [B=uu’]
= Bx

b. B is symmetric as shown in Exercise 7.1.27. Let’s show now that B? = B
B? = (uu®)(uu?) = u(uu)u®
But u”u = 1 because u is unitary. Then,
B?=uwu’ =B

The fact that B? = B implies that projecting Proj, {x} onto u (applying the
projection operation twice) has no effect.

c. Let’s calculate the product Bu
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u=u(u’u)=u

Bu = (uu®)
So, its eigenvalue is 1. The meaning of this latter property is that the or-

thogonal projection of u onto u is u itself.

Lay, 7.2.1
Carlos Oscar Sorzano, Aug. 31st, 2013

= W=

Compute the quadratic form x” Ax, when A = < ) and
gl
T2

b. x= (?)

¢ x=(!
IR N

Solution:

W= O

a. X

a. We simply need to perform all the multiplications

Qx) = xTAx

= (1'1 x2) %xl +x2

2
53 + ST1T2 + 3

b. We simply need to substitute 1 = 6 and x5 = 1 to obtain Q(6,1) = 185.
c. Q(1,3) = 16.

Lay, 7.2.3
Carlos Oscar Sorzano, Aug. 31st, 2013

Find the matrix of the quadratic form. Assume x is in R2.
a. Q(x) = 1022 — 6179 — 373
b. Q(x) = 523 + 3129

Solution: We look for the matrix A such that Q(x) = xT Ax. It can be easily
verified that the solution of this problem is

10 -3
a. A= <_3 _3)
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Lay, 7.2.5
Carlos Oscar Sorzano, Aug. 31st, 2013

Find the matrix of the quadratic form. Assume x is in R3.
a. Q(x) = 8z% + 7a3 — 302 — 63120 + 47123 — 27073
b. Q(X) =4x12x9 + 62173 — 8273

Solution: We look for the matrix A such that Q(x) = xT Ax. It can be easily
verified that the solution of this problem is

8 -3 2
a. A=|-3 7 -1

2 -1 -3

0 2 3
b. A=(2 0 -4

3 —4 0
Lay, 7.2.6

Ignacio Sanchez Lopez, Dec. 29th, 2014

Find the matrix of the quadratic form. Assume x is in R3.
a. Q(x) = bx? — 23 + 722 + 51w — 31173
b. Q(x) = 23 — 4175 + 4173

Solution: We look for the matrix A such that Q(x) = xT Ax. It can be easily
verified that the solution of this problem is

5 5/2 —3/2
a. A= 5/2 -1 0

-3/2 0 7

0o -2 2
b.A=|-2 0 0

2 0 1
Lay, 7.2.7

Carlos Oscar Sorzano, Aug. 31st, 2013

Make a change of variable, x = Py, that transforms the quadratic form
22 + 102122 + 73 into a quadratic form with no cross-product term. Give P and
the new quadratic form.
Solution: If we orthogonally diagonalize the quadratic form, we obtain A =

PDPT
T
1 1 I
5 1 s n)\0 Y\5 5

We need to do the change of variables

-5
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1 L A 4
— Vi) \®:2 75 (—21 +22)

In this new set of variables, we have that the quadratic form is

Q(y) =y"Dy = 6y} — 4y3

Lay, 7.2.8
Ana Sanmartin, Jan. 18th, 2015

Let A be the matrix of the quadratic form 927 + 723 + 1123 — 8z 22 + 821 73.
It can be shown that the eigenvalues of A are 3,9, and 15. Find an orthogonal
matrix P such that the change of variable x = Py transforms x” Ax into a
quadratic form with no crossproduct term. Give P and the new quadratic form.
Solution: To find the matrix A, we have to know that the elements from the
main diagonal are the coefficients going with 22, and the ij-th entry is the half
of the coefficient of z;x;. So the matrix A is:

9 —4 4
A=1|-4 7 0
4 0 1
Now, we have to obtain the eigenvectors for each of the three eigenvalue of A.
-2
vy = | —2 | corresponding to A =3
1
-1
vy = | 2 | corresponding to A =9
2
2
vy = | —1 | corresponding to A = 15
2

Because eigenvectors from different eigenvalues are orthogonal, the set {vy,va, v3}
is an orthogonal set. We obtain the orthonormal set by dividing each vector by
its norm and putting them as columns of a matrix P

1 (2 -1 2
P= 7 —12 3 —21
If we do the change of variable
x =Py = :PTX:L :3 _22 ; X
y=Yy /5 5 1 9 )

then the quadratic form can be expressed as

3yt + 9y + 1593
Lay, 7.2.19
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Carlos Oscar Sorzano, Aug. 31st, 2013

What is the largest possible value of the quadratic form 5z% + 823 if x =
(71,22) and xTx = 1, that is, if 22 + 22 = 1?7 Try some examples of x.
Solution: The matrix associated to this quadratic form and its orthogonal
diagonalization is

=G-GHENEY

The maximum value of the quadratic form in this constrained optimization
problem is equal to the value of the maximum eigenvalue, in this case 8, that is
achieved for x = (0, 1), the eigenvector associated to the maximum eigenvalue.
We show below the value of the quadratic form for a few values of x

Q(1,0) = 5-12+8-02=5
Qzvg) = 5 () +8 (fH)P=5+5=%
Q(0,1) = 5.02+8-12=38

Lay, 7.2.23
Carlos Oscar Sorzano, Aug. 31st, 2013

Z and det{A} #

0. If Ay and A\ are the eigenvalues of A, then the characteristic polynomial of
A can be written in two ways: det{A — AI'} and (A — A1)(A — A2). Use this fact
to show that Ay + A2 = a + d (the diagonal entries of A) and A Ay = det{A}.
Solution: We may express the characteristic polynomial as

a— A\ b
c

Consider the quadratic form Q(x) = x” Ax when A = (i

P()\) = det{A— A} = det

= (a=N)(d—XN) —bc

A2 — (a+ d)X + (ad — be)

A? — Trace{ A} + det{A}
A=2)A=X2) =A% = (A1 + 22)A + A\

d— A

P

Identifying coefficients we see that

Trace{A} =a+d= XA+ X2
det{A} =ad —bc = A\

Lay, 7.2.24
Carlos Oscar Sorzano, Aug. 31st, 2013

Consider the quadratic form Q(x) = x” Ax when 4 = <(Cl Z) and det{A} #

o

. Verify the following statements:

o

. Q is positive definite if det{A} > 0 and a +d > 0.

=2

. Q is negative definite if det{A} > 0 and a +d < 0.

o

. @ is indefinite if det{A} < 0.
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Solution:

a.

By definition, @ is positive definite if all its eigenvalues are positive. Accord-
ing to Exercise 7.2.23, det{A} = AA2. Then det{A} = A1 A2 > 0 implies
that either both eigenvalues are positive or both are negative. If a +d > 0,
then according to Exercise 7.2.23 A\; + A2 > 0, and both eigenvalues must be
positive.

. By definition, @) is negative definite if all its eigenvalues are negative. As in

the previous point, det{A} = A A2 > 0 implies that either both eigenvalues
are positive or both are negative. However, in this case, since a +d < 0, then
A1+ A2 < 0 and both eigenvalues are negative.

. By definition, @ is indefinite if it has positive and negative eigenvalues. If

det{A} = A2 < 0, then both eigenvalues have different sign, and conse-
quently @ is indefinite.

Lay, 7.2.26
Carlos Oscar Sorzano, Aug. 31st, 2013

Show that if an n x n matrix A is positive definite, then there exists a

positive definite matrix B such that A = BTB. [Hint: Write A = PDPT,
with PT = P~1. Produce a diagonal matrix C such that D = CTC, and let
B = PCPT. Show that B works.]

Solution: If A is positive definite, then it is symmetric and it can be orthogo-
nally diagonalized as

A= PDPT

Since it is positive definite, all its eigenvalues are larger than 0. So the diagonal
matrix D has all its diagonal entries larger than 0. We now define

A0 0
1
c=pi=|0 A 0
-
0 0 Ad
It can be easily verified that
ctc=D
We now construct
B = PCPT

Let’s check that BTB = A

BTB = (PCPT)" PCPT = (PT)TCTPTPCPT = PCTCPT = PDPT = A

Lay, 7.2.27
Carlos Oscar Sorzano, Aug. 31st, 2013

187



Let A and B be symmetric n x n matrices whose eigenvalues are all positive.
Show that the eigenvalues of A + B are all positive. [Hint: Consider quadratic
forms.]

Solution: If A and B are symmetric matrices, then C = A + B is also sym-
metric. Consider now the quadratic form

Qc(x) =xTCx =xT(A+ B)x = xTAx + xT'Bx
We may define the quadratic forms

Qa(x) =xTAx
Qp(x) =xTBx

So that Q¢ (x) = Qa(x)+ Qp(x). Since A and B are symmetric matrices, these
quadratic forms are well defined, and because all their eigenvalues are positive,
then @ 4 and @Qp are positive definite quadratic forms. This means that for any
x € R™ it is verified that

QA(X) >0
QB(X) >0

Consequently, Q¢ (x) > 0, that is Q¢ is also positive definite and the eigenvalues
of C' = A+ B are all positive.

Lay, 7.3.1
Carlos Oscar Sorzano, Aug. 31st, 2013

Find the change of variable x = Py that transforms the quadratic form
xT Ax = yT Dy as shown

523 + 623 + 723 + 4120 — dx973 = Y3 + 6Y3 + 3Y3
Solution: Let A be

5 2 0
A=12 6 -2
0o -2 7
We may orthogonally diagonalize it as
_1o2 2\ /9 o 0o\ /-1 2 _2\7T
_ r_[_3 i 9 _3 i P
A=PDP' = 503 3 0 6 0 A
i35 5/ \0 03 \5 5 3
The required change of variable is x = Py with
12 _2
5 & 2P
p=|(-2 1 2
DX
3 3 3

Lay, 7.3.3
Carlos Oscar Sorzano, Aug. 31st, 2013

Let Q(x) = 522 + 623 + 723 + 4z 29 — 47923 = 9yF + 633 + 33 (see Exercise
7.3.1).
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a. Find the maximum value of Q(x) subject to the constraint x’x = 1.

b. Find a unit vector u where this maximum is attained.

c. Find the maximum of Q(x) subject to the constraints x’x = 1 and xTu = 0
Solution:

a. The maximum value of Q(x) subject to the constraint x”x = 1 is given by
the maximum eigenvalue (see Exercise 7.3.1), which is 9.

b. The unit vector u where this maximum is attained is given by the eigenvector
associated to this eigenvalue (see Exercise 7.3.1), that is, u = (—§, -2, 2).

¢. The maximum of Q(x) subject to the constraints x’x = 1 and x” u = 0 is the
f

second eigenvalue of A, that is, 6. This value is attained for its corresponding
eigenvector, x = (2, 1, 2)

Lay, 7.3.7
Let Q(x) = —22% — 23 + 42179 + 42273. Find a unit vector x in R3 at which

Q(x) is maximized, subject to x’x = 1. [Hint: The eigenvalues of the matrix
of the quadratic form @ are 2, —1 and —4].

Solution: Firstly, we need to construct the matrix corresponding to the quadratic
form

-2 2 0
A=12 -1 2
0 2 0

We should know that Q(x) will be maximized, with the constraint of being a
unit vector, with the value of the highest eigenvalue. Given the eigenvalues 2, —1
and —4, it is easy to say that the highest eigenvalue is 2. So we need to look for
the eigenvector that is attached to the eigenvalue 2. We get the corresponding
eigenvector solving the eigenvalue equation

-4 2 0 1 1
(A-2)v=|( 2 -3 2 v:Oév:g 2
0 0 O 2

The maximum value of Q subject to x”x = 1 is obtained for x = v.

Lay, 7.3.9
Carlos Oscar Sorzano, Jan. 19th 2015

Find the maximum value of Q(x) = —3x% + 522 — 2x122 subject to the
constraint 2 + 2% = 1. (Do not go on to find the a vector where the maximum
is attained.)

Solution: Let us express
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This is a quadratic form defined by a symmetric matrix. We know that its
maximum value subject to the constraint ||x|| = 1 is given by the maximum

eigenvalue of the matrix (_i’ 51> which is given by the determinant

der (27N ) = (B NG-NS 1= R0 =05 A= 12V

The largest eigenvalue is 1 + /17 and, consequently, the maximum sought is

1+V17.
Lay, 7.3.12
Carlos Oscar Sorzano, Aug. 31st, 2013

Let A be a symmetric n x n matrix, let M and m denote the maximum and

minimum values of the quadratic form x” Ax subtject to ||x|| = 1. Let A be
any eigenvalue of A. Justify that m < A\ < M. (Hint: Find an x such that
xTAx = \.)

Solution: Thanks to the Principal Axes Theorem (Theorem 7.2.4) we know
that by diagonalizing matrix A = PDPT we can express the quadratic form
xT Ax as

xTAx =y Dy = My + ... + \y2 (10)

where we have made a change of variable x = Py. Let X in the problem be the
i-th eigenvalue of A and consider a unitary vector with a single 1 at the i-th
positition (y = (0,0,...,0,1,0,...,0)). It is obvious that

AN=xTAx = y' Dy = \0% 4+ ...+ N 102+ N 12+ 0107 4+ 40,07 = N (11)

This result is attained for x = Py = u;, that is, the eigenvector associated to
the ¢-th eigenvalue.

Additionally, thanks to Theorem 7.3.6, we know that the quadratic form
x! Ax is bounded between the minimum and maximum eigenvalue of A when x is
constrained to be unitary. Moreover, m = \,;;, and M = Ap,4,. Consequently,
since Anin < A < Apaz, we have m < XA < M.

Lay, 7.3.13
Carlos Oscar Sorzano, Aug. 31st, 2013

Let A be a symmetric n X n matrix, let M and m denote the maximum
and minimum values of the quadratic form x” Ax, and denote corresponding
unit eigenvectors by u; and u,. The following calculations show that given
any number ¢ between M and m, there is a unit vector x such that ¢t = x7 Ax.
Verify that ¢t = (1 — a)m + aM for some number « between 0 and 1. Then, let
x = /1 — au,, + /auy, and show that x”x = 1 and x7 Ax = t.

Solution: Let us first show that any number ¢ between m and M can be written
as

t=(1—-aym+aM

with o € [0,1]. If « = 0, we get t = m. If « = 1, we get t = M. We see that
t=(1—-a)m+aM =m-+ a(M —m) is a linear (and, therefore, continuous)
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function of a. So for any value t between 0 and 1, there exists a value of a such
that t = (1 — a)m + aM.
Now, we construct

x =+/1—au, + au;

Let’s check that xTx = 1, for which we will exploit the fact that u; and u,, are
unitary and orthogonal

V1—oau, +vau)?(v1 - au, + auy)

V1 —oaul + /aul) (V1 - au, + /au;)

1 —a)ulu, + culu; + V1 - ay/aulu + 1 - ay/aulu,
l1—a)+a+0+0

XTX

—_ N~~~

Finally, we need to show that x” Ax = ¢, remind that u; is the eigenvector
associated to the eigenvalue M and that u, is the eigenvector associated to
eigenvalue m:

xTAx = (V11— aun—i—ful)TA(s/l—aun—i—\/aul)

(V1-— + vaul)(y/1 - aAu, + /adu;)

(v1—au, —l—ful)(m\/l—aun—i—Mful)

(m(l—a)u u, + Maulu; + M/1 - ay/aulu; + my/1 - ay/aufu,
m(l—a)+Ma+0+0

t

Lay, 7.4.3
Carlos Oscar Sorzano, Aug. 31st, 2013

Find the singular values of the matrix A = <

Solution: We compute AT A

(0 (9

whose eigenvalues are

The singular values of A are

g1 =V )\1 =3
092 =/ /\2 =2
Lay, 7.4.10
Carlos Oscar Sorzano, Dec. 16th, 2014
4 -2
Find a SVD decomposition of the matrix A= |2 -1
0 0
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Solution: Let us calculate AT A

4 -2
i, (4 2 0 ) (20 —10
AA—<—2 -1 0) 3 01 _<—10 5>

Its eigenvalues and associated eigenvectors are

1
Al = 25,V1 = ﬁ(_27 1)T
Ao =0,vy = i(1 2)T
2 y V2 \/g )
We now construct the V and ¥ matrices:

1 /-2 1
Vet = (V)

VA1 0 5 0

Y= 0 Vi ]l =10 0

0 0 0 0

Let us construct now the U matrix. For doing so, we calculate

o
D A _
LA\ 0 1 _?
! o1 5 \/5 0
We need now to extend the basis. All vectors perpendicular to uy fulfill
u-u=20 2 L +0 0= 2
u=0=——u, — —=u U, = Uy = —2Uy
1 \/5 \/g Y Y
Ugs 1 0
That is, they are vectors of the form u= | —2u, | =u, | =2 | +u, |0 ]. A
Uy 0 1
possible basis of this orthogonal space is
! (1,-2,0)"
u2 = —=\L, =4,
‘T Vs
uz = (0,0,1)7

Note that us and uj are orthogonal to each other. Finally, the matrix U sought
is

-2 1 9
w3
U= (111 L ) 113) = —% —% 0
0 0 1
Finally, the SVD decomposition is
_ 2 1 0 5 0 T
VEREVE -z L1
A=Usvi=|-% -2 0||0 0 (ﬁ Vf)
0 0 1 0 0 NGV
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Lay, 7.4.11
Carlos Oscar Sorzano, Aug. 31st, 2013

-3 1
Find the singular value decomposition of the matrix A= | 6 —2
6 -2

Solution: We compute AT A
81 27
T _
ATA = (27 9 )
Its eigenvalues and eigenvectors are

A1 = 90, vi = (0.9487, —0.3162)
X2 =0, vo = (0.3162,0.9487)

We now construct the matrices V and X as

Vo (vi v)— 0.9487  0.3162
-T2 03162 0.9487

vAao 0 9.4868 0
Y= 0 Vi | = 0 0
0 0 0 0
To construct the matrix U we calculate for the non-zero singular values
u; = o%AVl = <_%a %7 %)

We now need to extend the set {u;} to become a basis of R3. To do so, we add
the vectors

o obd
113_(5757—5)
The matrix U is
_1 2 2
3 3 3
U= (u u Ua) = 2 _1 2
(a2 o) 397 4
3 3 3
Finally, the SVD decomposition of A is
12 Az: =V
_63 52 2 B 3 9'4568 8 0.9487 —0.3162
R 0.3162  0.9487
6 =2 5 3 3 0 0
Lay, 7.4.15

Carlos Oscar Sorzano, Aug. 31st, 2013
Suppose the factorization below is an SVD of a matrix A, with the entries
U and V rounded to two decimal places.

040 —-0.78 0.47 710 0 O 0.30 —-0.51 —-0.81
A= 037 -0.33 -0.87 0 310 O 0.76 0.64 —0.12
—-0.84 -0.52 -0.16 0 0 0 0.58 —0.58 0.58
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a. What is the rank of A?

b. Use the decomposition of A, with no calculations, to write a basis for Col{ A}
and a basis for Nul{A}. [Hint: First write the columns of V.|

Solution: The factorization above is of the form A = ULV7T. Aisa 3 x 3
matrix (n = 3).
a. Since A has only two non-zero singular values, its rank is 2.

030 0.76  0.58
b. Vis | —0.51 0.64 —0.58 |. Since A is of rank 2, the first two columns
—-0.81 —-0.12 0.58
of U provide a basis for Col{A}

Basis{Col{A}} = {(0.40,0.37, —0.84), (—0.78, —0.33, —0.52)}
Also, the last column (n —r =3 —2=1) of V provides a basis for Nul{A}

Basis{Nul{A}} = {(0.58, —0.58,0.58)}

Lay, 7.4.17
Carlos Oscar Sorzano, Aug. 31st, 2013

Suppose A is square and invertible. Find a Singular Value Decomposition
of A7!
Solution: Let A = UXV7T be a Singular Value Decomposition of the matrix
A. Since A is invertible, ¥ is full rank. Since A is square, U and V are square
matrices, and they are always orthogonal matrices. So, we have

AT = Uy = (V) ls U = v T

that is a Singular Value Decomposition of A1

Lay, 7.4.18
Carlos Oscar Sorzano, Aug. 31st, 2013

Show that if A is square, then |det{A}| is the product of the singular values
of A.
Solution: Let A = UXVT be a Singular Value Decomposition of the matrix A.
If A is square, then we may calculate its determinant and its absolute value as

|det{A}] = |det{USVT}| = |det{U} det{S} det{VT}| =
| det{U}]| det{Z}|| det{VT}|

U and V are orthogonal matrices. This implies that their determinant is 1 or
-1. Then,

| det{A}| = [det{>}|

But ¥ is a diagonal matrix, so its determinant is the product of its diagonal
entries, that are the singular values of A (which are all non-negative values)
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| det{A}] =

I1 %
i=1

Lay, 7.4.19
Carlos Oscar Sorzano, Aug. 31st, 2013

Given a SVD decomposition of a matrix 4, A = USV7”, show that the
columns of V are eigenvectors of AT A, the columns of U are eigenvectors of
AAT | and the diagonal entries of ¥ are the singular values of A. [Hint: Use the
SVD to compute AT A and AAT |
Solution: Let us calculate AT A

ATA= UV (USVT) = vETUTUSYT = V(ETE)VT

But this is an eigendecomposition of AT A because V is an orthogonal matrix
VT = V=1 and 7% is a diagonal n x n matrix with r values o2 (being o; the
singular values of A and r the number of non-zero singular values of A) and
n—r zeros. By the Diagonalization Theorem (Theorem 5.3.5), we have that the
columns of V are the eigenvectors of A and the diagonal entries of 7Y their
corresponding eigenvalues.

Since the eigenvalues of AT A are 02, o; are the singular values of the matrix
A.

We can proceed analogously with AAT

AAT = (UsVTY(UsvT)T = UsvTvsTuT = U(ssh)u”

Similarly, the columns of U are the eigenvectors of the matrix AA” and L7 is
an m x m diagonal matrix with the eigenvalues of AAT (r of them are non-zero
and m — r are zero).

Lay, 7.4.20
Carlos Oscar Sorzano, Aug. 31st, 2013

Show that if A is a positive definite matrix, then an orthogonal diagonaliza-
tion A = PDPT is a singular value decomposition of A.
Solution: Let us calculate A7 A and consider the SVD A = UXV 7T

ATA = (PDPT)T(PDPT) = PDTPTPDPT = P(DTD)PT

Since A is positive definite D” D is a diagonal entry whose ii-th entry is A2. So
its singular value is 0; = \/E = )\;. That is, for an SVD, we have ¥ = D.

By Exercise 7.4.19, we now that the columns of V are the eigenvectors of
AT A. Given the diagonalization AT A = P(DTD)PT and the Diagonalization
Theorem (Theorem 5.3.5), we see that the columns of P are the eigenvectors of
AT A. So, we can make V = P

Similarly, if we calculate AAT we have

AAT = (PDPT)(PDPT)T = PDPTPDTPT = p(DDT)PT

Again, this decomposition along with the Diagonalization Theorem show that
the columns of P are the eigenvectors of AAT and by Exercise 7.4.19, we can
make U = P.

Finally, the SVD decomposition of A becomes

195



A=UxVT = PDPT

Lay, 7.4.21
Carlos Oscar Sorzano, Jan. 20th, 201}

Show that if P is an orthogonal m xm matrix, then P A has the same singular
values as A.
Solution: We know that the singular values of a matrix A are the square root
of the eigenvalues of the matrix AT A. The singular values of PA will be the
square root of the eigenvalues of the matrix

(PA)T(PA) = ATPTPA=ATA (12)

where we have made use of the fact that P is orthogonal and, consequently,
PTP=1.

Lay, 7.4.23
Carlos Oscar Sorzano, Aug. 31st, 2013

Given the Singular Value Decomposition theorem:

Let A € M,,x» be a matrix with rank r. Then, there exists a matrix
3 € M,,xn whose diagonal entries are the first r singular values of A
sorted in descending order (o7 > 09 > ... > o, > 0) and there exist
orthogonal matrices U € M, xm and V € M, such that

A=UxVT

Let U = (u1 us ... um) and V = (V1 Vo o o... vn). Show that
A=owvT + oguavi + .+ opu, vl

Solution: If we expand the SVD, we have

A = UxvT
or 0 0 0 0
0 o 0 0 0
2 V?
VT
= (u uy u,) [0 0 o 0 0 2
0 0 0 0 of .
0 0 0 0 0
vi
VT
= (0'1111 o2Ug2 ... OrUp 0o .. 0) 2
VT

= UlulvlT + agugvg + ...+ UTuTv,T

Lay, 7.4.24
Carlos Oscar Sorzano, Aug. 31st, 2013

Using the notation of Exercise 7.4.23, show that ATu; = o;v;.
Solution: Let’s calculate first A7
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AT = (oyuy vl + oouov? + .+ 0,0, v T = oyviul + oovoud + .+ o v,ul

Now, we can easily calculate ATuj

T T
Ty . _ v.ul - vl us
At = (E 1alvlui ) u; = Yy o;viu; u;
im

i=1

Since the columns of U are orthogonal to each other all products ulu; are 0 if
i # j and 1 if 4 = j. Then, the previous sum reduces to

Ty, — 5w
Atu; =05V
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